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1 Grassmannian varieties

By definition, projective spaces parametrize one dimensional subspaces in afine
spaces. The Grassmannian varieties are a generalization of the projective
space in the sense that they parametrize higher-dimensional subspaces.

Let V be an n-dimensional complex space. We can set-theoretically define the
Grassmannian G(k, V') as follows:

Gk, V) = {U CV | dim(U) = k}.

This is a coordinate-free definition. On the other hand, we can also fix a basis
{v1, -+ ,v,} of V and identify V' ~ C". In this situation we have

G(k,n) — {U C C" | dim(U) = k}.

Our goal in this section is to realize Grassmannians as projective varieties, but
let us assume for a while that we have accomplished this objective and let us
try to compute dim(G(k,n)). To do that, let us start by recalling that the
multiplicative group G,, acts on the punctured affine space A"+1\{0} by scalar
multiplication and P™ is nothing more that the orbit space of this action ', in
other words

P" = (A"T1\{0}) /Gn.

Following our preliminary discussion, it is natural to think in generalize the
preceding presentation of P™ for Grassmannian varieties. Every k-dimensional
subspace of C" is spanned by k vectors. So, we can look at the space of all
k-tuples of linearly independent vectors, which we think of as the rows of k x n-
matrices. The group GL; acts on this space by left multiplication and two
k x n-matrices have the same row span if and only if they are in the same orbit
under this group action. This means that we can identify

G(k,n) = M2 * /GL,.
Let us look a little deeper at the action

Atg o Ak aril 0 Gk

) ) ’

A1l o Ak ar1 o Gnk

If the first k& x k-minor of the matrix of the right is non-zero, the orbit contains
a unique element of the form

10 -+ 0 big - bins
0 1 0 ba1 -+ b2k
00 -+ 1 b1 - brps

n order to soft the notation we let implicit the fact that we are in fact considering the
space of k-points.



Conversely, we can always obtain a matrix of rank & for any k x (n — k)-matrix.
In other words, the row span of matrices of the preceding form are in bijection
with an affine space A*("~%). This result involves a choice coming from the
assumption that the first & x k-minor is non-zero. In general, we have to permute
columns first. So, we see in this way that the Grassmannian G(k,n) is covered
by (Z) affine spaces A¥("=%)_ In particular, if the Grassmanian is a variety, it
must be of dimension k(n — k).

1.1 Grassmannians and the Pliicker embedding

Let V be a finite dimensional complex vector space, say of dimension n. We
know that P(V') is the set of all the lines in V' that pass through the origin. We
also have the following presentation. Given that V is finite dimensional, we can
use the canonical identification V' — V* to associate to every hyperplane in V'
a unique line through the origin in V* and P(V) — P(V*) tells us that P(V)
can be also considered as the set of n — 1 dimensional subspaces of V.

Let us fix now basis B := {v1, ..., v, } of V. This fixes coordinates over P(V') and
we can identify

P(V) ~ P(C") =P 1.

In particular, every k-dimensional subspace of V' = C" can be identified (via
projectivization) with a k — 1 dimensional subspaces of P"~1.

The preceding description of the Grassmannian in terms of matrices is very
convenient to understand it as a set; unfortunately, it is not very useful for our
goal of finding a structure of projective variety. Instead, it is better to employ
some multilinear algebra.

Exterior Algebra 1.1.1. The exterior algebra A V is the residue class ring of
the non-commutative tensor algebra

T(V) =ves

d>0

modulo the ideal generated by all the tensor of the form v ® v, for v € V. The
residue class of a basic tensor wy ® --- ® wy is denoted by w1 A --- A wg. The
exterior algebra inherits the grading of the tensor algebra

AV=DAV

d>0

where /\dV is the spanned by all the vectors of the forms wy A -+ Awy. In
particular, /\1 V =V and \°V = C. We recall for the reader that the wedge
product is associative, bilinear, antisymmetric and for every permutation o € Sy
we have

wy A= Awg = sgn(o) (We(ay A+ A Wek))-

In particular, if w express wy, - ,wy in terms of the basis B, then using anti-
symmetry and bilinearity we can expand every multivector in A V in terms of



this basis. In other words

n n
E a1V | A A E Qi kUi
i=1 i=1
N N

= > det| ot o A A,

<1 << SN a’ik,l N aik,k}

for k < n. In particular, we see that every multivector wy A ---A, in A"V is
a multiple of vy A -+ A vy, with the coefficient given by the determinant of the
change of basis matrix from {wy, -+ ,w,} to B.

Let us define a map
k

i: Gk, V) =P\ V).

Given a subspace W € G(k,V) and a basis By = {wy, - ,w;} of W we let
(W) be the composite

k k

W= AV =P(AV).

Clearly, different choices of basis for W give different wedge products in /\k Vv,
but by we have just stated, this map is unique up to scalar multiplication, hence
is well-defined on P(A\" V).

Proposition 1.1.2. i is injective.
Proof. Let us build a left inverse p : P(A* V) = G(k,V) of i. For every [w] €
P(A* V) let

k+1
p(w]) ={veV]vAw=0¢€ /\V}

It is clear that p is well-defined 2. We want to proof that p o i(W) = W. Let
Bw := {w1,--- ,wi} be a basis of W in such a way that i(W) = [wy A -+ Awy].
Then for every w € W it is clear that wAw; A---Awg, =0and W C p o i(W).

On the other hand, let us take v € p o ¢(W) and let us complete By to a basis
Bw U{wg+1,...,w, } of V. Then writing v = """ | a;w;, we have

n
(Zaiuh) Awq--- Awg = 0.
i=1

After distributing and using antisymmetry we see that a; = 0 for all i > k and
therefore v = Zle a;w; € W. O

Remark 1.1.3. Given that the set {viy A~ ANv;, | 1 < i3 < -+ < i < n}
forms a basis for /\k V, we have that ]P’(/\]C V) = ]P’(Z)fl, and i identifies the
(})-1

Grassmannian with a subset of the projective space P k)L

2 Actually, it is an easy exercise to prove that dim({v € V |[vAw=0e A*1V}) =k



Definition 1.1.4. Let w € /\k V. We say that w is totally decomposable if we
can write w = v1 A -+ - A v, where vy, -+ , v, are linearly independent in V.

Let us denote by D, the set of all v € V dividing w € /\]C V, this is

k—1
D, ={veV|3pe /\Vsuchthatw:v/\qb}:{vev|11/\w=0} (1)

the second equality is an easy exercise.

Proposition 1.1.5. A multivector w € /\k V' is totally decomposable if and only
if dim(D,,) = k.

Proof. Let us first suppose that w is totally decomposable, say w = vy A -+ - Avg.
Using the relation (1), we can see that vy,--- ,vp are k linearly independent
elements of D,,. Let us see that they generate D,,. In fact, if we extend this set
to a basis of V, say {v1, -+, vk, k41, -+, U} and we take v =" | a;v;, then
we mus have

n
O=vAw= (Zam-) ANv; N\ N\ Ug.
i=0

All the i-th terms i < k will vanish after distributing, so all a; = 0 for k <

i <mn, and v must be a linear combination of the {vy,--- ,vi}. This shows that
dim(D,) = k. On the other hand, let us suppose now that dim(D,) = k and
let v1,--- , v be a basis. Extending this set to a basis of V' we get the following

equation for every 1 < j <k

0=v; A E a; v, | = E a;, (vj Ny, ).
=11, sik) ip=(i1, ,ix)
1<i, < <iy <k 1< < <ip <k

€D,

This equations show that if j & {ir} = {i1, - ,ix} for all iy, we must have
a;, = 0. In particular, all the a; = 0 for which {ix} # {1,---,k}. this shows
that w = avy A --- A vy for some scalar a, and thus, w is decomposable. O

Corollary 1.1.6. Letw € /\k V. the space D, has dimension < k, with equality
occurring if and only if w is totally decomposable.

Proof. Let us pick a basis vy, - ,vs of D, and extend to a basis of V. As
before,

U =(i1, k)
1<) < <ip <k

For j € {1,--- ,n} we find

wAv; = g a; vy, Nvj = g a;, v;, N Vj.
=11, ,ik) =1, ,ix)
1<ip <--<ip <k 1< << <k



Now, for j <'s, we have v; € D,, and the equation wAv; = 0 shows that a; =0
for every ij such that j ¢ i. In other words, all iy with a; # 0 must contain
{1,---,s}, but if s > k, there is not such i, of length k, contradicting the fact
that w # 0. Finally, if w is totally decomposable, we are under the hypothesis
of the preceding proposition. O

In the sequel we will be considering the map

k k+1
(p:/\v - Hom (V,/\V) @)

W Pyt pu(v) = v Aw

Lemma 1.1.7. [w] € P(\" V) lies in the image of the Grassmannian under the
Pliicker embedding if and only if w is totally decomposable.

Proof. If w is totally decomposable w = v; A -+ A vg, then the subspace of
V spanned by {vi,--- v} is k-dimensional, hence is some W € G(k,V) an
(W) = [w]. Conversely, let us suppose [w] = i(W) for some W € G(k,V).
Choosing a basis {uy,--- ,ui} for W, we know that [w] = [u; A--- Aug], and so
w is totally decomposable as Auj A - -+ A uy for some A € C. O

Theorem 1.1.8. G(k,V) is a projective variety.

Proof. We want to proof that i(G(k,V)) € P(A\" V) is the locus of a set of
homogeneous polynomials. To do that, let us consider the linear map ¢. Fixing
a basis of V, for every w € /\k V', the linear map ¢, € Hom(V, /\kH V) can
be seen as an n X (kil) matrix A(w) where the entries are functions in w, and
linearity of ¢ shows that these functions are homogeneous of degree 1. By
proposition 1.1.5 and lemma 1.1.7 a particular [w'] lies in i(G(k,V)) if and only
if ¢, has rank n — k. In particular, all of its (n — k + 1) x (n — k 4+ 1) minors
vanish 3. This implies that w’ is the zero locus of the (n — k+1) x (n — k + 1)
minors of the matrix ¢, . O

We will end this section by given a description of the Pliicker embedding in
coordinates.

As before, let ix = (i1,--- ,4x) be such that 1 < i; < -+ < i, < n. Given a
subspace W € G(k,V), we want to explicitly find the coordinate iz (W ). This
is, the ix-th coordinate of the image of the Grassmannian under the Pliicker
embedding. To do that, let us choose a basis {wy,...,wg} of W. Writing every
wj = a1jU1 + - - -+ anjvy, (the basis {vy,---,v,} of V being fixed before) we get
an n x k matrix My := (a;;). The j-th column of My keeps the coordinates
of w;. Then

wi A Awp = > Y sign(0)ay, o) Qi o(kyVis A A Vi,

Gp=(i1, i) OESK
1<ii << <n

3Here we are using the following easy result coming from linear algebra. The rank of a
matrix M € My xm(C) is the largest integer r such that some r X r minor does not vanish.



This can be written as follows

Qi1 Qigk
wi A ANwg = Z det Vip A AN,
12:(<zl’<{,:k§)n Qig,1 Qik
which means that the ix-th coordinate for i(W) is i (W) := det(My;;, ), where
My, is the k x k-matrix formed from the i1, - - -, ip-th rows of My .

)

Remark 1.1.9. A priori, the preceding construction depends of the chosen basis
for W. But again, a different basis will be mapped to a multiple of wi A+~ Nwy

which are identified in IE”(/\]~C V)= p(i)-1,

The relations between these minor correspond to equations of G(k, V') in ]P’(/\Ic V),
and are called Pliicker relations [33].

Example 1.1.10. (i) The Pliicker embedding of G(1,V) simply maps a lin-
ear subspace W := span(ajvy; + ---anv,) to the point (a1 : -+ : a,) €
P(A\'V) =P(V) = P . Hence G(1,n) = P"! (as expected).

(ii) Let us suppose that dim(V) = 3 and let us consider the subspace W :=
Gen(vy + v2,v1 + v3) € G(2, V). Since

(Ul+U2)/\(Ul+U3):—Ul/\U2+Ul/\Ug+1)2/\U3

the Pliicker coordinates of W in P(A>V) = P21 = P2 are given by the
vector (—1:1:1). Alternatively, under the preceding notation we have

My =

O~ =

1

0

1
and (—1:1:1) keeps the three 2 x 2 minors of this matrix.

(iii) ([82]) Let us suppose know that dim(V) = 4. Then P(V) = P3. The

Plicker coordinates are the 2 x 2 minors

T )
pij = det (xz zl) =TY; — TjY;
i Y

of the matrix

Zo Yo
M= 1 Y1
T2 Y2
r3 Y3

whose columns are two distinct point in P3. In this case, the Pliicker
embedding is defined by

i: G2,V) — P5
w —  (Po1 : Po2 : Po3 : P23 : P31 : P12)-



Let us show that the Pliicker coordinates of a line W (in P3) satisfies the
quadratic Pliicker relation

0 = po1p23 + Po2ps1 + Po3Pi2-
This is a direct computation

Po1P23 + Po2pP31 + PosP12

_ |%o Yo||T2 Y2 To Yo||T3 Y3 o Yo||T1 Y1
1 Yi||T3 Y3 T2 Y21 |1 Y1 T3 Ys||T2 Y2
T2 Y2 1 Y1 r1 Y
= — +
Po1 T3 Y3 Po2 T3 y3‘ Pos3 To Yo
= xo(y1p23 — Y2P13 + yspu) — Yo (561]?23 — ZT2p13 + 3031012)
1 Yir N 1 T1 Y
=To|T2 Y2 Y2| —Yo|T2 T2 Y2
T3 Ys Y3 r3 T3 Y3
=0.

In particular, if we see G(2, V) as a (closed) subset of P, we have G(2,V) C
V(po1p2s + po2ps1 + po3pi2). On the other hand, Let us take (go1 : qo2 :
Qo3 : @23 : q31 : q12) € PP, Without loss of generality, we can assume that
Qo1 is nonzero and the matrix

qo1 0
M — 0 qdo1
—q12  qo2
g31  qo3

has clearly rank 2, so its columns are distinct points defining a line W.
The key point now is that, when the coordinates g;; satisfies the quadratic
Pliicker relation, they are the coordinates of W. To see this, let us first
normalize go; to 1. We have therefore p;; = g;5, except for

P23 = —qo3q12 — 402931-

But, by hypOthESiS we know that (qu = 1) @23 + 902931 + Go3q12 = 0 and
then pog = ¢o3. This shows that

G(2,V) = G(2,4) = V(po1p23 + Po2ps1 + pospiz) C P°

is the Pliicker quadratic.

1.2 Flag varieties

Definition 1.2.1. Let V be a finite dimensional complex vector space. A flag
in'V is a strictly increasing sequence of vector subspaces:

{cncnc.-cVcV

The signature of the flag is defined to be the sequence (dim(V}),--- ,dim(V})).



Now, let us take aq,---,a;,n be sequence of integers such that 0 < a; < --- <
a; < n. We put

Flay, - ain) ={{0} Vi SV & - S VI CV [dim(V;) = a;}.
Remark 1.2.2. If1 =1, then F(a1;n) = G(a1,n) is a projective variety.

Asin the case of the Grassmannian variety, we want to prove that F(a1,--- ,a;;n)
has also the structure of a projective variety.

Proposition 1.2.3. F(ay, -+ ,a;;n) is a Zariski closed subset of G(ap,n) X+ -x
G(ag,n).

Proof. We already know this for I = 1. For any 1 < i < j <[, let m;; be the
restriction to F(aq,- - ,a;;n) of the projection G(ay,n) x --- x G(a;,n). Then

F(ay, - ,a;;n) = ﬂ wi_jl(IF(ai,aj;n))
1<i<j<n

So, it is enough to prove the proposition for [ = 2. To do that we will follow
the same philosophy followed in 1.1. Let » < s and (U, W) € G(r,V) x G(s, V).
Let us take {uy,--- ,u,} and {wq, - ,ws} basis of U and W, respectively, and
let us define u := u; A--- A, and w = wy A -+ A,z. As in theorem 1.1, we can
consider the map

poe=NVaANV - Hom(V,A'VaA V)
(v1,v2) = u, B Pu, =01 A (8) Duy A (e).

The reasoning given in proposition 1.1.2 tells us that ker(¢, ® ¢n) = UNW
(this is also a consequence of the fact that « and w are totally decomposable).
So rank(p, ® pu) =n —dim(U N W) > n — r. this means

UCW & rank(p, ® @p) =n—r.

This means that the (n—r+1) x (n —r+ 1)-minors give polynomials conditions
for F(r, s;n). O

Example 1.2.4. Let V be a four dimensional complex vector space with basis
{v1, -+ ,v4}. Let (U = Gen(u),W = Gen(wy,wsz)) € F(1,2;4). Let us suppose
u = Z?:l a; U1 and w1 N\ wg = Zi<j bijvi N Vj. So

4
uN\wy N\wy = Z (aib]’k — ajbik + akbij)vi Nvj N\ vg
i<j<k

and therefore U C W < u AwiAy = 0. So
F(1,2;4) ~ V(X1 Xo3 — XoX13 + X3X12,---) C P.

Definition 1.2.5. A flag variety of the form F(1,--- ,n—1;n) is called a com-
plete flag variety.

Let us consider the group of C-points GL,, c(C) of the algebraic group GL, ¢
(definition below) and let us fix the standard basis {e;, -+ ,e,} of V = C". We
have a full flag

F=0CCe1 C---CCe1®---®dCe;_1 CC"eF(1,---,n—1;n) (3)

10



Proposition 1.2.6. GL,, c(C) acts transitively on complete flag varieties.

Proof. Let {U;} and {W;} in F(1,--- ,n — 1;n). Choosing basis {u;} and {w;}
such that for every 1 < j < n the sets {u;};<; and {w;};<; define basis of U;
and W, respectively, we can therefore define A € GL,, c(C) by A-u; = w;. O

From the preceding preposition, we can conclude that any flag G € F(1,--- ,n—
1;7n) has the form

g:gf:()g(c‘gelggCgel@@(Cgen_lg(cn

for some g € GL;, c(C). Under this action, the stabilizer B(C) := Stabgr,,, .(c)(F)
is the (Borel) subgroup of upper triangular matrices in GL,, ¢(C) This reasoning
tells us that the surjective orbit map

or: GL,c(C) — F(1,---,n—1;n)
g — g-F

descends to the orbit space GL,, ¢(C)/B(C) and gives a (geometric) bijection
GL,c(C)/B(C)=F(1, -+ ,n—1;n).

