
LINEAR ALGEBRAIC GROUPS
, part I

F- K

G E ALCV )
s semisimple

g = su ce une
'potent

[5,63=1

GEE ⇒ SUE G

EXAMPLE_ K = FT
Glen (K) = U Glen ( Fpe )

170

⇒ every elf .
has finite order

o.atiiiiIFE.nem.ae
⇐ u is a p -element

s semis . ⇒ Sr (
"
i.
ye
)

die Epe ⇒ edit ,plan ⇒

(ISI , p) =/ ,
viaversa holds



G- LAG we set

Nj . - kg EG l g is unipdent}

So :=h g c-Gl g is semisimple}

For G E GLN Ck)

UGcµg={ 9 EGLNCK) / Cg - I )N=o}
hence

UG = G n Ug, Ck) is closed
Nit not a subgp

SG = ?
in general

EXAMPLE

G- = { Gaba ) ab# o }

Sg - { (I 5) c-Glatt} u
{ (85ha , a=b}

neither open nor closed , DENSE MG



GROUPS WHERE AU ELEMENTS ARE

UNI POTENT OR SEMISIMPLE

D Ea # licit ) - Us =L Cont ) , tek}
Ga IS UNI POTENT f- at its elements

are so
I

tell
'

) } Porno.to?En27Dn--{(7¥ ) }
all its elements are SS

Hr

Gm -7 D
, I (k* , x )

Def A LAG is a TORI of
it is isomorphic to Da for

some N
.



What is special about TORI ?
ABELIAN, ALL ELTSARE SS ⇒

Fording T GLCV) rational Rpn .

all ECE ) EET
aceyl diagonaltable

In particular : if
T E 9kV) is a Tacos

⇒ 3- geeky) St gtg
'
e Dn

.

If -1 is maximal wehave =
.

Hence :

Maximal Tori (in Glock) )
are aee conjugate
( to Dm ) .



PROPERTIES G LAG TEIG
Toros

l
. Any closed connected

subgroup oft is atoaos

2
. No IS FINITE

Colt )

G= alack) T={ [be , ) , abt}
Nati - {Total }o{ (III}
Colt )=
I

Not G

If T is maximal we set

w=NoctY Iet'%tYp



3)T maximal in A-

So = geog g Tg
"



- UNIPOTENT GROUPS -

Prof If G E Gluck) is Unipotent
⇒ Fgealnck) gG5

'
E Un

(= Un is really a prototype)

¥7 By induction on n :

FOEWEK
"

,
G .W=W Iffy w
I

iii. ftp.#/s:n::.::n:::!I VGEG Teg - n

use induction on §
the blocks

,
G = I

p

CONSEQUENCE :

essentially
G- unipotent → G E Un so

G- is nilpotent . why?



Def ft a group , we set

H'' = EH ,
HI

,
Hi
- EH

,
Hi - i ]

H is nilpotent if the series
terminates to 1

EXAMPLE

[on .us#EiiitiH--oi
[ vii. On] =L } terminates

so G unipotnt ⇒ nilpotent

⇒ solvable
Def Hasroup .

We set

H'"
= Eti ,

"' H'" " I
,

H'''=EHH7
H is solvable if the

seaes Kemi notes to I



-sE Groups -

Prototype

→ Bn={ (I.E )}
Indeed

[Bn ,Bn] = Un ⇒ the seaes

wchsicihpotent terminates

-Bn stabilizes the flag on kn
-

span e, c spancel , ez) E .
- -

On the other hand if GEGLNCR)

stabilizes a flag GEV
, E - - E kn

then F g EGLNCK ) St

g G- g-
' e Ba ⇒

Gcssolva



The converse also holds

LIE KOLCHIN THEOREM
-

If GEGLCV) is solvable
,

connected ⇒ it stabilizes a

flag .

If (idea)
SKI Enough to show

that G- stabilizes a eine

Eso a- ⇒I link
( indeed.on

)

step 2 Use induction on the

Termed length of G , or on
dim V

, using [G. 67€ G
l

solvable
,
closed
connected



Iff we
,
y

'

AND
GWEN

EGG] ⇐ G

w w sow
,
connectedf¥¥µ⇒:*:*:*.is G- stable

/ V '=V
,

use induction [ GIGI acts
on blocks

I
diagonally on V| to toconwonewdedness
[G. GIEZCG) Schor's

/
⇒ EGG] finite

lemma

use again connectednessI ⇒ G abelian

/ ⇒ dimV - I
pg



STRUCTURE OF SOLVABLE GROUPS :

Gsolvabley@XGEBn-elDnIXUn-zuseca.i.xz.tai.a.IE!
In this : Upon= Un a Bn

case

so Uga G ,T=%g→B%n⇒Dn
It is SS .

(normal )
Unh G is a subgroup
in fact

GETT€
-



IDEALS

s solvable → stabilizes aflagf
A

G Gg quasi projective

*→c
hope : for some S GG is PROJECTIVE

idea want % closed

or

d,
closed G. F

II
of

GE minimal dimension
^

H
V

S maximal
dimension

This motivates the following



Def A Borel subgroup of G
among the

is a maximalClosed connected
Subgp

solvable subgroups of G .

Ex : G- Gluck )

If B Borel subgroup ⇒
Sow . Conn

F g c-Gluck) gBgt I Bn
by maximally

All Booed subgps are conj
in alnck)

@B will be our flag variety )



We will need

BOREL FIXED POINT THEOREM

G connected, solvable A-2X

X projective rarely ⇒ It has
a fixed point .

LIE KOLCHIN X= PCV )



RADICAL OF G B a Boel

O
-I

RCG) = ( n @ Bg ) ) is

get
maximal among the NORMAL

solvable connected sobgroups of G

Inara.EE#stic
'A uni potent radical
a. EE
-

Eiicolnud) et ¥)/n/f¥
C- Dn is a focus

Also one may prove that

RCGLNCKI ) = Z (Glnlkl )



Groups for which

RCG) is a Torus are called

REDUCTIVE

( Aln Eductive )

Groups for which RCG) =L

are called SEMISIMPLE

( eg . SLNCK) )

cnn.ua#Ea:ni:h:::.Y...Q1SAPDoTOTYPE
in general : G reductive then

E7%oEE- askmaianm.ie



REPRESENTATION THEORY

LAG G

p : G → ALCV )

Assume V is IRREDUCIBLE
CF G - stable subspace)

Then

Mpeg) fixes a line pointwise
( is Unipotent ) go

of VMRO) .
Also Urey 4G

⇒ Ultras is

so V= ✓
NRG) G-stable

,
i. e.

,

NRG) E Keef

÷:L!:#¥1 ..Gedi is reductive

Use Ged = 2- Cared )° [Ged
,
Great]

to reduce to semisimple groups



G - LAG
,
B Borel sbgp

GIB Flag variety

RCG) EB ⇒

GIB -~3lrG)
is semisimple

'

ALSO AT THE LEVEL OF

FLAG VARIETY WE CAN

REDUCE TO SEMISIMPLE (OR REDUCTIVE)
GROUPS -