In particular for n = 2, we have

GL2,C(C)/ (8‘ I) =TF(1;2) = G(1,2) = P}(C). (4)

In what fallows we propose to give a sense to the quotient GL,, ¢(C)/B(C) and
to prove that this has the structure of a projective variety.
1.3 The functor of points

Let Sch¢ be the category of schemes over C. We start by recalling to the reader
that we can apply the Yoneda embedding [47, III, section 2, first lemmal]

Sch® — Fun(Schg, Set)
to regard a C-scheme X as its functor of points
hx : C-alg — Set.

We want to determine how we can use this information to think about quo-
tients of algebraic groups. A first essay in how to define quotients (under this
perspective) is to define the following functor

GL,c/B: C-Alg — Set

where B is the subgroup of GL,, ¢ consisting in upper triangular matrices. Let
us remark that this (naive) definition is independent of C and we can consider
the same objects based over Z. Under this approach, it is natural to expect
(exactly as in (4)) that for every Z-algebra R we will have

GLyz(R)/B(R) = P*(R).

11



Unfortunately, this is not the case. For example, the reader can take n = 2 and
R = Z[/-5] to realize that

GLy z(Z[V=5))/B(Z[V=5]) — P'(Z[V-5]) ()

is not surjective. This example shows that our naive definition needs some
refinement in order to get the expected scheme (i.e. P! regarded as a functor of
points).

Definition 1.3.1. Let V' be a complex vector space of finite dimension n. For
each sequence of integers a = a; < ---a; < n, we define the associated flag
variety to be the functor

F(a): C-Alg — Set
R o Fa)(R)

where
F(a)(R)

= {R-submods Vi C --- CV; =V ®&c R, each V; an R-submod. of rank a;} .
Ifa=n=(1,---,n—1,n) we will say that F(n) is the full flag variety. We

can observe that

GL,z(C)/B(C) — F(r)(C)
g —~ g F

is an isomorphism. However, based on our previous example, we can see that this
does not hold for general R. The problem arrives from a functorial perspective
and is that the naive quotient presheaf

AffSch®® —  Set
R +— GL,z(R)/B(R)

is not a sheaf.

1.4 Briefly categorical introduction to the sheaf theory
Let us fix for a moment a topological space X. A presheaf on X is a functor
P : (Openy )PP — Set

and a sheaf is a presheaf P that satisfies a glueing condition. This is, if
{U; = U}ier is covering in Openy then the natural map P(U) — [[,c; P(Us)
represents the equalizer of the following diagram

[[Pw)= [ PwW:xvUy).
el (i,7)€I?
The maps given by the canonical projections U; xyyU; — U; and U; xy Uy — Uj.

We can define a similar notion of sheaf on the category of topological spaces,
Top. A presheaf on Top is functor

P : Top°’? — Set

and a sheaf on Top is a presheaf P satisfying glueing conditions with respect
to coverings families of open immersions.
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Example 1.4.1. For all objects X € Top, the presheaf

hx : Top®™® — Set
Y  — Hom(Y,X)

is a sheaf. This is called the representable sheaf.*

If we replace the category Top with the category AffSchyz, in this setting a
presheaf is a functor
AffSch; — Set.

Example 1.4.2. The functor

AffSch; — Set (6)
R — GL,z(R)/B(R)

is a presheaf.

The key point to replay the definitions on Top is to decide decide what kind
of covers and glueing conditions we should impose to get a notion of a sheaf.
There is all a gamma of options to do this. For instance, étale topology, fpqc
topology, Zariski topology or fppf topology. ® We will work with the last one.

In this setting, covers are jointly surjective families

d
U Spec(R;) — Spec(R)
i=1

with each R — R; a finitely presented algebra and such that Ry X -+ X Rgis a
faithfully flat R-module (equivalently, and using the hypothesis that the family
is already jointly surjective, each R; is a flat R-module).

Definition 1.4.3. A sheaf for the fppf topology © is a presheaf
F : AffSch;"” — Set
satisfying the following properties:
(i) (Local condition) F([T_, R:) = [1-, F(R:),

(ii) (Glueing condition) For all full faithful flat morphism R — R’, the canon-
ical map F(R') — F(R) represents the equalizer in Set of the diagram

F(R)ZF(R ®@r R).

given that the map (5) is not surjective the presheaf (6) is not a sheaf for the fppf
topology. This example suggest that the correct notion of quotients of algebraic
groups in our categorical setting is that GL,, z/B should be the sheafification of
the presheaf (6). We will show at the end of the section 2 that this approach
coincides with the classical definition of a quotient space (definition 2.3.2).

4We warm to the reader that for a general site C (in the sense of [76, Sites, definition 6.2])
the contravariant functor hx is not necessarily a sheaf.
5" Fidélement plat de présentation finie ".

6This is called a faisceau in [39].
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2 Linear algebraic groups

Through this subsection k will always denote an algebraically closed field (the
reader can always suppose kK = C). In this section we propose to introduce
(linear) algebraic groups together with their main properties. References for
this section are [14, 35, 75].

2.1 Initial definitions and basic properties
Definition 2.1.1. A linear algebraic group is an affine k-variety G equipped

with a group structure such that the group operations

W GXSpec(k)G — G t: G — G

(9,h) = (gh), g — g

are morphisms of varieties.

Let us give some examples.

Example 2.1.2. (i) The additive group G, = (k,+). This is the locus of
the zero polynomial and we have k[G,] = k[T].

(ii) The multiplicative group G,, = (k*, x). As an algebraic variety, we
can identify it with

{(z,y) € K* | zy =1}

which is clearly a closed subset of k2, being the zero set of the polynomial
TiTy — 1. Moreover k[G,,] = k[T1,Ts]/(TiTs — 1) = k[T,T~'] and the
coponentwise multiplication and the inversion are given by polynomials,
so G,, is a linear algebraic group.

(iii) The general linear algebraic group GL, is also a linear algebraic
group. one way to check this is identifying M, «, (k) with k”Q, then we
can identify GL,, with

{(A,y) € k™ x k| det(A) -y =1} (7)

via A+ (A,det(A71)). Using Laplace expansion and the fact that det is
in pagticular a polynomial expression, we have that GL,, is a closed subset
of k"1 and an algebraic variety. Finally, the expression (7) helps us to
calculate the ring of regular functions as follows:
k[GL,] = k[T;;,Y | 1 < 4,5 <n]/(det(T3;).- Y — 1)
=k[T;;,Y | 1 <i,j < n][det(T;;) ).
(iv) The special linear group SL,, := {4 € GL, | det(A4) = 1} is a closed

subgroup of GL,, and it is therefore a linear algebraic group. By definition,
its ring of regular functions is

14



(v) The following are also closed subgroups of GL,, and therefore linear alge-
braic groups.

(a) The group of invertible upper triangular matrices

B = {(ai;) € GL, | a;; =0 for i > j}.
(b) The group of upper triangular matrices with 1’s on the diagonal
U = {(a;;) € GL,, | a;; =0 for ¢ > j and a;; = 1}.
(¢) The group of invertible diagonal matrix
D = {(a;;) € GL,, | a;; =0 for i # j}.
In this particular case, we have

kD] = K[TT, - T = KT @ - @ K[T, ]
= k[Gm] XSpec(k) *** XSpec(k) k[Gm]

Now, in order to define a category, let us consider the maps between them. To
do that, we need to preserve both the geometrical structure and the algebraic
structure (or group structure of algebraic groups).

Definition 2.1.3. Let Gy and Go be linear algebraic groups. A map ¢ : Gy —
G2 is a morphism of algebraic groups if it is a group homomorphism and a
morphism of affine varieties.

In the category that we just introduce, which we will denote by AlgGps,,, we
would like to recover some important properties of the algebraic structure of the
objects. In particular we want this category closed under images and kernels.
We need the following results.

Lemma 2.1.4. Let Uy, Us be two dense opens subsets of an algebraic group G.
Then G=U"-V.

Proof. Let us take z € G. By definition and hypothesis, we know that .~ (U;) =
Ut and pu(, o(Uy)) = 2U; ! are also open dense 7 subsets of G. Therefore, given
that Us is also dense, we must have xU{l NUs # () and z € Uy - Us. O

We recall for the reader that a subset U of a topological space X is called locally
closed if U is open in U. We also recall that U is called constructible if it is
a finite union of locally closed subsets. Every morphism of algebraic varieties
maps constructible sets to constructible sets [76, Morphism of Schemes, section
22, theorem 22.3]. Moreover, if YV is a constructible set of a variety X, then
it contains an open dense subset of X [76, Topology, constructible sets, lemma
15.15].

Proposition 2.1.5. Let H be a subgroup of G. Then:
(i) H is a subgroup of G.

Tt is clear that u(z,e) (multiplication by z) is an homeomorphism.
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(i) If H is constructible, then H = H.

Proof. Let us start with (7). Topologically speaking, we have the following
equalities H'=HT= H, and (as in the proof of the preceding proposition)
for z € H, we have 2H = zH = H. Therefore H - H C H. Moreover, for = € H,
we have Hx C H, and so Hx C Hx C H. We can conclude that H is closed
under inverses and multiplication, so H is a subgroup of G.

Let us proof now (id). If H is constructible, then it contains an open dense
subset U of H. After (i), we know that H is a linear algebraic group, so by the
preceding lemma, we can conclude that H=U -U C H-H = H. O

Corollary 2.1.6. Let ¢ : G — Gy be a morphism of algebraic groups. Then
ker(p) and o(Gy) are closed and therefore linear algebraic groups.

Proof. ker(¢) = ¢~ !(e) (identity element of the trivial subgroup of G, which
is in particular closed) and ¢(Gy) is a constructible subgroup of G, so it must
be closed by the preceding proposition. O

Let see now how the algebraic structure of linear algebraic groups allows us
to study its geometrical structure. More exactly, let us see what the algebraic
structure can say about the components (connected and irreducible) of a linear
algebraic group. We recall for the reader that an affine variety X can always
be written as U;i:lXi, where X, are maximal irreductible subsets, called ir-
reducible components of X [29, Part I, proposition 1.5]. Here irreducible
means that X; can not be written as a union of non-empty closed subsets. It is
clear that an irreducible variety is connected and it is a topological fact that a
morphism of varieties maps irreducible subsets to irreducible subsets, and if X
and Y are irreducible then X x Y is irreducible.

Proposition 2.1.7. Let G be a linear algebraic group.

(i) The irreducible components of G are pairwise disjoint, and so are the
connected components of G.

(11) The irreducible component G° containing the identity is a closed normal
subgroup of finite indew.

(i5i) Any closed subgroup of G of finite index contains G°.

Proof. Let X; and X5 be irreducible components of G. Let us suppose that
X; N X, # 0 and pick g € X; N X,. Given that multiplication by g~! is an
isomorphism of varieties, we know that ¢! X; are also irreducible components,
and we have 1 € g7 X; Ng~ ' X,.

Now, given that X; x X5 is irreducible in G x G, it follows that u(X; x X3) =
X1 - Xy is irreducible in G. Moreover, we have X; C Xy x X5 since 1 € X5 and
therefore, by maximality, we get X; = X3 - Xo. Similarly X; = X - Xy = X5.

On the other hand, we already know that (G°)~! is an irreducible component
of G. As it contains 1, it must be G° by (7). Similarly we can show that for
every h € G°, we have hG° = G°. In particular, if g,h € G°, then gh € G°
and therefore G° is a subgroup. Moreover, for every g € G°, conjugation by
g is an isomorphism of varieties, so gGg~! is again an irreducible component
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containing 1, and so it equals G°. Thus G° is a normal subgroup. Let us prove
[G,G°] < oo. To do that, let us consider an irreducible component X of G
and let us pick g € X. As before, we can show that X = ¢gG° and so all the
irreducible components of G are cosets of G°, since there are only finitely many
irreducible components of G, G° must have finite index.

Let us finally prove the third part. Let H C G be a closed subgroup of finite
index. Then H° C G° C G and we have [G,H°] = [G : H][H, H°], which is finite
by (ii). Hence, we can write G° = LigH®, a finite disjunction union of cosets of
H°. Since G° is connected, it follows that G° = H° < H. O

Corollary 2.1.8. Let ¢ : Gy — Go be a morphism of linear algebraic groups,
then 6(G%) = 6(Gn)°.

Proof. By corollary 2.1.6, we know that ¢(G°) is closed, connected, contains
1 and has finite index in ¢(G). The result follows by (i) in the previous
theorem. O

It is an easy exercise to see that an affine variety X is irreducible if and only if
its ring of regular functions is an integral domain.

Example 2.1.9. The preceding discussion tells us that G,, G,, and in general
GL,, are connected linear algebraic groups. Moreover, D is connected since it is
a direct product of connected algebraic groups (n-copies of G, ).

It is also true that B and U are connected. To show this, we need the following
result whose proof is founded in [35, Proposition 7.5].

Proposition 2.1.10. Let G be a linear algebraic group and f; : Y; = G, i €1,
a family of morphisms from irreducible varieties, such that 1 € X; := im(f;)
for alli € I. Then H = (X; |i € I) is a closed, connected subgroup of G. in
particular, if G is generated by a family of closed connected subgroups, then it
s connected.

From linear algebra, we know that SL,, is generated by subgroups
Hij = {(akl) e GL, | arr = 1 and ag; = 0 for (k,l) 7& (Z,j)} (Z 75 ])

Similarly, U is generated by the subgroups H;; with ¢ < j. These subgroups are
all isomorphic to G4, which is connected. Therefore, the preceding proposition
gives us that SL, and U are connected. Similarly, one can show that B is
connected.

Proposition 2.1.11. Let H, K be subgroups of a linear algebraic group G, with
K closed and connected. Then [H, K] is closed and connected.

Proof. For h € H, define ¢}, : K — H by g — [h, g]. This defines a morphism
being a composition of multiplication and inversion. Also, for all A € H, we
have ¢, (1) = 1. Hence

[H, K] =< pp(K) | he H >

is closed and connected by the preceding proposition. O
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The preceding proposition tells us that closed subgroups are well-behaved under
commutators. In particular, If G is a connected linear algebraic groups, then
its derived subgroup G") = [G,G] is a closed connected subgroup. Inductively,
we see that its n-th derived subgroup is a closed and connected subgroup.

Definition 2.1.12. Let G be a linear algebraic group. We define G(©) = G and
GW = [GU~1,GU~V] fori > 1. We obtain the derived series of G:

G=GO9 >g® > ...

We say that G is solvable if G =1 for some d. The smallest such d is called
the derived length of G.

Similarly, we can define CG = G and C'G = [C*'G, G| for i > 1. We then
define G to be nilpotent if C"G =1 for some n.

Example 2.1.13. Our first example of solvable groups are G,, G,, and D
because they are all abelian. Actually we have B(Y) = U and

C™U = {(ai;) €U ai; =0 for 0 <i—j<m}
and so U is nilpotent, and thus solvable.®

Definition 2.1.14. For an irreducible variety X, we define dim(X) to be the
mazximal length of a chain of primes ideals in k[X]. In general for a reducible
variety X, we define

dim(X) := maz{dim(X;) | 1 <i <d},
where the X; are the irreducible components of X.

Example 2.1.15. For a linear algebraic group G, we have dim(G) = dim(G°).
Since the components of G are the cosets of G°, which are all isomorphic to G°.

Proposition 2.1.16. Let ¢ : G; — Go be a morphism of linear algebraic
groups. Then

dim ¢(G1) + dim ker(p) = dim (Gy)

Proof. First of all, every fiber ¢p~1(g) is a coset of ker(y), and thus has the same
dimension (= dim ker(y)). On the other hand, we have

dim (G») = dim (G2)° = dim ((G1))° = dim (p(G3)).

All in all, the identity dim ¢~ !(g) = dim (G$) — dim (¢(GYJ)) [29, Part III,
proposition 9.5] gives us the result. O

Let us use the previous proposition to calculate the dimension of some algebraic
groups.

8Clearly G(*) C C'G, so nilpotent implies solvable. The opposite is not true! For example,
we can consider the group of nilpotent matrix

N = {(a;j) | a5 = 0 for i > j}.

Then B("™) = 0 and C°B = N for all > 0. In particular, B is solvable but not nilpotent.

18



Example 2.1.17. (i) dim (G,) = dim (G,,) = 1, because k[G,] = k[T] and
k[G,,] = k[T][T~1]. By induction we have dim(D) = n for all n.

(ii) Let R be an affine k-algebra.” By [5, Theorem 5.6.7] we have
Krull dim(R) = tr deg;Frac(R).
Since the field of fractions of
k[T | 1<, < nl[det(T;) ™) = k(Ti; | 1 <i,j < n)
we have

dim(GL,) = Krull dim(k[GL,]) = tr deg, (k(GL,)) = n?.

(iii) Applying the previous examples and corollary 2.1.16 to the surjection
det : GL,, — G,,.

we can see that dim(SL,,) = n? — 1.

2.2 Tori, unipotent and connected solvable groups

Let V be a finite dimensional k-vector space. We call an endomorphism x €
End(V) semi-simple if the roots of its minimal polynomial are all distinct.
As k is by assumption algebraically closed, then the preceding definition is
equivalently of saying that x is semi-simple if and only if x is diagonalizable.
An endomorphism zx is called nilpotent if there exists a positive integer n
such that 2" = 0. We have the following well known fact called the additive
Jordan decomposition. The reader can find its proof in [34, Chapter II, 4.3]
(cf. proposition 3.8.8 below).

Theorem 2.2.1. If « € End(V), then there exist x5, x,, € End(V') such that x4
is semi-simple, ., is nilpotent and o = x4 + x,,. Moreover, xsx, = Tp,Ts. In
particular, rs and x,, are both polynomials in o with constant coefficient equals
to zero.

Definition 2.2.2. An endomorphism u € End(V) is unipotent if u — 1 is
nilpotent.

We also have a multiplicative version of the Jordan decomposition.

Proposition 2.2.3. For g € GL(V), there exists 5,2, € GL(V) such that
g = Ty = Ty, where x, is unipotent and x, semisimple.

Proof. From the additive decomposition, we can write ¢ = x5 + z,. Since g is
invertible, so is x5 and we may define z,, = 1 + z; 'z,,. As z,, is nilpotent and
TsTy = TnTs, we have x, — 1 = x; 1z, is nilpotent. Therefore x,, is unipotent
and z,x, = x5 + T, = g. O

We can transfer this definition to an arbitrary linear algebraic group [35, The-
orem 15.3].

9An integral domain which is also a finite-dimensional algebra over k.
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Theorem 2.2.4. Let G be a linear algebraic group.

(i) For any embedding v of G in to some GL(V') and for any g € G, there exist
unique gs,gn, € G such that g = gugs = gsgu, where 1(gs) is semisimple
and 1(gy,) is unipotent.

(11) The decomposition g = g,gs is independent of the chosen embedding.

(iii) Let ¢ : G — G2 be a morphism of linear algebraic groups. Then p(gs) =
©(9)s and (gu) = P(9)u-

Given a linear algebraic group G, each h € G gives rise to a morphism G — G
given by g — gh, which induces a k[G]-algebra homomorphism

pr: k[G] — k[G] (8)
[ en(f)(g) = f(gh).

This defined a G-action on k[G].

Proposition 2.2.5. Let G be a linear algebraic group and V o finite dimensional
subspace of k[G]. There exists a finite dimensional G-invariant subspace X
containing V. In particular, k[G] is a union of finite dimensional subspaces.

Proof. We can suppose V = k - v is a one-dimensional subspace. By definition,
the multiplication morphism p : G Xgpec(x) G — G gives rise to a co-morphism
w* = k[G] = k[G Xgpeck) G] = k[G] @ k[G]. We can write

w0 =Y o

icl

so pp(v) = Zgi(h) fi- Hence the finite dimensional subspace generated by
iel

{fi | ¢ € I} contains pj(v) for all h € G. It follows that the subspace X

generated by {pn(v) | h € G} is contained in it and so is finite dimensional. it

is clearly G-invariant and it contains V. O

Let G be a linear algebraic group. We write G, := {g € G | g is unipotent}
and G; = {g € G | g is semisimple} for the subsets of unipotent and semisimple
elements of G. If G = G,, we then say that G is a unipotent group.

Remark 2.2.6. G, is a closed subset since the set of unipotent polynomials
elements of GL,, is closed, given by the polynomial (T — 1)".

Example 2.2.7. By definition, we have U is unipotent and more generally
subgroups of U turn out to be unipotent subgroups of GL,. Moreover, for

G = B we have G, = U. We can also note that G, ~ U = ((1) T) is a

unipotent group. Of course, the unicity in the Jordan decomposition tells us
that G = G4 for G = G,,, or more generally for D.

Theorem 2.2.8. Let G be a unipotent subgroup of GL(V') for some non-zero
finite dimensional vector space V.. Then G has a common eigenvector in V.

20



Proof. Let us identify V with k™ where n = dim(V'). We use induction on n.
The result is clear if n = 1, so let us assume dim(V') > 1. Suppose that V has
a proper non-zero subspace W stable under G. Then by choosing appropriate

bases, we may assume that
* *
G< {(O *) }

More specifically, every element g € G can be written in the form

(¢(g) * )

0 %(g)

where ¢ : G — GL(W) is the canonical, and 1(g) : G — GL(V/W). Now 9(G)
is also unipotent, so by induction hypothesis there exists a common eigenvector
v € W C V for G. Therefore we may assume that V is an irreducible G-
module. We need the following theorem of Burnside: if R is a subalgebra of
End(V) which acts irreducibly on V, then R = End(V'). Now, the assumption
that G is unipotent implies Tr(z) = Tr(1) = dim(V) for all € G. Writing «
as 1 + n with n nilpotent, we have for all y € G

Tr(y) = Tr(xy) = Tr(y + ny) = Tr(y) + Tr(ny).

Therefore Tr(ny) = 0. Now, the k-llinear combinations of the elements of
G must also satisfy this. These form a subalgebra R of End(V'), which acts
irreducibly on V since G does. Burnside’s theorem then implies that for all
y € End(V) and for all z = 1+n € G, Tr(ny) = 0. Taking y to be the standard
unit matrices E;;, we see that we must have n = 0. Hence G = 1 and since V
is irreducible, dim(V') = 1, a contradiction. O

Corollary 2.2.9. If G < GL,, is a unipotent subgroup, then G is conjugate to
a subgroup U. Since U is nilpotent, it fallows that G is nilpotent and therefore
soluble.

Proof. The preceding theorem gives us a common eigenvector v € V' = k™. Let
Vi = k-v. Then G acts on V/V; and the image of G in GL(V/V;) is clearly
unipotent. Induction on dim(V') allows us to construct a basis V' with respect
to which elements of G are represented by upper triangular matrices. Since they
are also unipotent, it follows that these matrices are in U. O

2.2.1 Connected solvable groups

We wish to stablish a similar result to theorem 2.2.8 for connected solvable
groups. This is analogue of Lie’s theorem for Lie algebras, except that Lie’s
theorem only holds in characteristic zero while we don’t make any assumption
on char(k).

Lemma 2.2.10. Let M C GL,, be a commutating set of matrices. Then M is
triagonalisable'®.

Proof. The reader can find the proof of the lemma in [35, Proposition 15.4]. O

10We can find a basis with respect to which all elements of M are represented by upper
triangular matrices.
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Theorem 2.2.11 (Lie-Kolchin). Let G be a connected solvable group of GL(V),
with V #£ 0 finite dimensional. Then G has a common eigenvector in'V, i.e. V
has a G-stable one-dimensional subspace.

Proof. Let us star by remarking that if G is solvable then its closure G is a also
solvable. So we can suppose that G is closed. We will argue by induction on
dim (V') and on the derived length d of G.

If n =1 the result is trivial. Let us suppose n > 1 and d = 1. By definition G is
commutative and the result follows from the preceding lemma. Let us assume
d > 1 and let us suppose that there is a proper subspace W C V which is
stabilised by G. By choosing an appropriate basis, we way write any g € G of

the form
(sogg) wikg>>

where ¢ : G — GL(W) is the canonical restriction morphism and ¢ : G —
GL(V/W). Now, ¢(G) is connected and solvable and acts on W. Given that
dim(W) < dim(V), hypothesis induction gives us v € W such that v is a
common eigenvector of G. Now, we only need to consider the case when G acts
irreducible on V.

Let GO = [G,G]. This is closed and connected by proposition 2.1.10 and
obviously solvable with derived length d — 1. By induction hypothesis there is
a common eigenvector v € V for GM). Since GV is a normal subgroup of G,
we have that gv is also a common eigenvector of G(Y). Let W be the non-zero
subspace of V spanned by the common eigenvectors of G(*). By the above W
is G-invariant. Since G acts irreducible on V, it follows that W = V. Hence
V has a basis consisting of common eigenvectors of G(1). In particular, the
elements of GV are diagonal matrices with respect to this basis, and so G is
commutative.

Now, for fixed h € G, all conjugates ghg', for g € G are in G, and hence
diagonal with the same eigenvalues as h. This implies that we only have finitely
many possibles for ghg~'. In particular, the image of the morphism g + ghg™!
is finite by the above discussion, and connected since G is connected since G
is connected. We must have GRG~! = h, i.e h € Z(G). So G C Z(G).
Now, every element of Z(G) commutes with G in this action on V. By Schur’s
lemma they are represented by scalar multiples of the identity. This implies that
elements of G(Y) have determinant 1. Therefore there are only many possibilities
for the element of GM). Given that G is connected it follows that G = 1
and so G is commutative, contradicting d > 1. O

An analogous reasoning to the one given in the proof of corollary 2.2.9, but
using the preceding theorem, gives us the

Corollary 2.2.12. Let G be a connected, solvable subgroup of GL,,. Then G is
conjugated to a subgroup of B.
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2.2.2 Borel subgroups
Let us study now connected solvable subgroups of a linear algebraic group G.

Definition 2.2.13. A subgroup B C G is called a Borel subgroup if it a mazximal
closed, connected, solvable subgroup.

Example 2.2.14. From corollary 2.2.12, we see that a connected solvable sub-
group of GL, is conjugated to a subgroup of B. Along this section we have
showed that B is a closed connected solvable subgroup of GL,. In particular,
this implies that B is a Borel subgroup of GL,,. Moreover, if B is a Borel sub-
group of GL,, then it is conjugated to a subgroup of B. By maximality, this
conjugate must be equal to the whole B. Thus all Borel subgroups of GL,, are
conjugated.

2.2.3 Actions of algebraic groups

Definition 2.2.15. Let G be a linear algebraic group, and let X be a variety.
We say that X is a G-space if there is a group action

G X Spec(k) X=X

of G on X which is also a morphism of varieties. If the action of G on X is
transitive, X 1is said to be homogeneous.

Example 2.2.16. (i) G is itself a G-space via conjugation.

(ii) Let V be a finite dimensional k-vector space. A rational representation
of G is a morphism ¢ : G — GL(V). In this situation V is a G-space via
the action

G X Spec(k) V= Azim(V) — Azim(V)
(9,0) = plg)

(iii) The associated projective space P(V) is also a G-space via the action

G ><Spec(k) ]P)(V) — ]P)(V)
(g, <v>) = < p(g)v>

Proposition 2.2.17. Let X be a G-space. For every x € G the stabiliser
Gy ={9€G|g-z=2x}

is a closed subgroup of G.

Proof. Be definition, the map

pe: G - X
g — g-x

is a morphism of varieties and so G, = ¢~ ({z}) is closed. O
Proposition 2.2.18. Let X be a G-space.

(i) Every orbit G - x is open in its closure.
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(i1) Orbits of minimal dimension are closed.

Proof. By definition, the obit map

0,: G —» X
g — g-z

is a morphism of varieties with image G-z, which is constructible and therefore,
it contains an open dense subset Y of G - x. Given that

G-x= Ug-Y

geG

the result (¢) follows.

On the other hand, for every z € X and g € G we have that g - G - x is closed
and contains G - . Therefore G-2 C g-G - z. Similarly G-z C g7! -G - x.

Multiplying by g, we see that G-z = ¢g- G- 2. As g was arbitrary, we can
conclude that

Gaz=Jg G
geG

Let us take x € X, such that dim(G - z) is minimal and let us suppose that G-z
is not closed. Then

G -z\G -z= U G-h
heG-z\G-z

and for every h € G- 2\ G-z, we know by (¢) that G- h is closed in G - z. But,
if Y C G-z is an irreducible component intersecting G - z, then

©Z\G-z)nY

is a proper closed subset of Y, thus of strictly smaller dimension. The result

follows from the definition of dimension!!. O

Theorem 2.2.19 (Chevalley). Let H be a closed subgroup. There exists a
rational representation ¢ : G — GL(V') and a one-dimensional subspace W C V
such that

H={geG|p(gW =W}

1 Auxiliary Proposition: Let X be a variety, U a dense open subset and Z = X \ U.
Then dim(Z) < dim(X).

Proof. Let X1,---, X, be the irreducible components of X and let Zy,---,Zs be the irre-
ducible component of Z. Since U is dense in X, it has non-empty intersection with each X;.
Moreover, every Z; is contained in one of the maximal irreducible subset of X, say X;. We
have Z; C X; (because U N X; # (). Given that a proper, closed, irreducible subset of an
irreducible variety must be of strictly lower dimension, we can conclude that every component
Zi,-++,Zs has strictly less dimension than that of some irreducible component of X. O

Now to end the proof of the proposition we may take X = G-z and U =G - z.
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Proof. Let I C k[G] be the ideal of H. Given that k[G] is Noetherian, this ideal
is finitely generated, say I = (Fy---, Fs). By proposition 2.2.5, there exists a
finite dimensional subspace F' of k[G] containing the F; and a corresponding
morphism

p:G— GL(F)

and E := F'N [ is H-invariant.
Now, if 2 € G is such that p,(F) = F, then we have

p(I) = pa(E)pa(K[G]) = EK[G] = I.

In particular, all the functions in I vanish at z, and thus z € H. Therefore we
have

H={rcG|p(B)=E}.

Finally, If d = dim(E), we set V := A*F, with ¢ : G — GL(V) the rational
representation induced by the natural G-action. The one-dimensional subspace
W = A\“E is o(H)-invariant by construction. Now, assume that o(g)W = W
for some g € G. Let wy,--- ,wq be a basis for F, and vq,--- ,vq bas a basis for
pg(E). By assumption, we have ¢(g)(wi A --- Awg) € W, but by hypothesis
it must be a multiple of v1 A --- A vg. It follows that each v; € F and so
py(E) = E. 0

Corollary 2.2.20. Any linear algebraic group can be embedded as a closed
subgroup of GL,, for some n.

Proof. Let us take H = {1}. By the preceding theorem, we get a rational
representation p : G — GL(V') ~ GLgim(v). Since ker(p) C H, we can conclude
that p is injective. O

2.3 Topological properties of homogeneous spaces

In section 3 we will give detailed definitions of the tangent space. In this part of
the notes we will give quickly review the definition and some important prop-
erties. The reader can accept for a moment the facts presented here or he can
take a look to the section sited (cf. [75, Chapter 4].)

Quotient Space 2.3.1. Now let us give the structure of variety to a set of
cosets G/H. Let H C G be a closed subgroup and V as in the previous theorem.
Let v € P(V') be the point corresponding to the line < v >C V stabilised by H.
Set

X :=G-5CPV),

then X is clearly a homogeneous G-space endowed with a canonical surjective
map
p: G - X
g v g-v

(9)
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with fibers the coset of 12 H. This induces a bijection
?:G/H— X.

Using this bijection we can endow G/H with a structure of variety. Indeed,
given the that X C P(V) is a closed subset, it is a projective variety. Also,
as X is an orbit in a G-space, then it is open in its closure and therefore a
quasi-projective variety.

By construction, the natural map 7 : G — G/H is a morphism of varieties.

We have the following notions from [14, Section 6]. Given X and Y k-algebraic
varieties, we will say that a morphism (of k-algebraic varieties) ¢ : X — Y is a
quotient morphism if

(i) ® is surjective and open.

(ii) If U C X is open, then the co-morphism " induces an isomorphism from
Oy (¥(U)) onto the set of f € Ox(U) which are constant on the fibers of

Ylo-
Let us suppose that X is a G-space in the sense of the definition 2.2.15.

Definition 2.3.2. We say that a morphism of k-algebraic varieties ¥ : X — Y
is an orbit map if Y is a surjective morphism such that the fibers of Y are the
orbits of G in X. A quotient of X by G is an orbit map which is a quotient
morphism.

Universal mapping property 2.3.3. If 7 : X — Z is any morphism of k-
algebraic varieties which is constant on the fibers of G, then there is a unique
morphism 7’ : Y — Z making commutative the following diagram

J{ﬂ' /’/ (10)
v
Z

Remark 2.3.4. It is possible to show that the morphism o in (9) is affine
and that the topology on G/H is the quotient topology obtained from ¢ [35,
Theorem 5.5.5]. Moreover, if m;G — Z is a morphism of algebraic varieties
which is constant on the H orbits. Then 7'(gH) = 7(g) is well-defined and
makes commautative the diagram (10). By [14, Proposition 6.7], to prove that X
is the quotient of G by H we need to prove that ¢ is separable (in the sense of
[14, Section 8]). This is a property that in our case depends of the Lie algebras
13 of G and H, so we will end this discussion in section 3.

Plet =g -7 € X. Then
g€ o z)e (7l 1= (§Tlg) <v>=<v>ejlgcHs g gH

This proves that ¢~ 1(z) = gH.

131f g and b denote the Lie algebras of G and H, respectively. Then the tangent map Te ()
will be the natural surjection g — g/h. This surjectivityy property implies that X is the
quotient of G by H [14, Proposition 6.7 (ii)].
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We end this section with the following discussion (cf. [21]). At he end of
subsection 1.3 we have the defined the geometric quotient (G/H)" as the
fppf-sheafification of the presehaf

(Sch/Spec(k))gppr  — Set
S —  G(S)/H(S).

By theorem A.2.8, we also know that (G/H)' is the algebraic space associated
to the étale equivalence relation

R=G XSpec(k) H - G XSpec(k) G (11)
(9, 1) = (9:9h).

In this case, we have a presentation 7 : hg — (G/H)!. From a schematic point
of view, the quotient (if it exists!) will represents the functor (G/H). In other
words, the geometric quotient lies in the image of the Yoneda’s embedding!'#

(Sch/Spec(k))eppr —  AS/Spec(k)
G—Q —  hg — (G/H)T.

We want to prove that the classical quotient in remark 2.3.4 represents the
sheafification of the presheaf (11), as well, and via the Yoneda’s embedding, this
will be the (geometric) quotient in the sense of [24, Definition 3.1.2].

In section 3 we will show that the tangent map at the identity T.¢ of the
map (9) is surjective. Via G(k)-translation we see that Ty is surjective for all
g € G(k) and therefore by [17, Chapter 2, section 2, proposition 8] ¢ is a smooth
morphism, in particular ¢ is an fppf-morphism and therefore g represents the
(geometric) quotient of G module the flat equivalence relation (cf. [76, Part 2:
Groupoids schemes, commentary just before lemma 39.20.3]).

R =GxgmG—-GxG

In order to math with the scheme-theoretic notion, we need to prove that R = R’
as subshemes of G x G. By smoothness it suffices to prove that R(k) = R'(k).
Since G(k)/H(k) — (G/7) is a bijection [23, Chapter 3, section 1, 1.15], the
desired equality follows.

A Algebraic spaces

As we have seen in sections 1 and 2, there two possibilities to construct algebraic
quotients in the category of k-schemes Schy, and at the end of section 2 we have
proved that they are actually the same by using the fact the the algebraic space
defined by an étale equivalence relation is representable. In this appendix we
propose to give a overlook of the theory of algebraic spaces. We essentially
follow word by word the results exhibited in [76, Part 4: Algebraic spaces].

14(Sch/Spec(k))gppr and AS/Spec(k) are the categories of k-schemes with fppf-coverings
and of algebraic spaces, respectively. Notations are given in the appendix of this section.
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A.1 General properties

Let S be an affine scheme. In what follows, we will always denote by (Sch/.S)¢ppr
the big fppf site of S in the sense of [76, Topologies on schemes, definition 7.8].
The underlying category have fibre products and final object S.

Remark A.1.1. If T € Ob(Sch/S)pps, then the representable presheaf
hr : (Sch/S)ihv — Set
is a sheaf ([76, Algebraic spaces, remark before section 3]).

Let us suppose now that F, G : (Sch/S)?II:;’f — Set are functors and ® : I — G
is a transformation of functors. We will say that & is representable if for every
object T € (Sch/S)gppr and any a € G(T') the fiber product hy x4 ¢ F (in the
sense of [76, Chapter 4: categories, section 8]) is representable. In this case, if
V., represents the previous fiber product, i.e. there exists an isomorphism hy, —
hr X4, F, then by Yoneda’s embedding, the projection hr — hr X4,¢ F — hy,
is represented by a unique morphism of schemes

ot T =V, (12)

A.2 Algebraic spaces and quotient sheaves

Definition A.2.1. An algebraic space over S is presheaf
X : (Sch/S)ih. — Set
with the following properties
(i) The presheaf X is a sheaf.
(i) The diagonal morphism X — X x X is representable.

(iti) There exists a scheme T' € Ob(Sch/S)ppr) and a map hr — X which is
surjective, and étale (definition?).

As the reader probably expects, our first example of an algebraic space is the
representable sheaf hp for T € Ob((Sch/S)¢ppr). In fact, given that (Sch/.S)gpe
has fiber products, the diagonal morphism h; — hp«r is clearly representable,
and the identity map hp — hp is surjective étale.

Definition A.2.2. We will denote by AS/S the category of algebsraic spaces.
A morphism in AS/S is a transformation of functors.

Remark A.2.3. As a consequence of the Yoneda’s embedding we have that the
category (Schg) rppy is contained in the category of algebraic spaces AS/S. The
embedding is defined via representable sheaves T — hr.

Let us review now how to glue algebraic spaces (cf. [76, Part 4: Algebraic spaces,
lemma 8.3]). We will denote by S(Sch/.S)gppr the category of sheaves in the sense
of 1.4. Moreover, if ® : ' — (G is a representable morphism of sheaves and P
is a property of morphism of functors, such that P is stable under base change
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and it is fppf local on the base,!® then we will say that ® has the property
P if the morphism (1.4) has the property P, for all T € Ob(Sch/S)gpr) and
a € G(T). Finally, we recall for the reader that the coproduct F U G is the
sheafification of the coproduct sheaf (cf. [76, Part I: Sites, Lemma 10.13]).

Lemma A.2.4. Let X : (Sch/S);"" — Set be a presheaf. We assume

(1) X € S(Sch/S) pps-
(2) There exists an index set I and subfunctors X; C X such that

(a) each X; € AS/S,

(b) each X; — X is representable,

(¢) each X; — X is an open immersion,

(d) the map X; — X is surjective in S(Sch/S)spps, and

(e) UX; is an algebraic space.
Then X is an algebraic space.

Let us find now a presentation of an algebraic space. Let T, R € Sch/S. We
will say that a morphism of schemes j: R — T Xg T is an étale equivalence
relation if j is an equivalence relation and s,t : R — T xg T = T are étale
morphisms of schemes. We warm to the reader that in what follows we will
abuse of the notation and we will say that R is an (étale) equivalence relation.

Definition A.2.5. Let X be an algebraic space. A presentation of X is given
by a scheme T € Sch/S and an étale equivalence relation R on T, and a sur-
jective étale morphism hp — X such that hg ~ hp Xx hp.

As e have remarked, the representable presheaves hr,hg : (Sch/S)g % — Set
are sheaves, and the morphism j induces a morphism of sheaves h; : hg —
hp x hp. In particular, for every object U € Ob((Sch/S)gpr) we have an
equivalence relation (e)hg(U)(e) induced by h;(U) : hg(U) — hp(U) X hp(U).
We get a presheaf

(Sch/S)Pb — Set

fppf

U —  he(U)/(9)ha(U)(s).

The étale sheafification of (13) will be called the quotient sheaf and denoted
by T/R.

(13)

Remark A.2.6. Let k be an algebraic closed field and S = Spec(k). Let X be
a smooth algebraic variety and G a linear algebraic group acting on the left on
X. By smoothness, the morphism

(S,t) : G X Spec(k) X - X X Spec(k) X
(gvx) = (xmg ' .13)

defines an étale equivalence relation. The quotient sheaf will be denoted by X/G.

BLet f: X — Y be a morphism of S-schemes and {Y; — Y} an étale covering of Y. We
say that P is fppf local on the base if we have: f € P if, and only if, V; xx Y = Y; € P
(cf. [76, Part 2: Descent, definition 35.19.1]).
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We will show that if R is an étale equivalence relation, then 7'/ R is an algebraic
space. The following lemma tells us that this is always the case if T is affine
(cf. [76, Part 4: Algebraic space, lemma 10.4]). In the general case, we might
construct a covering of the sheaf T'/R by quotient sheaves induced by affine
schemes, and then to apply lemma A.2.4 (cf. theorem A.2.8 below).

Let (Aff/S)gpe be the category of affine S-schemes whose coverings are fppf-
coverings.

Lemma A.2.7. Let T € (Aff/S)sppr and j : R — T xgT be an étale equivalence
relation on T'. Then the quotient X :— T'/R is an algebraic space.

Theorem A.2.8. Let T € (Sch/S)fpr and j: R — T xgT be an étale equiva-
lence relation. Then the quotient T/R is an algebraic space, and hy — T/R is
a presentation of T/R.

Proof. Reduction to the category (Aff/S)eppe. We start with the following ob-
servation: let 77 — T be a surjective étale morphism. In particular, {77 — T}
is an fppf-covering, and the restriction R’ of R to T” (cf. [76, Part II: Grupoids
Schemes, definition 3.3|) induces an isomorphism 7”/R’ ~ T/R (cf. |76, Part
IT: Grupoids Schemes, lemma 20.6]). By [76, Part 4: Algebraic spaces, lemma
10.1] R’ is an étale relation on 77, and we may replace T by T”. Following this
remark we may assume that U = |JT;, with T; € (AfF/S)ppr.

T/R is an algebraic space. Let us start by considering the restriction R; of R to
T;. As we have remarked, the relation R; is an étale relation on T;. Moreover, if
X; == T;/R;, then UX; — T/R is surjective. By lemma A.2.7 we know that X;
is an algebraic space and by [76, Part 4: Algebraic space, lemma 10.3] the map
X; — T/R is étale and surjective. From lemma [76, Part 4: Algebraic spaces,
lemma 8.4] we see that UX; is an algebraic space, and therefore lemma A.2.4
tells us that T'/R is an algebraic space.

hr — T/R is a presentation. This is [76, Part 4: Algebraic spaces, lemma
10.4]. O

3 The Lie algebra of an algebraic group

In the first part of this section we will introduce the Lie algebra of a (linear)
algebraic group. Following the arguments given in [51] we will give several inter-
pretations and we will show that they are all equivalent. In the second part we
will follow [64] to discuss the most important properties of (complex) semisim-
ple Lie algebras, and [19] to introduce Weyl groups and root systems. This part
starts to prepare the "algebraic side" of the Beilinson-Berstein correspondence.
At the end of this section, we sketch the fact that category of semisimple alge-
braic groups in characteristic zero is visible already in the theory of semisimple
Lie algebras.

Through this section k will denote an algebraically closed field of characteristic
zZero.
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3.1 Terminology and basic properties

As we will explain in this section, the Lie algebra of an algebraic group can be
considered as a linear approximation of the group, and therefore it is endowed
of an algebraic nature. This suggests that the study of the Lie algebras is much
more natural the the study of the group.

Definition 3.1.1. A Lie algebra over a field k is a k-vector space g together
with a k-bilinear map
[o,0] :gxg—g
called the bracket such that
(i) [x,x2] =0, for all z € g,
(ii) [z, [y, 2]] + [y, [z, 2]] + [z, [, 4] = O, for all z,y,2 € g.

Condition (ii) is called Jacobi’s identity.

We will denote by Lieg the category of k-Lie algebras, whose morphisms are
k-linear maps respecting the respective brackets.

A Lie subalgebra of a Lie algebra g is a k- vectors subspace h such that
[h,b] C h. A Lie algebra g is said to be abelian if [g, g] = 0. Finally, an ideal
in a Lie algebra g is a k-vector subspace a such that [g,a] C a.

Remark 3.1.2. The preceding definition suggests that a is a left ideal, but it is
clear that [g,a] C a if and only if [a,g] C a. In particular, all left (resp. right)
tdeals are two-sided ideals.

Even if the following notion will be used later, we want to introduce it here for
further references.

Definition 3.1.3. Let g be a finite dimensional Lie algebra.

(i) A representation of g is a vector space V together with a function p :
g — End(V') such that

p([z,yl) = [p(x), p(y)] = p(x)p(y) — p(y)p(x).

(ii) A representation is said to be irreducible if there is no non-trivial, proper
subspace W such that p(x)W C W for all x € g.

Example 3.1.4. One of the most important representations of a given (ab-
stract) Lie algebra (g, [e, e]) is the adjoint representation

ad: g — End(g)
x =  ad(x):=[z,e].

We have the following examples of Lie algebras (cf. subsection 3.6).

gl,,: as a k-vector space gl,, := M, (k) the space of squared matrices of size n.
The bracket is the usual one defined by [A, B] := AB — BA.
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sl,: as a k-vector space, it is the subspace of gl,, consisting of matrices whose
trace is equal to zero. In order to see that this is a Lie subalgebra of gl,, we
need to show that sl,, is stable under the bracket. This follows from the identity
Tr(AB) = Tr(BA).

b and n: given that the product of two (strictly) upper diagonal matrices is an
(strictly) upper triangular matrix, the spaces b := {(a;;) | a;; = 0 for all ¢ > j}
and n = {a;; | a;; = 0 for all 4 > j} are in fact Lie subalgebras of gl,,.

t: the vector space of diagonal matrices is clearly a Lie algebra.

3.2 Functor of points

Let R be a k-algebra and let us consider R[e] := R[z]/(2?) the ring of dual
numbers. It is clear that R[] = R® Re as an R-module, and €% = 0. We have
the following sequence

RY5 R SR

with i(a) = a + €0 and 7(a + €b) = a. We recall for the reader that via the
Yoneda’s embedding we are considering our algebraic groups as functors

k-Alg — Gps.

So, for an algebraic k-group G, the preceding sequence gives us a sequence of
group homomorphisms'é

G(R) & G(R[e]) = G(R). (14)

We let
a(R) := ker(G(R[¢]) = G(R))

Example 3.2.1. Let G = GL,. For each matrix A € M, (R), I, + €A is an
element of M, (R[¢]), and (I,, + €A)(I, — €A) = I,,; therefore I,, + A € g(R).
Given that every element of g(R) has this form, we can conclude that the map

M,(R) — 9(R)
A — E(A) =1I,+cA
def
is a bijection. Therefore g(R) = {I, + A | A € M,(R)}.

Example 3.2.2. Let G = GLy where V is a finite-dimensional vector space

over k. Every element of V(e) def kle] ®k V can be written uniquely in the form
x+eywitha,y eV, ie, V(e) =V ®eV. For k-linear endomorphism « and 8
of V, define o + 5 to be the map V(e) — V(¢g) such that

(a+ef)(z +ey) = az) +e(aly) + B(2)); (15)

by definition « 4 €0 is a k[e]-linear map. Now, if we consider

= {Q)1ewer).

16We abuse of the notation y we note 4 and 7 the group morphisms G(4) and G(r), respec-
tively. Under this convention we have, by functoriality, 7 o i = idg(r).
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then it is clear that the set of k-linear endomorphism of V'(g) is equal to the set

of 2 x 2 matrices of k-linear endomorphisms of V' (multiplication on the left),

and ¢ acts as (7 ). This means that the k[e]-linear endomorphisms of V'(e)

are in correspondence with those matrices that commute with (! ), in other

a4

words, those matrices of the form (5 2), which corresponds to the morphisms
(15). This shows that

GLy (kle]) = {a + €8 | a inverstible}
and following the example 3.2.1 we can conclude that

g(k) = {idy +ea | « € End(V)}. (16)

3.3 Description in terms of derivations

Definition 3.3.1. Let A be a k-algebra and M an A-module. A k-linear map
D:A— M is a k-derivation of A into M if D satisfies the Leibniz rule

D(fg)=f-D(g)+g-D(f).

The Leibniz rule implies that D(1) = 0. By k-linearity, this implies that D(c) =
0, for all ¢ € k. Conversely, every additive map A — M satisfying the Leibnitz
rule and zero on k is a k-derivation.

Let a: A — R be a k-linear algebra. Let us write
a(f) = ao(f) +ean(f), ao(f),ar(f) €R
Then a(fg) = a(f)a(g) if and only if
ao(fg) = ao(flan(g), a1(fg) = ao(f)ea(g) + aolg)ar(f).

The first condition say that ag is a k-algebra homomorphism A — R. When
we use agp to make R into an A-module, the second condition say that «; is a
k-derivation A — R.

Let G be an algebraic group and let us consider € : k[G] — k be the identity
element of G(k). By definition, the elements of g(R) are the k-algebra homo-
morphisms k[G] < Rle] such that the composite

k[G] % Rl 2% R

is €, in other words such that ay = €. According to the preceding discussion, we
can conclude that

g(R) ={e+¢eD | D is a derivation}. (17)

Let Dery, (k[G], R) be the the set of k-derivations k[G] — R with R regarded as

an k[G]-module though k[G] = k — R. Let us also consider I the augmentation
ideal of k[G], defined by the exact sequence

0—1—=kG>k—0 (18)
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Proposition 3.3.2. There are natural one-to-one correspondences
9(R) <> Dery - (k[G], R) <> Homyiinear(1/I%, R).

Proof. The first correspondence is by (17). On the other hand, by definition,
the Leibnitz rule in this case is

D(fg) = e(f) - D(g) + €(g) - D(f)- (19)

In particulaer, D(fg) = 0 if f,g € I. Moreover, given that €(c) = ¢ for ¢ € k,
the sequence (18) splits via the canonical decomposition

KG] = kol
[ (elf), f—elf)

of k[G] as a k-vector space. Under this presentation and given that any deriva-
tion k[G] — R is zero on k, then it is determined by its restriction to I, which
is therefore any k-linear map I — R that is zero on I2. O

Let us now define the adjoint map Ad: G(R) — Aut(g). To do that, we recall
for the reader that we have two maps

i:G(R) — G(R[e]) and w: G(R[e]) —» G(R)
such that o i = idg(g). We define

Ad: G(R) — Aut(g(R))
g = Ad(g)(z):=i(g) x-i(g)""

Here g € G(R) and = € g(R) C G(R[e]). We have the following relations: first
of all, we have

Ad(g)(z +2') = Ad(g)z + Ad(g)a’

for g € G(R) and z,2’ € g(R). Furthermore, the R-module structure of G(R)
can be defined as follows: every element r € R defines a homomorphism of
R-algebras

Rle] * R
at+eb — a+terb

such that mou, = m and u, oi = i. From the first relation we get the following
commutative diagram

=) G(RIE)



By using this action and the relation u, o4 = ¢, we have that

r-Ad(g) (@) = - (i(g) - 2 - i(9) ") = Glu,)(i(9)) - Clu)(x) - Glu,)(ilg) ™)
—i(g)- (r-a)-i(g)™"
— Ad(g)(r - 2).

Therefore Ad maps into Aut g jinear (g(R)).

Finally, let f : G; — G2 be a morphism of algebraic groups over k. By functo-
riality, we get the following commutative diagram

Gl( 5]) L) Gl(R)

R
I J
Ga(R[e]) —— Ga(R)
and so f induces a homomorphism
df - g1(R) = g2(R), (21)

which is natural in R.

3.4 Definition of the functor Lie
Let Lie be the functor

Lie: AlgGps, — Vect,,

G —  a(k) = ker (G(k[e]) — G(k)) (22)

(the k-structure as in (20)). Using the identification g(R) = g ®; R we can
define the adjoint representation of G on the vector space g(k), by using the
map Ad introduced in the previous subsection

Ad: G — GLg(k). (23)

By applying the functor Lie to (23) and using the relation (16) in example 3.2.2,
we get a k-linear map

ad : g(k) — End(g(k)).

For z,y € g(k) we set
[z, y] := ad(z)(y)- (24)

Lemma 3.4.1. For GL,, the construction gives
[A, X] = AX — X A.
Proof. Let us recall that from the example 3.2.1 we know that
Lie(GLy,) =gl (k) ={I, +cA| A e M,(k)}.
Now, in our context the sequence (14) translates into the sequence

GL,(k) 5 GLn(K[e]) = GLy(k)
A —~ I,+cA
X +eY — X
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and an element i(A) = I,, + €A € GL, (K[e]) acts on M, (k[e]) as

i(A)(X +eY)i(A) ! = (I, + eA)(X +eY) (I, — A)
=X +eY +e(AX — XA).

Therefore, if in the example 3.2.2 we take V = M, (k) we can conclude that
ad(A) = id + ep, where p(X) = AX — X A. O

Directly form the definition the reader can check that if f : G — H is a morphism
of algebraic groups, then we have the following commutative diagram

a(k) x g(k) —4= g(k)
J{dfxdf de (25)
h(k) x h(k) —2 b(k).

Theorem 3.4.2. [51, Theorem 3.8] There exists a unique functor Lie
Lie: AlgGps;, — Liey,

from the category of algebraic groups over k to the category of Lie algebras such
that:

(i) Lie(G) = g(k) as a k-vector space, and
(ii) the bracket on Lie(GL,) = gl,, is [X,Y] = XY - Y X.

Proof. The second part of the theorem follows from lemma 3.4.1. The statement
(4) is just (22), so we only need to prove that the bracket defined in (24) endows
Lie(G) with a structure of Lie algebra. To do that, we remark for the reader
that the diagram (25) tells us that the differential map df : Lie(G) — Lie(H),
defined by a morphism f : G — H of algebraic groups, is compatible with the
two brackets. Since the bracket on Lie(GL,,) makes it into a Lie algebra, and by
corollary 2.2.20 very algebraic group can be embedded in GL,,, the bracket on
Lie(G) makes into a Lie algebra. This also proves uniqueness in the theorem. [

3.5 Tangent spaces

Let us describe now the Lie algebra of an algebraic group as tangent space to
the identity element. We will follow the arguments given in [75].

Let us suppose for a while that X is an affine algebraic variety. Let us denote
by k[X] the algebra of regular functions on X and I the ideal of functions
vanishing on X. For every z € X, we will also denote by m,, the maximal ideal in
k[X] of functions vanishing at z. Given that k was supposed to be algebraically
closed, we have a canonical identification k[X]/m, = k. In particular, we can
view k as a k[X]-module, denoted by k, via the evaluation morphism f — f(z).

Definition 3.5.1. Let X be an affine algebraic variety. For every x € X, we
define the tangent space T, X of X at x to be the k-vector space Dery (k[X], k).
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if ¢ : X — Y is a morphism of affine algebraic varieties, then the comorphism
map ¥" : k[Y] — k[X] induces a linear map between the tangent spaces

Ay 0 ToX = TywY

v — Vo w“ (26)

the differential of ¢ at x. It is clear that if ¢ : Y — Z is a second morphism
of affine algebraic varieties, then we have the chain rule

d(pot)), = d@w(w) o dipy. (27)
In particular, if v is an isomorphism then so is di,.

Let us see that the information about the tangent space can be read locally. To
do that, let us denote by O, the local ring of regular function in z. We recall
for the reader that its maximal ideal n, consists of the functions vanishing in x.
As before, we have O, /n, = k, and we see k as an O,-module.

Lemma 3.5.2. We have an isomorphism of k-vector spaces v : Dery(O,, k) =
Dery (k[ X], kz).

Proof. We have a canonical algebra homomorphism k[X] — O,, this maps
induces the morphism «. The inverse is defined by differentiating a quotient
(cf. [75, Lemma 4.1.5]). O

The results that allows us to consider general algebraic varieties is the following.

Proposition 3.5.3. Let x € X and U be an affine open subvariety of X. Then
T.U~T,X.

Proof. By hypothesis, we have Oy, ~ Ox , and the proposition follows by
lemma 3.5.2. O

Definition 3.5.4. Let X be an algebraic variety and x € X. We define the
tangent space of X at x by

[—

T.X =1mT,X,
<_

eU

8

where the projective limit is relative to the set of affine neighbourhoods of x,
ordered by inclusion.

By proposition 3.5.3 we have T,, X ~ T, U for every affine open neighbourhood U
containing x, and the transition maps in definition 3.5.4 are all isomorphisms.
In particular, when dealing with questions concerning tangent spaces we can
consider them locally.

Definition 3.5.5. We say that X is smooth in z if dimy(T,X) = dim(X).

Let us try now to reinterpret the preceding definition in terms of differentials.
This will allow us to end the statements in remark 2.3.4.
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Let A be a k-algebra and m : A ®; A — A the (co)-product morphism. Let
I .= Ker(m) C A®; A. This ideal is generated by the elements a ® 1 — 1 ® a,
and the quotient algebra A ®; A/I is isomorphic to A. We define the module
of differentials 24/, of the k-algebra A by

Qs =1/

As we have remarked, this can be considered as an A-module. Moreover, the
module of differentials comes equipped with a k-derivation

dA/kI A — QA/k
a = dapla) =(a®@1-1®a)+ I

The couple (245, d /) is universal for k-derivations of A [75, Theorem 4.2.2].
This universality tells us that if X is an irreducible affine variety and = € X,
then the tangent space 7, X is isomorphic to Hom(2x)/x, kz). More exactly,
if we put Qx = Qpx)/k, then

Hom(Qx,k;) — T, X = Dery (k[ X], kz)
P = o dyxy/k

is an isomorphism. Moreover, following our local description in 3.5.2, if Qx

denotes the localisation at = (the stalk at = of the associated sheaf §~2X), then
we have

TmX >~ Homk(QX@, k‘) (28)

We have the following basic result about smooth points [17, Chapter 2, section
2, proposition 11].

Proposition 3.5.6. Let X be an irreducible variety of dimension d. If x is a
smooth point of X, there exists an affine open neighbourhood U of x such that
Qu is a free k[U]-module with a basis {dg1,--- ,dga}, for suitable g; € k[U].

As a consequence of the preceding discussion, we see that if X is an affine
algebraic variety such that Qx is a free k[X]-module, then by (28) we can
conclude that X is smooth.

Let us suppose now that X, Y are irreducible varieties. A morphism ¢ : X — Y
is called dominant if ¢(X) is dense in Y. This property implies that we have
an injective map of quotient fields k(Y) — k(X). We say that ¢ is separable
if this extension is separably generated.!” The main result to keep in mind is
the following [75, Chapter 4, theorem 4.3.6].

Proposition 3.5.7. Let ¢ : X — Y be a morphism of irreducible varieties.

(i) If x is a smooth point of X such that p(x) is a smooth point of X and
dp, 18 surjective, then ¢ is dominant and separable.

et F = k(Y)(z1, - ,2;). The transcendence degree trdegy,yy F of F over k(Y') is the
maximal of the number of z; that are algebraically independent over k(Y'). If trdegy vy I = [
we say that F' is purely transcendental. We say that k(X) is separably generated over
k(Y) if there exists a purely transcendental extension F over k(Y), contained in k(X), such
that k(X) is separably algebraic over F.
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(ii) If ¢ is dominant and separable, then the points x € X satisfying (i) is a
non-empty open subset of X.

The preceding proposition implies the following important properties for
homogeneous spaces (definition 2.2.15).

Theorem 3.5.8. Let G be a connected algebraic group.
(i) Let X be a homogeneous space for G. Then X is irreducible and smooth.

(ii) Let ¢ : X — Y be a G-equivariant morphism of homogeneous spaces.
Then ¢ 1is separable if, and only if, the differential dp, is surjective for
some z € X.

(i1i) Let ¢ : G — G’ be a surjective morphism of algebraic groups. Then ¢ is
separable if, and only if, the differential dyp, is surjective.

Proof. We follow word by word the proof given in [75, Chapter 4, theorem 4.3.7].
Let us prove (¢). To do that, we consider X a homogeneous space and z € X.
By hypothesis, the orbit map o, : G — X is surjective, and therefore as G is in
particular irreducible (proposition 2.1.7), we can conclude that X is irreducible.
On the other hand, for every g € G the map

gt X — X
r = pelz)=g-2

is clearly an isomorphism. By functoriality, (27), the differential (dy,), is an
isomorphism. The first part of the theorem follows from proposition 3.5.6 and
transitivity of the action. The second part of the theorem clearly follows from
the proposition 3.5.7 because ¢ is surjective being a G-equivariant morphism be-
tween homogeneous spaces. the final part of the theorem is an easy consequence
of (ii) (cf. remark below). O

Remark 3.5.9. Without say it, we have used the following easy observation.
If dy, is surjective for some x, then dy, is surjective for all x € X.

Let us recall now that in proposition 2.2.5 we have showed that G acts (on the
left) on k[G] locally finitely via the morphisms py, in (8). The same argument
proves that the right G-action

An: kG — k[G]
foom= whlg) = f(h ).
We consider the space of left invariant derivations of G, which is defined by
L(G) :={D € Dery(k[G],k[G]) | D o A\, = Ap o D, for all h € G}.

This is a Lie algebra under the bracket operation [Dq, Do) :== Dy o Da—D4y o D;.
In a suggestive way we let

g=T.G
be the tangent space to G at the identity e. We recall for the reader that g can
be considered as the space of point derivations g = Dery(Og ., k). Given that
every derivation D defined on k[G] can be extended to a derivation of the local
ring Og, . via the quotient rule, we can define a k-linear map

LG) — g

D = feo (D) (29)
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Theorem 3.5.10. The map (29) is an isomorphism of k-vector spaces. In
particular dimy,(L(G)) = dim(G).

Proof. We let to reader to verify that the convolution

g - L(G)
0 = (fx0)(h) =N, f)

is well-defined. This means that f — f %9 is a left-invariant derivation. Let us
verify that this is the inverse of the map (29). To do that, we take D € L(G)
and we consider J the derivation f+— (Df)(e). We have

(fx0)(h) = 6(An-1f) = (DAp-1 f)(e) = (Ap—2Df)(e) = (Df)(x).

On the other hand, if § is a point derivation at e. Then (f*d)(e) = §(Af) = 6(f)
and the derivation f — (f % d)(e) is just 0. O

Via the preceding isomorphism, we can endow the tangent space g := TG with
a structure of Lie algebra. We have the following relations

a(k) = Dery, (k[G], k) = T.G = L(G) (30)

By uniqueness and functoriality, the Lie algebra structures on g(k), (24), and
L(G) coincide. This gives us several interpretations of the Lie algebra of an
algebraic group, all of them equivalent.

Before getting some examples let us end the discussion about homogeneous
spaces started in the previous section. We recall for the reader that we want
to prove that (9) is a quotient map in the sense of the definition 2.3.2. To do
that we rephrase theorem 3.5.8 as follows ([14, II, proposition 6.7]). Let X be
a G-space.

Proposition 3.5.11. Let x € X and let us consider the orbit map o, : G —
G -xz. Then G- x is a smooth variety defined over k and locally closed in
X. Moreover o, is an orbit map for the action of G- x on G. The following
conditions are equivalent:

(i) 0. is a quotient of G by G,.
(ii) o, is separable, i.e. the tangent map d.o, : g — T.(G - x) is surjective.

Remark 3.5.12. In theorem 3.5.8 we use connectedness of G to prove that X
is irreducible. We do not have this hypothesis in the preceding proposition.

At the moment, we have proved that X := G/H is a smooth quasi-projective
variety (theorem 3.5.8 and 2.3.1). The canonical map (9) ¢ : G — G/H is
by construction a morphism of algebraic varieties. Moreover, we recall for the
reader that X has been also defined as a G-orbit space G - v, where v € P(V) is
the line stabilised by H, and V' is the vector space in theorem 2.2.19. Under this
regard, the canonical map ¢ coincides with the orbit map oz and Gz = H. So,
to prove that ¢ is a quotient map, we need to prove that d.p is surjective. To
do that, let us bring back again the notation coming from the proof of theorem
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2.2.19. By using proposition 2.2.5 we could find a rational representation p :
G — GL(F) which contains an H-invariant subspace E, such that

dim(E) dim(E)

H:{g€G|g~ /\ E= /\ E}

Let us denote by W := /\dim(E) EandV = /\dim(E) F. Let ¢ : G — GL(V) be
the rational representations induced by the G-action on F. Using (21) and the
same reasoning given at the end of proposition 2.2.5, we see that if b := Lie(H),
then'8
h={Cegldp(Q)(W)C W}

All in all, let 05 : G — G - ¥ (here v := [W] € P(V)) be the orbit map, and
let us consider the differential d.oz. Let vi € W, and let us remark that if ~ :
V\{0} — P(V) is the projection, and o, : G — G-v is defined by 0,(g) = ¢(g)v,
then ¢ = v 0 0,. In particular, by functoriality we have d.p = d,y(dc0,). If we
identify T;,V" with V, the map d,y : T,V — T, P(V) is the projection from V'
with respect to k-v, this tells us that ker(d.p) = (deo,) " (k-v) = Stabg(W) = b.
Let us see that this implies that d.p is surjective. On the one hand we have

dim(h) = dim(H) = dim(G) — dim(G - 9) = dim(G) — dim(7;G - ),  (31)
and on the other hand
dim(ker(dep)) = dim(G) — dim(im(d.y)). (32)

From (31), (32), and the fact that ker(d.) = b, we can conclude that d.¢ is
surjective.

3.6 Examples

Let us use the relations (30) to compute the Lie algebras of the (linear) algebraic
group studied in section 2. We recall for the reader that every connected, linear
algebraic group is smooth by theorem 3.5.8. Using again the relation (30) we
have that

dim(G) = dimy(g),

and therefore, we can use the Lie algebra to compute the dimension of the group.

GL,: By example 3.2.1 we know that as k-vector space, the Lie algebra gl,
of GL,, equals the k-vectors space M, (k) of squared matrices of size n. By
lemma 3.4.1, the structure of Lie algebra of gl,, is given by the usual bracket
[A, B] = AB — BA.

SL,,: By definition
Lie(SL,) = {I + M, (kle]) | det(I +eA) =1}

Expanding det(I 4+ £A4) as a sum of polynomials in the variable e, we easily
figure out that the only non-zero term is

n

H(1+5aii) =1 +82n:aii

=1 i=1

8We have di) : g — End(F). We abuse of the notation denoting again di) the canonical
extension g — End(V).
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(terms including at least two off-diagonal entries are zero because ¢ = 0).
Hence
det(I +ecA) =1+ eTr(A)

and therefore Lie(SL,,) = sl,, = {4 € gl,, | Tr(A4) = 0}.

The group of invertible upper triangular matrices B: By definition
Lie(B) = {I +cA € M,(k[¢]) | a;; =0 for all + > j}.

So Lie(B) = b is the Lie algebra of upper triangular matrices.

The unipotent group U: This is the group of upper triangular matrices having
all the diagonal terms equal to 1. So, by definition we have

Lie(U) ={I + A € M,(k[e]) | a;; =0 for all ¢ > j, and 1 + ea;; = 1}.

This implies that Lie(U) = n the Lie algebra of strictly upper triangular matri-
ces.

The group of invertible diagonal matrices T: being sure that at this point
the reader has understood the philosophy behind the computations, we can say
that it is clear that Lie(T) = t, the Lie algebra of diagonal matrices.

3.7 Solvable and nilpotent Lie algebras

In this sebsection we will review the classical theory of solvable and Lie algebras.
The main references are [63, 64]. We start with the following notions.

Let g be a k-Lie algebra. We put C(g); = [g,9], and inductively we define
C(9)n = [9,C(g)n—1] to be the lower central series of g. On the other hand, we
can also put C(g)! = [g, g], and inductively define C(g)" := [C(g)"!,C(g)" ]
the upper central series.

Definition 3.7.1. We say that g is nilpotent if the lower central series van-
ishes, i.e. there exists a positive integer n such that C(g), = 0. We say that g
is solvable if the upper central series vanishes.

Let us recall that in subsection 3.4 we have introduced the relation [z,y] =
ad(z)(x), with ad : g — End(g) is the adjoint representation.!® The reader can
easily verify that the following conditions are equivalent:

(i) There exists n € Zsg, such that C(g)n+1 = 0.

(ii) For all zg,--- ,x, € g, we have
[o, [21,[ -+ ,xn] -+ ]] = ad(xg)ad(z) - - - ad(xy—1) (2,) = 0.
(iii) There exists a descending series of ideals
g2ag2---2a,=0

such that [g,a;] Ca;4q1, forall 0 >4 >n—1.

191f g := Lie(G) is the Lie algebra of an algebraic group, then this relation is established in
(24).
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Example 3.7.2. Let V be an n dimensional k-vector space, and let
]::OgvlggVn,lgV

be a full flag. Let n(F) be the subset of the Lie algebra g := End(V') consisting
of those endomorphisms z € g, such that - V; C V;_;. It is clear that n(F) is
stable under the bracket of g and therefore is a Lie subalgebra. Moreover, using
(9) in the preceding discussion we see that n(F) is a nilpotent Lie algebra with
C(F))p-1=0

We intend to prove the following theorem (the reader will easily realize that the
necessary conditions follows immediately from (i) in the previous discussion).

Theorem 3.7.3 (Engel’s theorem). A Lie algebra g is nilpotent if and only if
ad(x) is nilpotent for each x € g.

We will first prove an End(V)-version of the preceding theorem?® and then we
will use canonical isomorphism theorems to extend the proof to the general
case. We prepare the route to prove the sufficient condition with the following
discussion.

Let us fix a vector space V and a Lie algebra g such that g C End(V).

Eigenvalues of nilpotent elements. Let V be a finite dimensional k-vector
space. Let us prove that zero is the only eigenvalue of each nilpotent element
¢ € End(V). To do that we start by remarking that zero is an eigenvalue of
¢ because is not invertible. On the other hand, if A is an eigenvalue of ¢ with
eigenvector v € V, then 0 = ¢*(v) = A\v, so A = 0 because char(k) = 0.

ad-nilpotency. Let us suppose that g consists of nilpotent endomorphisms of
V', and let us prove that for all € g, the endomorphism ad(x) € End(g) is also
nilpotent. In fact, if n € N is such that 2" = 0, then for all y € g we have

2n

ad®™(x)(y) = Z rxtyr?n Tt

=0

Now all what we have to remark is that in each term in the sum there are at
least n factors of x on one of the sides of y, so the whole sum is equal to zero.

Proposition 3.7.4. Let g C End(V) be a Lie algebra of nilpotent endomor-
phisms of V.. There exists a vector v € V such that x-v =0 for all x € g.

Proof. We will proceed by induction on the dimension of g. If dim(g) = 1,
then g is clearly abelian, but also it consists of scalar multiples of a nilpotent
endomorphism ¢ € End(V'). Given that zero is the only eigenvalue of ¢, there
exists a non-zero vector v € V such that ¢(v) = 0. Let us suppose now that
dim(g) > 1, and let us consider the following situation.

20By Ado’s theorem: every finite-dimensional abstract Lie algebra is isomorphic to a
concrete Lie algebra over a finite dimensional vector space (vector spaces of linear transfor-
mations). We can see that it suffices to prove Engel’s theorem for the End(V)-version. We
prefer to prove Engel’s theorem with out using Ado’s theorem because, except for some special
cases, this theorem is surprisingly tricky to prove. We will discuss the semi-simple case in the
appendix of this section by using Tannaka duality, but a concrete prove can be founded in
[78].
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Maximal proper subalgebras of nilpotent algebras. Before continuing the
proof, we want to construct an ideal a C g of co-dimension 1. In fact, we show
that we can take any maximal proper sub-algebra. Let a be such an algebra.
So ad(a) preserves a and ada induces an a-action by nilpotent endomorphisms
on the quotient vector space g/a. By inductive hypothesis, we can find a vector
g € g/a such that ad(z)(g) = 0 € g/a for every z € a. If y € g is a pre-image
of g, then ad(z)(y) € a for all x € a. This clearly implies that , is an ideal
of the algebra Span(a,y) of co-dimension 1. However, as we declared a to be
a maximal proper sub-algebra, we necessarily have Span(a,y) = g. We can go
back to the proof of the proposition.

Let as take an ideal a C g with co-dimension 1. Applying the inductive hypoth-
esis to a, we can find v € V such that z-v = 0 for all z € a. Let W be the
subspace of all vectors with this property and y € g\ a. Let us also take w € W,
x € a, and let us analyse the following relation:

xy-w=yx -w+ [,y w.

First of all, we know that yz - w = 0 by definition of W. Moreover, given that a
is an ideal we have [z,y] € a and therefore [z, y]-w = 0. We have zy - w = 0 for
any x € a and we can conclude that y - w € W. This tells us that y preserves
W. However, we know that y acts nilpotently and we can find v € W such that
y-w = 0. As we have remarked Span(a,y) = g and we have that z - v = 0 for
any x € g. [

Corollary 3.7.5 (Engel’s theorem End(V')-version). Let g C End(V) be a con-
crete Lie algebra of nilpotent endomorphisms of V. There exists a basis of V
such that each element is strictly upper triangular.

Proof. We proceed by induction on dim (V). If dim(V') = 1, then dim(g) is either
0 or 1. In both cases the matrices with respect to any basis are all zero because
they are nilpotent 1 x 1-matrices. Now, let us assume that the corollary is true
for any vector space of dimension less or equal that n — 1, and let us suppose
that dim(V) = n. By theorem 3.7.4, there exists a vector v € V such that
x-v =0 for all x € g. Applying inductive hypothesis to the n — 1- dimensional
space V/Span(v), we can find a basis 01, - -+ , U,—1 for V/Span(v) such that all =
are strictly upper triangular. Taking the pre-images of those vectors, together
with v, we get a basis for V', such that all = are strictly upper triangular. [

Before giving the proof of the theorem 3.7.3, let us give one remark more that
will be used in the proof of the theorem. Let

2(g) ={zecg|[r,y)=0forall y c g}

be the center of the Lie algebra g. This is clearly an abelian ideal of g. We
claim that if g/z(g) is nilpotent, then so in g. The bracket is defined by

[e,0] :g/2(9) xg/2(s) — 9/2(9)
(x+2(9),y+2(0) = [z,y]+2(9).

By hypothesis, there exists n € N such that C(g/z(g)), = 0. We have a well-
defined surjection C(g), — C(g/2(g))n which tells us that C(g), C z(g). Then

C(8)n+1 = [8,C(9)n] C [2(g),8] = 0.
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We can finally give the proof of Engel’s theorem.

Proof of theorem 3.7.3. We start the proof of the theorem by recalling for the
reader that by ad-nilpotency the Lie algebra x = ad(g) is a nilpotent Lie
subalgebra of End(g). By corollary 3.7.5 we can conclude that x is nilpotent.
Moreover, we have ker(ad) = z(g) and therefore

9/2() — &
x+z(g) — ad(z)

is an isomorphism of Lie algebras. We can conclude that g/z(g) is nilpotent and
in the light of the previous discussion we can conclude that g is nilpotent. [

Example 3.7.6. The Lie algebra n = Lie(U) is nilpotent.

In the example 3.7.2 we have seen that every fully flag F in a vector space V
defines a nilpotent Lie sub-algebra n(F) of End(V). Let us prove that every
nilpotent Lie sub-algebra of End (V') is contained in a nilpotent Lie algebra n(F).

Corollary 3.7.7. Let V be a finite dimensional vector space and g a Lie sub-
algebra of End(V') consisting of nilpotent endomorphisms. Then there is a fully
flag F such that g C n(F).

Proof. We will proceed by induction on the flag. To define V; 2 {0} we use
proposition 3.7.4 to obtain v € V such that - v = 0 for all x € g. We take
V1 := Span(v). Let us suppose that we have defined 0 C V3 C --- C V,,_5 such
that dim(V;) = ¢ and - V; C V;_; for all 1 < ¢ < n — 2. By construction,
we will have a morphism of Lie algebras ¢ : ¢ — End(V/V,,_1) and g/ker(:)
can be considered as nilpotent Lie subalgebra of End(V/V,,_1). By proposition
3.7.4 we can find v,—; € V/V,_s such that Z - v,_; = 0 in V/V,,_5 for all
z € g/ker(:). Taking a lift v,_1 € V of 0,,_1, making V;,_1 := Span(V,,—2, 1)
and considering the full flag 7 = (V;), we end the proof of the corollary because
g C n(F). O

Example 3.7.8. If F denotes the canonical flag variety (3) in V = k™. Then
Lie(U) = n = n(F).

We want to derive now similar result to the corollary 3.7.5 for solvable Lie
algebras. We start with the following examples.

Example 3.7.9. (i) For every n € Z~( we have C(g)" C C(g),. Therefore,
every nilpotent algebra is solvable.

(ii) It follows immediately from the definitions that every subalgebra and every
quotient of a solvable Lie algebra is a solvable Lie algebra. In particular,
every extension of solvable algebras is solvable. In fact, if

0—=bh—elg—=0
is an extension of e, then it is easy to see that p(C(e)™) = C(g)" = 0.

Therefore, if C(g)" = 0 and C(h)! = 0, by exactness we have C(¢)” C b
and C(e)"* = C(C(e)™)! C C(h) = 0.
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(iii) Let F = (Vi) be a full flag of a vector space V, and let b(F) be the
subalgebra of End(V') consisting of terms € End(V) such that z-V; C V;
for all ¢. The algebra b(F) is solvable. In fact, it is possible to construct a
basis of V such that b(F) consists of upper triangular matrices. We also
remark for the reader that the Engel’s theorem implies that b(F) is not
nilpotent.

Theorem 3.7.10. Let g C End(V) be a concrete solvable Lie algebra. There is
a vector v € V such that v is an eigenvector for all x € g.

Proof. We will proceed by induction on g as we have done in proposition 3.7.4.
If dim(g) = 1, then g consists of scalar multiples of a non-zero single element
y. Given that k is algebraically closed, it contains a root of the characteristic
polynomial of y and therefore we can take and eigenvector v € V' which will be
an eigenvector for every x € g. Let us suppose now that dim(g) > 2 and that
the theorem is true for every solvable concrete Lie algebra of dimension at least
dim(g) — 1.

Construction of an ideal of co-dimension 1. Let us consider C(g)! =
[g,0] # g. Given that g is solvable C(g)! is a proper ideal and therefore we
can consider the quotient Lie algebra g := g/C(g)’. Given that g is an abelian
algebra (in particular nilpotent) the reasoning given in proposition 3.7.4 gives
us an ideal a with co-dimension 1. The pre-image a of a in g will also be an
ideal of co-dimension 1. Let us go back to the proof of the theorem.

By inductive hypothesis, there exists a vector v € V which is an eigenvector of
every element of a. Given = € a we will denote by A, the eigenvalue of v. We
have the weight space

Wi, ={veV]|z-v=>Awforal x € a}.

As in the proof of proposition 3.7.4 we will show that for some y € g\ a, the
weight space V). In other words, y - V), C V),. Let € a, w € V), and
y € g\ a. As before, we want to analyse the expression

ry-w=y -+ [T,y w= Ay w+ A . (33)

If the second term in the sum on the right were zero then it would be immediately
that y-w € V). This is less obvious that in 3.7.4. We will verify this by proving
first that A, = 0 . Let us consider the subspace

U = Span(w,y - w, - - ,yk~w,~~).

It is clear that y - U C U. We want to see, via induction, that a-U C U.

a-invariance of U. By definition z - w € U and by (33) we see that zy - w €
Span(y - w,w) C U. Let us suppose that zy*~' - w € U (for any = € a). We

have

1 1

oy w =gyt w+ [amy]yk_ w.

We have assumed that zy*~! - w € U and given that a is an ideal, we can

conclude, by inductive hypothesis, that the sum on the right lies in U.

46



a acts upper triangular on U.Let us see that the action of z;na is upper
triangular on U with respect to the basis w,y - w,--- . To do this, we will use
induction to prove that zy* -w is a linear combination of y*-w for i < k. First of

=1 = Zi.:ll a(»m)yi Sw.

all, by definition z - w = A,w. Let us suppose that zy

We have
oyt w = yay* Tt w o, yly T w
k—1 k—1
= (Z al™yitt w) + (Z a{lov i w)
i=0 i=0
k
U o I )
i=1
and we can see that zy*- € Span(w,--- ,4* - w). We can finally end the proof

of the theorem.

We have just proved that Tr(z|y) = A\,dim(U). Moreover, as a is an ideal, we
know that [z, y] € a (we recall for the reader that z € a and y € g\ a), which acts
on U as a commutator and therefore has trace zero. But given that dim(U) # 0,
we necessarily have A, ,) = 0. This completes the proof of the theorem. O

Corollary 3.7.11 (Lie’s theorem). Let g C EndV') be a concrete solvable Lie
algebra. There is a basis of V, such that the matriz of the action of every
element of g, with respect to this basis, is an upper triangular matriz.

We let the proof of the preceding corollary as an easy exercise to the reader. The
idea is to follow the same lines of reasoning that in corollary 3.7.5, together with
the following fact that extensions of solvable Lie algebras are solvable (example
3.7.9 (i1)).

Example 3.7.12. It is clear that C(b)! = [b,b] =n. So C(b)! is nilpotent and
therefore solvable. This immediately implies that b is solvable.?!

Exactly as we have reasoned in corollary 3.7.7 we can use Lie’s theorem to prove

Corollary 3.7.13. Let g C End(V') be concrete solvable Lie algebra. There is
a flag F of V such that g C b(F).

Example 3.7.14. If F denotes the canonical flag (3) in V = k™, then Lie(B) =
b= b(F).

We end this subsection with the following important result.

Definition 3.7.15. Let V' be a finite-dimensional vector space, and let us take
z,y € End(V). We define the Killing form By to be

By (e,e): End(V)x End(V) — k
(xa y) = B\/(SC, y) = T?"(:L‘y)

21Using the examples 3.7.14 and 3.7.9 (iii) we see that b is not nilpotent. We can also see
this directly from C(b)n = [b,C(b)n—1] = [b,n] =n.
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If g C End(V) is a concrete Lie algebra, we will omit the subscript g when
referring to the bilinear form

B(xz,y) = Bg(ad(z), ad(y)).

In this case we will denote by g* the orthogonal complement of g taken with
respect to B(e,e).

We intend to prove a criterion of solvability involving the killing form. We will
need the following technical lemma whose proof can be found in [34, Chapter
I1, lemma 4.3].

Lemma 3.7.16. Let V be a finite dimensional vector space, and U and W two
subspaces of End(V'). Let us consider the subset L of End(V) defined by

L={l€ EndV)|[l,U] c W},

and let us suppose that x € L is such that for every !l € T, we have Tr(xzl) = 0.
Then x is nilpotent.

Theorem 3.7.17 (Cartan’s criterion). Let g C End(V') be a Lie algebra. Then
g is solvable if and only if C(g)' C g*.

Proof. By corollary 3.7.13 there exists a flag F such that g C b(F). This implies
C(g)! c C(b(F))! = n(F). In particular, for x € g and y € C(g)! the product
ry € n(F) and therefore B(z,y) = Tr(xy) =0, i.e. C(g)' C g=*.

Let us suppose now that C(g) C g+, and let us consider the set L in the previous
lemma with U = gand W =C(g)*. Let l € Land z = _,_,[vi, z:] € C(g)*. We

have
Tr(l) = 3T [y, 2i]) = D2 Te((l, il 20) = 0 (34)

because [I,y;] € C(g)! and by hypothesis C(g)! C g*. So x is nilpotent. By
corollary 3.7.5 we can conclude that C(g)! is nilpotent and therefore g is solvable.
O

Corollary 3.7.18. Let g be a Lie algebra such that for the Killing form B(e, e)
we have C(g)! C g*. Then g is solvable.

Proof. Let us consider the adjoint representation ad : g — End(g). By
theorem 3.7.17 we know that ad(g) is solvable. Moreover, given that ker(ad) =
z(g), then ker(ad) is abelian and therefore solvable. This implies that g is
solvable being an extension of ad(g) by ker(ad). O

3.8 Semi-simple Lie algebras

The Lie algebra sly is an important example of semi-simple Lie algebras (and
even stronger, of simple Lie algebras). The study of its representations form
the basis of the theory of representations of finite dimensional Lie algebras. In
this subsection we intend to introduce the most general facts about semi-simple
Lie algebras and we will work out sl as an example. In fact, at the end of
this subsection we will classify the irreducible representations of sl3.22 We will
follow [79, 63].

22Later, we will classify this representations by using twisted differential operators.
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Definition 3.8.1. Let g be a finite dimensional non-abelian Lie algebra.
(i) We say that g is stmple if it has no non-trivial proper ideals.
(ii) We say that g is semi-simple if it has no non-trivial abelian ideals.

Let us recall that
sl = {A € ngg(k) | ’I‘I‘(A) = 0}

A k-basis is given by the matrices

(30 D e (00)

The reader can easily check the following relations
[h,e] =2e, [h,f]=-2f and e, f] = h. (35)
Lemma 3.8.2. The Lie algebra sl is a simple Lie algebra.

Proof. Let us take a a non-zero ideal of sls. Let z = v1e4s f+73h be a non-zero
element of a. Using the relation (35) we see that x = [h, [h, z]] = dy1e + 472 f.
As z € a and a is an ideal, we must have € a. Therefore z — ix = v3h € h.
We analyse two cases.

73 # 0 We immediately have h € a and the relations (35) implies that %[h, €] =
e € a. On the same fashion f € a. We have proved a = sl5.

~v3 =0 We have [e, z] = yoh € a and [f, z] = 71h € a. Given that z # 0, we can
conclude that h € a and we can proceed as in the previous case.

We have proved that a = sl,. O

Lemma 3.8.3. A Lie algebra g is semi-simple if and only if g has no non-trivial
solvable ideals.

Proof. Let us start assuming that g is semi-simple, and let us take a a non-
trivial solvable ideal. By definition, the upper central series of a vanishes, i.e,
there exists n € Z~¢ such that C(a)” = [C(a)""!,C(a)™~!] = 0. This implies
that C(a)"~! is a non-trivial ideal, which is a contradiction. The converse is
immediate. O

If a; and as are solvable ideals of g, then the canonical isomorphism of Lie
algebras (this is a easy exercise)

aita a2
aq 7&10&2

tells us that a; + as is also solvable. Therefore, there is a largest solvable ideal
v of g. We will call this ideal the radical of g. In light of the preceding lemma
we can say that g is semi-simple if its radical ¢ is zero.

We have the following result from Cartan’s Criterion (theorem 3.7.17).

Proposition 3.8.4. A Lie algebra g is semi-simple if and only if the Killing
form B(e,e) is non-degenerate.
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Proof. The same reasoning given in (3.7) tells us that
s={zxeg|Blxz,y) =0foralye g}

is an ideal. The assertions of the theorem lie on s. Let us suppose that g is semi-
simple. Given that C(s)* C s+ (by definition) corollary 3.7.18 we can conclude
that s is solvable in g, but given that g is semi-simple then s must be trivial by
lemma 3.8.3.

Let us suppose now that s = 0 and let us take an abelian ideal a of g. Let z € a
and y € g. We set ¢ := ad(x) oad(y). Given that a is an abelian ideal ¢(g) C a
and ¢(a) = 0. This means that ¢?(a) = 0 and ¢ is nilpotent. Since cher(k) = 0,
we can conclude that Tr(¢) = Tr(ad(z) o ad(y)) = B(z,y) = 0. This tells us
that x € s, so s = 0. This completes the proof of the proposition. O

Let us organise the preceding results as follows. The following assertion are
equivalent;:

(i) The Lie algebra g is semi-simple.
(ii) The radical ¢ vanishes.
(iii) The Killing form B(e, ) is non-degenerated.
In what follows we will use the notation C(g) := C(g)! = [g, g]-
Corollary 3.8.5. If g is semi-simple, then C(g) = g.

Proof. We have g = C(g) ® C(g)*. Let z € C(g) and let y,z € g. By (3.7),
we know that B([z,y],2) = B(z,[y, 2]) = 0. Given that in our case the Killing
form is non-degenerate we have [x,y] = 0. This means that y € z(g), which is a
solvable ideal and therefore, by semi-simplicity, z(g) = 0. We can conclude that

C(g)* =0 and C(g) = g. O

As we have stated in the introduction of this subsection, we aim to study repre-
sentations of semi-simple Lie algebras. The following digression about gener-
alized eigenspaces and generalized weight spaces will be particular im-
portant. We will always suppose that V is a finite-dimensional k-vector space.

Definition 3.8.6. Let ¥ € End(V') and A € k. The subspace
VinW) ={v eV | (@ —A)Nv=0 for somme integer N = N(v)}
is called a generalized eigenspace of ¥ with eigenvalue ).

It is clear that the usual eigenspace V) (¢) = (ker(¢ — AI) of ¥ with eigenvalue
A is a subspace of V.

Example 3.8.7. By Engel’s theorem (3.7.5) or the discussion about eigenvalues
of nilpotent endomorphisms (page 43) we see that if ¢ is nilpotent, then V' = V.

We recall for the reader that we have assumed that & is algebraically closed of
zero characteristic.
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Proposition 3.8.8. Let ¥ € End(V). Let A\1,---, s be all the eigenvalues of
@ and ny,--- ,ng be their multiplicities. We have the generalized eigenspace
decomposition:

V=V
=1

where dim(V)y,1(9)) = n;.

Proof. Using Jordan canonical form in some basis eq, - - - , e,, we have that the
matrix of 1 is of the form

I
W

I

n

where Jy, is an n; x n; matrix with A\; on the diagonal, 0 or 1 in each entry just
above the diagonal, and zero elsewhere. Let

‘/[)\1](19) = Span(ela T 7en1)a ‘/[)\2](19) = Span(en1+17 o aen1+n2)7 Tty

so that Jy,; acts on V[y,1(?), in other words V{y,1(¥) are J-invariant and Jv;, (9) =
Ailyn, +n;, with ny nilpotent. O

Definition 3.8.9. Let g be a Lie algebra and p : g — End(V) a (finite-
dimensional) representation, and \ € g* = Hom(g,k) be a linear functional
on g. The generalized weight space of g in V attached to \ is

VE8={veV|(p(x) = Xx))Nv =0 for some N = N(x), for all z € g}

xreg
Let us fix z € g. From the preceding theorem we have the following decompo-

sitions
V =P Vi (o)),

€k

For instance, if we consider the adjoint representation, we have

g =P ope()),

v€k

where
g (p(x) ={y € g | (ad(x) — ~yI)Ny = 0 for some N € N}.
We have the following important result [79, Lemma 19.3.8].

Proposition 3.8.10. Let p : g — End(V) be a representation of the Lie al-
gebra g. For every x € g, we have the relation p(g},,)(p(x)))Viy,)(p(x)) C

‘/[’YlJr’Yz] (p(x))
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Theorem 3.8.11. Let g be a Lie algebra and p : g — End(V') a representation.
Let b be a nilpotent subalgebra of g. Then the following equalities hold

v=Ppw (36a)
Aeb*
p@L)VY C VY, o (36b)

Proof. We analyse the following cases.

Case 1. For each t € b, p(t) has only one eigenvalue. Given that § is
nilpotent, and therefore solvable, we can use Lie’s theorem (theorem 3.7.10) to
find define a weight A\ € h* such that A(¢) will be the eigenvalue of p(t) and
V=V

Case 2. For some t, € h, p(ty) has at least two distinct eigenvalue. Given
that b is nilpotent, we have seen that ad(t) is also nilpotent for all ¢ € h. Thus
b C gp(p(t)), for any t € h. By the preceding proposition p(h)Viy(p(x)) C
Viy)(p()). Proposition 3.8.8 tells us that V' can be written as a direct sum of
the generalized spaces of ¢y and we have seen that each Vi,)(p(to)) is invariant
under the action of h. In other words, Vi,(p(to)) is also a representation of b
such that dim(V},(p(t0))) < dim(V). We may apply an inductive argument on
dim(V) to stablish the first equality of the theorem.

Let us stablish the inclusion p(gg)V;’ - V)f’+a. To do that, let us take o, A € h*,
and = € g?, i.e. we are considering = € gl (p(t)) for all t € h. By the preced-
ing proposition p(z) Vo) (p(t)) C Via@w +aw)(p(t)) for all t € h. We can conclude
that if we take v € (¢, V() (p(1)), then p(x)v € My Via@)+an (p(2)). Given
that (N, Vin(p(t)) = V/\h, by definition of a generalized weight space, we have
the inclusion. O

3.9 Cartan subalgebras

We start this subsection with the following definition which is a consequence of
Jacobi identity.

Definition 3.9.1. Let b be a Lie subalgebra of a Lie algebra g. Then
Ng(b) :={z € g|[z,b] C b}

is a subalgebra of g, called the normalizer of b.

Remark 3.9.2. By definition ) C Ng(h) and the normalizer of by is the mazimal
subalgebra containing b.

Lemma 3.9.3. Let us suppose that g us a nilpotent Lie algebra. Let h C g be
a Lie subalgebra, such that h C g. Then b C Ng(h).

Proof. Let us start by considering the lower central series
g2C(g) D DC(g)n =0.

The last equation follow by nilpotency. Let us take k£ € N to be the maximal
positive integer such that C(g) € . Clearly 1 < k < n and, by the choice made
on k, we have [C(g)k,h] C C(g)r+1 C h. In other words, C(g)r+1 C Ng(h) and
therefore h C Ngy(bh). O
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Definition 3.9.4. Let g be a Lie algebra. We say that a Lie subalgebra h C g
is a Cartan subalgebra if it satisfies the following two conditions:

(i) b is a nilpotent algebra.
(it) b is itself normalizing. In other words Ny(h) = b.

Remark 3.9.5. Lemma 3.9.3 tells us that any Cartan subalgebra of g is in fact
a mazimal nilpotent subalgebra. In particular g is a Cartan subalgebra in itself
if and only if g is a nilpotent Lie algebra.

Let us recall that we have denoted by t the abelian Lie subalgebra of gl,, = M, (k)
consisting of diagonal matrices. An easy calculation shows that Ng (t) = t, and
therefore t is Cartan subalgebra of gl,,. In fact, we have the following general
fact.

Proposition 3.9.6. Let g C M, (k) be a concrete Lie algebra which contains
a diagonal matriz d = (dv,--- ,dy) with d; # d;, for all i # j. Let h = gNt.
Then b is a Cartan subalgebra.

Proof. Let us check that b satisfies the conditions in definition 3.9.4. We remark
for the reader that h C t is abelian and therefore nilpotent. Let us take now
y € g such that [y, h] C b. In particular [y,t] € b for all ¢ € h. Given that

n

n n
[y7t] = Zakekk7 Z bijeij = Z (ai - aj)bijeij,
k=1

ij=1 ij=1
we see that [y,?] € b if and only if b;; = 0 for all 7 # j. In other words b€ . [

Example 3.9.7. Let us consider V' = k" and {e;}1<i<, the canonical base.
Let us define the following full flags F = (V;)1<i<n and F' = (V/)1<i<n, by

V; .= Span(ey,--- ,e;) and V/:=Span{e,, - €nt1-:}

We have seen in the example 3.7.14 that the subspace b(F) of matrices stabilising
the flag F is the Lie algebra of upper triangular matrices, and an easy calculation
shows that b(F’) = t is the Lie algebra of diagonal matrices. This implies
that diag(F,F’) = b(F) Nb(F') = t is a Cartan subalgebra. Furthermore,
we have remarked in example 3.7.8 that the space n(F) of matrices = such that
x-V; C V;_1 is the nilpotent Lie subalgebra of strictly upper triangular matrices.
As before, an easy calculation shows that n’ := n(F’) is the nilpotent Lie algebra
of strictly lower triangular matrices. We have

gl, = n® diag(F, F') & n'
=noton.

We also want to remark that b =b6(F) =nd t.
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3.9.1 Conjugancy of Cartan subalgebras

In the preceding subsection we have introduced Cartan subalgebras. In this
subsection we aim to prove we essentially have a unique Cartan subalgebra
by proving that they are all conjugated. In the literature this results is called
Chevalley’s theorem on conjugacy of Cartan subalgebras. To prove this
theorem we give first some properties about the Killing form and the weigh
space decomposition.

Let g be a finite dimensional Lie algebra, and let us consider the characteristic
polynomial

Po(A) = detg(ad(2)—A) = (-5 4 p o () (~A)FO 14 det (ad(2))
of ad(z) for some x € g. We can even see that the constant term of P,(\) is
zero because ad(a)(a) = [a,a] = 0. For any 1 < j < dim(g), it is known that p;
is a homogeneous polynomial on g of degree dim(g) — j.

Definition 3.9.8. We define the rank of g as the smallest integer r such that

pr s not identically zero. An element x € g is called regular if p,(x) #0. The
nonzero polynomial p.(x) of degree dim(g) —r is called the discriminant of g.

From now on, we will denote by rk(g) the positive integer r introduced in the
previous definition.

Proposition 3.9.9. Let g be a Lie algebra, the set g,y of reqular elements is a
connected, dense open subset of g.%*

Proof. First of all, if C is the closed subset of g defined by the vanishing of the
polynomial p,y(g). By definition greg = g\C, in other words gyeg is open. Finally,
given that C' has non empty interior, we can conclude that greg is dense. O

We recall for the reader that for any = € g we have the following properties:

(i) g is the direct sum of the gp,j(ad(x)),
(i) we have [g,, (ad(z)), 8,1 (ad(2))] C gfy4+,) (ad(2)).

(iii) From (ii), we can conclude that gjpj(ad(x)) is a Lie subalgebra.
We have two easy exercises.

Lemma 3.9.10. For every x € g, we have dim(gyg(ad(x))) > rk(g). The
equality is satisfied id x is regular.

Lemma 3.9.11. Let b be a Cartan subalgebra of g and suppose that there is a
regular element x € g such that x € h. Then b = gjo)(ad(z)).

We end this subsection with the following discussion. Let h be a nilpotent Lie
subalgebra of a semi-simple Lie algebra g (we recall for the reader that this is
equivalent of saying that B(e,e) is non-degenerated). We fix « € g,.4. By [79,
Lemma 19.8.5 (iii)], we have that gjo)(ad(z)) is the unique Cartan subalgebra of
g containing x. In particular, g has Cartan subalgebras. Moreover, we have seen
in the proof of the theorem 3.8.11 that b C gjo)(ad(t)) for every ¢ € b, therefore

b is a Cartan subalgebra if and only if h = gg ([79, Theorem 19.8.6 (ii)]).

23Here we fix a base of g and we identify g ~ k4™, We recall for the reader that we are
allowed to fix a basis because the induced Zariski topology doesn’t depend of this basis if we
identify g with S(g*) (the symmetric algebra of the algebraic dual of g).
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From now on and until the end of this subsection, we will suppose that b is a
Cartan subalgebra.The preceding discussion and theorem 3.8.11 tell us that
if b is a Cartan Lie subalgebra then g admits the decomposition

o= P ved. (37)

AeEACH*\{0}

where A C b* \ {0} is the set of roots, consisting of those weights A\ € h*
such that g?\ # 0. Furthermore, for \,v € A, and = € g?\, y € g", then by
[0}, 00] C 3, we have

(ad(x) 0 ad(y))" (87) C 834 no-

As A # 0 and char(k) # 0, the set {\ + Nv | N € Zs¢} is an infinity set
of distinct functionals. Given that there are only finitely many non-zero root
spaces g?\, there exists NV such that (ad(z)oad(y))™(g") = 0. In other words, for
A € AU{0}, the restriction of the Killing form B(e,e) ‘g‘; SN is non-degenerated

(here we uses the hypothesis of g being semi-simple). Now, Engel’s theorem and
a classical inductive argument on dim(g), as we have already done in the notes,
proves that for every A € A, there exists a basis of gg such that for any z,y € b
the matrix of ad(z) o ad(y)|g§ with respects to this basis is upper triangular

with unique eigenvalue A(z)A(y) (cf. [79, Proposition 19.3.9 (iii) and theorem
19.8.6]).The root decomposition (37) and the preceding statement imply that
for z,y € b, we have the relation

B(z,y) = ) dim(g3)Mx)A(y). (38)

Let us finally prove that Cartan subalgebras are commutative. Let A € A, and
x,y € b. Since [z, g?\] C g?\, [y7g2] C g?\ (second part of theorem 3.8.11), and

(ad[w,y]) |gp = [ad(@)]]qn,ad(y)lgr ]

we see that the trace of (ad[z,y])| s is zero. But, by (38), we know that this
A

trace is equal to dim(gf’\))\([:c, y]) and so A([z,y]) = 0. We recall for the reader
that we want to prove that § is commutative. In other words, for every z,y € b
the bracket [z,y] = 0, and that we have proved that A([z,y]) = 0 for every
A € A. We will achieve our objective if we prove that A generates h* as a
vector space, but this is clear because B(e,®)|qxy is non degenerated and b is a
reflexive vector space (being finite-dimensional). Let us clarify this argument.
Let us suppose by contradiction that the root space A does not generates h*,
and let us extend A to a basis {«; } of h*. By reflexivity h** ~ h we can choose a
dual basis {t;} of b, and by assumption, we can choose j such that «; is not one
of the simple roots. In other words, we have find a non-zero vector t :==t; € b
such that A(t) = 0 for every A € A. By (38) this implies that [¢t, ] = {0} and
by non-degeneracy we must have ¢ = 0, which is a contradiction.

Summing up, we have proved the following facts. Let g be a semi-simple Lie
algebra and h a Cartan subalgebra.
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i) Root decomposition: g = gh. Under the hypothesis of ) being a
AEA YA g
Cartan subalgebra this decomposition is true without the semi-simplicity
hypothesis.

(ii) The elements of A span the vector space h*.
(iii) The Lie algebra b is abelian.
Just one more tool before giving proving conjugacy.

Definition 3.9.12. Let ¢ € Enf(V) be a nilpotent operator. We define the
exponential form by

A 1 2 1 3 1 n
Given that ¢ is nilpotent this sum is finite.

The following facts are classical easy exercises for the reader [25, Chapter 1
(1.1.12)].

Lemma 3.9.13. (i) If ¢1 and ¢2 are commutating nilpotent operators, we
have the relation exp(p1 + ¢2) = exp(d1)exp(d2). In particular, exp(p) is
always an invertible operator by exp(¢1)exp(—¢1) = 1.

(ii) Let D be a nilpotent (inner) derivation of g, i.e. for all x,yg we have
the relation

D([z,y]) = [D(z),y] + [z, D(y)].
Then exp(D) is an automorphism of g.

Let g be a finite-dimensional Lie algebra. Is straightforward to see that using
Jacobi identity the map ad(z) is an (inner) derivation of g. In what follows, we
will denote by G the subgroup of the group of automorphisms of g generated by
automorphisms of the form exp(x) for € g and such that ad(x) is nilpotent
(properties of this group are discussed in detail in [59, Chapter 7]).

Theorem 3.9.14 (Chevalley’s theorem). Let g be a Lie algebra and G as in the
preceding paragraph. Then any to Cartan subalgebras b1 and ho are conjugated
by G, i.e. there exists o € G such that o(h1) = ha.

Proof. Let h be a Cartan subalgebra. We start by recalling that we have a
generalized root space decomposition

o= P &

AeAU{0}

with gg = h. The reasoning that we have given in page 55 to prove that the
restriction of the Killing form B(e,e) on g?\ x g” , is non-degenerated, proves
that for any A € A and x € gg, the endomorphism ad(x) is nilpotent.?*

24In page 55 we use semi-simplicity to conclude the non degeneracy, the reader will realize
that to prove nilpotence this hypothesis is not necessary. Nilpotence of h will be important
here.
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Existence of Zariski open subsets: we want to prove that there is a Zariski
open subset of g consisting of images of elements of h under the action of the
group G. Let us suppose A U {0} = {\i}1<i<x and let us take {b;}72, a basis
for @Aiggi, consisting of a union of basis for each g?\i (we are counting gg =b).
We have the following map

Vi g — g
x=h+37" by = f(z) = exp(nad(b))- - exp(ymad(bm))(h).

The map f is well defined because each morphism ad(b;) is nilpotent by the
result of the first paragraph. It is also possible to prove that f is a polynomial
map. By [51, Lemma 8.18] or [18, Appendix I, proposition 3 and 4] we will
find the Zariski open subset in question if we find a vector x € g such that
the differential d, f is nonsingular. In other words, the map f is surjective by
proposition 3.5.7. Let us try to compute the differential at any arbitrary point
x € g, evaluated at a point h+b=1t+ Zj v;b;. We have

Sl i)

t=0

= 2| lexp(tyad(by)) - -exp(tymad(bm)) (@ + th)].

t=0

So, to compute this derivative, it suffices to expand the function to those mono-
mials of first order in £. We find

df 1= (h +b) :% 0 [+ trjad(v,)) | (@ +th)
t= i=1
=G )+ Y )@

=h+> b, 2]
j=1

=h+[b,x].

Thus the linear operator df|;—, restricts to the identity on h and —ad(x) on
@ig?\i. On each space g?\j, the only eigenvalue of —ad(x) is —A;(z). Therefore
if we find h € b such that \;(h) # 0 for each i, then df|;—;, will act invertible on
each generalized root space and so it will be a nonsingular operator of g.

Given that the functionals \; € h* are nonzero, for every ¢ we can find h; € b
such that A;(h;) # 0. We have an identification

AN = Span({\})
(vi) = h=3vhi.

For each i, the condition \;(h) # 0 defines a nonempty Zariski open subset. The
intersection of these subsets gives us the desired h. All in all, we can apply [51,
Lemma 8.18], to find a nonempty Zariski open subset U(h) of the image f(g) of
f. By definition U(h) consists of points of the form o(h) for some o € G and
h € h. We remark for the reader that the arguments just presented hold for any
Cartan subalgebra of g.
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Let us take two Cartan subalgebras h; and ho. As we have pointed out, there
exist two Zariski open subsets U(h1) and U(h3). Moreover, by definition, the
subset greg of regular elements is also a nonempty Zariski open subset, and
the intersection U(h1) N gregU(h2) is nonempty. In other words, there exists
a regular element x € g, vectors h; € b;, and automorphisms o; € G such
that o1(h1) = x = o3(h2). By definition hy = o~ !(z) is also regular, and
lemma 3.9.11 tells us that h = gjoj(ad(h1)). Analogously b = g (ad(hz)). If

o =0y '01 € G, we have

o (h1) = o(gi)(ad(h1))) = g (ad(o(h1))) = gpoy(ad(h2)) = ho.

3.10 Complete irreducibility

Our next objective will be to classify complex semi-simple Lie algebras and to
study their representations. In order to introduce these concepts we propose to
treat first the case of g = sl;. The arguments in this sebsection follow word
by word the ones given in [63]. We start with the following important theorem
which can be stated for a general semisimple Lie algebra g.

Theorem 3.10.1. Complete irreducibility Let p : g — End(V) be a rep-
resentation of semisimple Lie algebra g, and let us suppose that W C V is a
subrepresentation. Then there exists a subrepresentation W' that is complemen-
tary to W.

Proof. We start by remarking that given that g is semisimple, we know that
g ~ p(g). So p(g) is semisimple and therefore the restriction of the Killing form
Ky (e,e) to p(g) is non degenerated.

From the previous paragraph, we can take u1,- - , 4, being a basis for p(g), and
Y, -, a basis with respect to the Killing form. This allows us to consider
K € End(V) defined by:

r

K(v) =Y mi(w (v)).

i=1

Its trace is calculated as follows:

I

Tr(K) = ZTr(ui o )= Zﬂ(ui,uiv) = r = dim(p(g)).

i=1

For the second equality we have used the identification p(g) ~ p(g)¥ via the

Killing form. Now, given that W is preserved by p(g), we see that K preserves
W. We will consider the following cases.

W is irreducible of co-dimension 1. By applying Shur’s lemma [26, Lemma
1.7], we have that K is multiplication by a scalar on W, which must be non-zero
because Tr(K) > 0. Given that W is of co-dimension 1, we can conclude that
V =W @ Ker(K) as g-modules.
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W is of co-dimension 1 but not irreducible. Let us deal with this case
by using induction on the dimension of V, being the case dim(V) = 1 trivial.
Now, for the inductive step, we use the fact that W is not irreducible to take
Wy € W a non trivial subrepresentation of W. By the inductive hypothesis, we
can find Wy € Wy C W such that V/Wy = W/Wy @ W /Wy. Given that W is
also a representation which contains Wy as a subrepresentation. So, using again
the inductive hypothesis, we can find U C W; such that W; = Wy @ U, and a
dimensional argument allows us to conclude that that V =W & U.

W does not have co-dimension 1. Passing to a quotient space, if necessary,
we can suppose that W is irreducible. Let us consider the restriction map

res : Homy (V, W) — Homy (W, W).

An easy calculation shows that res is even a morphism of g-modules, if Hom(V, W)
is endowed with the g-structure

(@f)(v) = zf(v) = f(zv),

and Homy (W, W) is clearly a g-submodule. Now, let us consider the g-submodule
Homy (W, W) of Homy (W, W) of g-morphisms. This is

Homy (W, W) = {f € Homi(W, W) | f(zw) = «f(w) for all z € g}.

By the Schur’s lemma, rest™!(Homgy(W,W)) consists of those g-morphisms
V' — W whose restriction to W is equal to multiplication by a scalar on W. So,
if h: V — W is the identity on W but zero elsewhere, then

2oy f) if veVA\W,
f(”)':{o if wew

clearly lies in Ker(rest) and f = f + ah, for some scalar a € k. This imme-
diately implies that Ker(res) is a g-submodule of rest ! (Hom, (W, W)) with co-
dimension one, and one of the previous cases implies that rest ! (Homy (W, W)) =
U @ Ker(rest), for some U C rest™!(Homy(W,W)). Given that W is irre-
ducible, the Schur’s lemma also implies that res is surjective (we have already
use this in the prove!), and therefore it maps U surjectively onto Homgy (W, W).
In particular, we can find v € U, such that rest(v) = Id; which implies that
Ker(v) N W = 0. Moreover, g-acts on U by zero because U is one-dimensional.
In other words
0= (zv)(v) = z(v(v)) — v(av),

and we can conclude that Ker(v) is a g-submodule of V. Let us finally prove
that V' = W @ Ker(v). To do that, we may extend a basis {wy,-- ,ws} of W

to a basis {wy, -+, ws,w, 1, -+ ,w,.} of V, and to prove that v(w]) = 0 for
s+ 1 < i <r. In fact, by construction, h(w}) = 0 for all s+ 1 <4 < r and
therefore v(w}) = 0. This ends the proof of the theorem. O

Corollary 3.10.2. A semisimple Lie algebra is a direct sum of simple Lie
algebras.

Remark 3.10.3. Theorem 3.10.1 tells us that to classify the representations
of slo (and in general of any complex semisimple Lie algebra), we only need to
identify the irreducible representations, because the other representations will be
direct sums of these.
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3.10.1 Invariance of the Jordan canonical form

Let us recall that in the theorem 2.2.1 we have introduced the Jordan canon-
ical form for the Lie algebra End(V'). In this subsection we aim to prove the
following important fact which will be used in the classification of the representa-
tions of sly c. Thoughts this subsection g will denote a (realisable®) semisimple
Lie algebra. We recall for the reader that this means that g C End(W), for some
complex finite-dimensional vector space W. Theorem 2.2.1 tells us that for ev-
ery x € g there exists a semisimple z; € End(W) and a nilpotent x,, € End(W)
such that z = z, + z,, in End(W). Let us see that this decomposition occurs in
fact in g.

Lemma 3.10.4. Let g C End(W) be a Lie algebra. If g is semisimple, then for
any x € g, we have x5, x, € g as well.

Proof. Given that g is supposed to be semisimple, corollary 3.8.5 tells that
g = [g,9)- In particular, every 2 € g is a commutator and therefore has zero
trace. In other words, if

sI(W) = {p € End(W) | Tx(y) = 0},

then g C sl(W). Moreover, by definition of x4 and z,,, we know that if x € g
has zero trace, then x4, x,, have zero trace as well. So zg, z,, € sl(W).

Let us suppose for a while that W is not irreducible and for any subrepresenta-
tion U C W we consider

sy ={p € End(W) | ¢(U) C U and Tr(p|y) = 0}.

The discussion given at the beginning of the proof tells us that g C sy7, and also
if x € sy then x4, x, € sy. On the other hand, It is also possible to prove that
p(z)g C g for any polynomial p(¢) € C[t]. In particular, by theorem 2.2.1, we
can conclude that ;g C g and z,,g C g. In other words x; and x,, are elements
of the normalizer n = {¢ € End(V) | [p,g9] C g}. Let us consider the Lie
algebra

g = ﬂ sy | Nn.
ucv

By definition of the normalizer, we know that g is an ideal in g’ C n. Therefore,
by theorem 3.10.1, there exists a subalgebra [ C g’ such that ¢’ = g @ [. Since
Zs, Ty € ¢ by the first part of the theorem, we will get the result if we prove
that g’ = g. In other words, let us see that [ = 0. Let ¢ € land U C V be
an irreducible representation. By our definition of g’ we know that ¢ € sy,
which implies that ¢ preserves U, and by the Schur’s lemma we have that |y
is multiplication by a scalar -, but this scalar must be equal to zero because
Tr(p|y) = 0. This completes the proof of the lemma. O

Theorem 3.10.5. Let p : g — End(V) be a representation of a (realisable)
semisimple Lie algebra g. If x = x4+ ., is the Jordan canonical form of x € g,
then p(xzs) + p(xy) is the Jordan canonical form of p(x).

25In fact, by semisimplicity, we know know that the adjoint representation ad embeds g in
End(g).
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Proof. The idea of the proof consists in proving that p(zs) is semisimple and
p(xy) is nilpotent. This facts and the uniqueness in the Jordan decomposition

give us p(z), = p(x,) and p(x), = play).

Let us start by considering the special case when g is simple. In this case p
induces and isomorphism g ~ p(g) and therefore p(xy) is semisimple and p(z,,) is
nilpotent. On the other hand, if g is semisimple, then by theorem 3.10.1 we have
g can be decomposed as a direct sum of simple Lie algebra g = g, ®go D - - B gi-
So

p(g) = p(g1) © p(g2) & - @ p(gk)

where every p(g;) must be a simple algebra in p(g). This clearly implies that
p(zs) is semisimple and p(z,,) is nilpotent. O

3.11 Irreducible representations of sl, ¢

In this section we will classify the representations of sl ¢c. In light of the theorem
3.10.1 and given that sl, ¢ is in particular semisimple, it is enough to concentrate
our effort in classifying its irreducible representations p : sly ¢ — End(V). To
do that, let us start by recalling that

slhec=eDhDf

where ¢, h and f are the 1-dimensional vector spaces spanned by the matrices

(D (8 a0 ),

Moreover, we have the following relations
[h,e] =2e, [h,f]=—2f and [e, f] = h.

Now, by theorem 3.10.5 we know that p(h) is diagonalizable and we can order
the distinct eigenvalues A1, ---, Ax of h by their real part in a non-decreasing
way.20 We will denote by W), the eigenspace corresponding to . In particular
Wy = 0 if X is not an eigenvalue of h.

Lemma 3.11.1. For every 1 < i < k, we have eWy, C Wy, 412. In particular
EWA,WI = eW)\k =0.

Proof. Let v € W),. The lemma clearly follows from the relations

[h, e]lv = 2ev

hev — ehv = 2ev
hev — \;ev = 2ev
hev = (\; + 2)ev

O

26For the sake of the discussion we will drop p from the notation. We will warm the reader
if a confusion is possible.
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The previous lemma indicates us the action of ¢ on the eigenspaces of h. The
reader might expect that f sends W), into W),_s. This being the case, let us
reference it as a lemma whose proof almost follows the same relations given in
the preceding lemma.

Lemma 3.11.2. For every i, we have fW, C Wy,_2. In particular, there
exists N € N such that FNv =0 for allv € V.

Proof. The first part of the lemma has been already sketched. From this and
given that V = @W), we conclude the second part of the lemma. O

Now that we have understood how ¢ and f act on the eigenspaces of h, we need
to study the relations between these eigenspaces and to specify the values of the
A1, -+, Ak- To do that, we start by enunciating the following technical result.
The interested reader can find a very explicit proof in [63, Lemma 4.2.1]. We
will also remark that in the proof of the lemma the author shows the following
relation which we will use later

eff =" h—2(k-1)). (39)
Lemma 3.11.3. Let v € ker(e). There exists a polynomial py(t) such that
ek fEv = pi.(h)v. Moreover
k

pe(h) = [[i(h— (G - D),

j=1
where 15 is the identity matriz of order 2.

Let us use the previous information to specify the eigenspaces Wy,. To do that,
we introduce first the following notation.

Definition 3.11.4. Let N, be the minimal positive integer such that FNA Wy, =
0. We set
Sxi =W, + Wy, +-- + fNAT"*lW)\i.

By lemma 3.11.2 this is a subset of
W)\i + WM*Q Tt W)\i_Q(Nkj—l)'
Lemma 3.11.5. If \; is an eigenvalue of mazimal real value, then Sy, = V.

Proof. The idea is to prove that Sy, is a sly c-submodule of V' which implies
that Sy, =V by irreducibility of V.

It is clear that S), is preserved under the action of f, and given that fiW,, C
W, we can conclude

hf Wi, = (e = 20) f' Wy, = f'Wi,.

This proves that h preserves Sy,. Let us finally show that eSy, C Sy,. This
follows from the relation (39) given that we have

eSy, = e(Wy, + fWa, + -+ %71y,
= eWx, +efWx, +---+ef ™Iy,
=0+ hWy, + f(h = 2)Wy, + -+ fV%72(h — 2(Ny, — 2))Wy,
C Wi + fWa -+ f2 0,
C S,
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This ends the proof of the lemma. O

Finally by definition of Sy, and the previous lemma, we can conclude

Corollary 3.11.6. The h eigenspaces W, are precisely W, , fWa,, -+, f2% 71y, .
In particular, the only eigenvalue of h are Mg, A\p — 2, , A — 2(k — 1).

Lemma 3.11.7. If W), is a non-zero eigenspace of h, then dim(Wy,) = 1.

Proof. Let us start by proving that dim(W),) = 1. Let 0 # v € W,,. The
subspace U := Span(v) + --- + f¥*~1Span(v) is a sl c-submodule of V and
therefore U = V. This implies that W, = Span(v).

Finally, by corollary 3.11.6 we know that for any ¢ there exists j such that
Wy, = f?W,, . This proves the statement for the general case. O

From corollary 3.11.6 if we know A; then we know all the eigenvalues of h. The
preceding lemma also tells us that all the eigenvalues are different and so there
are n distinct eigenvalues given by A\g, A\p —2,- -+ , A\ — 2(n —1). Let us give an
explicit description of Ag.

Lemma 3.11.8. If dim(V) =n then Ay =n — 1.

Proof. Given the h € sly ¢ and the Jordan canonical form is preserved, we have
that Tr(h) = > ;A = 0. The preceding description of the eigenvalues of h,
gives us

0=+ A — -+ —2(n—1)
=nl, —2n(n—1)/2
=X —(n—1).
O

Theorem 3.11.9. There ezists only one isomorphic class of n-dimensional
representations of sly c.

Proof. If v € Wy, then v, fv,--- f*~1vis a basis for V consisting of eigenvectors
of h. Under this basis h is a diagonal matrix with eigenvalues n—1,n—3,--- ,1—
n and f is the matrix of ones below the diagonal and zeros elsewhere.

On the other hand, from the relation (39) we know that
effv=fTNh =20~ 1)) =fH(n 1) = 2(i — Do) = (n—20)f o,

This means that e acts via the matrix with valuesn —2,n—4,--- ,2 —n on the
line directly above the diagonal and zeros elsewhere. We conclude that given
the dimension of the representation we can derive the action of e, f, h, up to a
change of basis. O
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3.12 Root systems

This chapter is dedicated to the study and classification of the root systems.
We will principally follow [35] and [64].

Definition 3.12.1. Let V be a finite dimensional (real) vector space and o € V
a non-zero vector. A symmetry with vector « is an automorphism s € Aut(V)
such that

(i) s(a) = —ca.
(ii) The set H :={v € V | s(v) = v} is an hyperplane of V.

Using the notation (p,v) == p(v), for ¢ € V¥ and v € V, we have the following
easy facts:

(i) V = H®Ra.

(22) There is a unique element a¥ € V'V such that (a¥, H) = 0 and {(a¥,a) = 2.
In this case
s(v) =v—{(a",v)a.

(iii) If («V, ) = 2, then the map s defined by s(v) = v—{a", V)« is a symmetry
with vector a.

Lemma 3.12.2. Let o € V \ {0} and A be a finite subset such that V =
Spang(A). Then there exists at most one symmetry with vector o leaving A
invariant.

Proof. Let us suppose that there exists two symmetries s and s’. Let us consider
p=s o s and observe that u(A) = A; this implies that u is a permutation of
R and therefore, there exists n € Zsq such that (u|a)™ = ida. By hypothesis,
we have u™ = id, so we will prove that u = id if we show that all the eigenvalues
of uw are 1; this follows from the fact that by hypothesis u induces the identity
on the quotient V/Ra. O

Definition 3.12.3. Let V be a real vector space. A subset A C V \ {0} of
a vector space V is called a root system in V if A satisfies the following
conditions:

(i) for each o € A, there exists a symmetry s, with vector « leaving A
invariant,

(ii) for each o and B in A, we have (", ) € Z.

If A satisfies the preceding conditions, then the dimension of V is called the
rank of the system and the elements a € R are called the roots of the
system. The element oV is called the dual root of .

Definition 3.12.4. A root system A is called reduced if the intersection of A
with Ra for o € A is the set {o, —a}.

Remark 3.12.5. If A is a non reduced root system and o € A is a vector
satisfying |[A NRa| > 2, then

1
ANRa = {+a,£2a} or ANRa{ta, :i:ia}
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Example 3.12.6. (i) The only reduced root system of rank 1 is {+a}. This
is a root system of type Aj.

*—o

(ii) There is only one non reduced root system of rank 2. In light on the
preceding remark, this must be given by {£+2a, +a}.

(iii) We have the following root systems of rank 2:

e Root system of type A; x A;. This is given by
A ={+a,£p} with a=(1,0) and g =(0,1).

¢ Root systems of type As. This is given by

A={ta,+8,£(a+p)} with a=(1,0)and g = (_%’ ?)

¢ Root systems of type By = C5. This is given by
A = {*a,£pt(a+3),£(20+6)} with «=(1,0) and 8 = (-1,1).
e Root systems of type G,. This is given by
A ={ta,£8,£(a+ ), £2a+ B),£(Ba + B), £(Ba + 258)}

with /3
-3 V3
= (1,0 d 8=(—,—).
a=(1,0) and f=(7"")
The Weyl group 3.12.7. Trough this section V will denote a real-vector
space and A a root system in V. We will denote by Aut(A) the group of

automorphisms in GL(V') preserving A.

Definition 3.12.8. The Weyl group of A is the subgroup of Aut(A) generated
by the symmetries s, for « € A. This is denoted by W(A).

In order to compute root systems it will be important to construct a bilinear
form invariant under the action of the Weyl group. To do that, we can fix any
positive bilinear form B on V and to construct a new form by

1
(u,v) .:m Z B(w(u), w(v)).

weW (A)

It is clear that (e,e) is a positive definite symmetric bilinear form invariant
under the action of the Weyl group. In particular, V has the structure of an
Euclidean space. Moreover, by identifying V' with its dual under the preceding
bilinear form, it sis possible to see that

v
= . 4
“ " aa) (40
In other words,
Sa(v) =v= Q(Q,U)
(a,q)
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Remark 3.12.9. Let AV denote the set of all duals roots V. Then
e The set AV is a root system.
e We have the following dual relations («¥)" = « and (AY)Y = A.

The root system AV is called the dual root system. Furthermore the isomor-
phism
p: GL(V) — GL(VVY)
u ottt

restricts to an isomorphism between W(A) and W (AVY) because ‘s, = sqv.
Let us now try to understand the position of the vectors o and S given in the

preceding examples. In the next proposition 6 will denote the angle between «

and (.

Proposition 3.12.10. If a and S are non colinear, then we have the following
4 possibilities:

(¥, 8) =(BY,a) =0 and 6 = 7/2;
o (V,8)=(8Y,a) =—1 and 0 = 27/3;
o (aV,08)=-2,(8Y,a) =—1 and 0 = 31 /4;
(¥, B) =

3, (BY,a) = —1 and 0 = 57/6.

Proof. Using the identification (40) and the well-known formula for the cosinus,
we have

2mcos(9) (BY,aV).

Multiplying for the analogous expression for 5, we have
4cos?(0) = (Y, B)(BY, ).
The proposition follows after remarking that (., 8)(8Y,a) € Z. O

Remark 3.12.11. In the preceding proposition we excluded the positive values
of {(aV,B) and (B8Y,a). This because is practice a and 3 are supposed to be
simple roots and in this case these values are negative.

Basis and systems of simple roots 3.12.12. In practice, it is usual to study
an important subset of the root system instead of the whole system. This subset
encodes all the information of the roots.

Definition 3.12.13. A subset S of A is called a base of A if the following
conditions are satisfied:

(i) S is a basis for V;

(i1) every root B € A can be written as a linear combination of elements in S
with only positive coefficients, or only negative coefficients.
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3.13 The Bernstein-Gelfand-Gelfand category O

B Tensor categories and Tannaka duality

Coming soon!

4 Algebraic D-modules

In the last century, the language of differential operators has been of relevant
importance in the theory of partial differential equations and in the theory of
representations. In this last field, the strength of the geometric methods that the
theory of differential operators has given to the mathematician, it has allowed
to achieve important results as the kazhdan lusztig conjecture [32, chapter 12]
and the classification of simple modules over the first Weyl algebra (example
4.15.3).

One of the most pleasant properties of the sheaf of differential operators is
that over a smooth complex algebraic variety, it has noetherian sections over
affine open subsets. In fact, if X is a curve®”, then the global sections of the
sheaf of differential operators form a (left and right) noetherian C-algebra ([74]).
The question is therefore to know the structure of globally defined differential
operators, when X is singular. In fact, Malgrange asks in [48] whether this
C-algebra need be finitely generated and noetherian, question that has been
answered by LN. Berstein, .M. Gel’fands and S.I Gel’fands in [10]. They have
shown that if X denotes the surface defined by the equation =3 + 3% + 22 = 0,
then the ring D(X) of (regular) differential operators on X is not noetherian.
This is one of the reasons to consider smooth complex algebraic varieties. As
we have seen, the flag varieties are examples of such a varieties.

Another good reason to consider smooth algebraic varieties is that the definition
that we will give for the sheaf of differential operators makes sense if the
structure sheaf O gives rise to a family of local regular rings. In this case,
the ring of differential operators is generated by O and 7. However, this is
not always true. the interested reader can find an example in [22, Chapter 3,
exercise 3.8].

Remark 4.0.1. Later, we will use the theorem of Kashiwara’s equivalence (the-
oremn 4.9.1), to give an adequate definition for the category of D-modules when
the variety is singular.

Throughout this section X will denote an irreducible smooth algebraic variety
of dimension dx over the complex field C with Ox the structural sheaf. We
will denote by Tx the tangent sheaf (whose sections are called vector fields)
and which is defined over an arbitrary open subset U C X by

Tx(U) :=A{0 € EndcOx (U)[6(fg) = 0(f)g + f0(9) (f,9 € Ox(U))}.
On the other hand, we know that the diagonal morphism

A X —>X XSpec(C) X

2"Irreducible affine algebraic curve over C.
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is a closed embedding and therefore we can define the cotangent sheaf of X
by Q% := A*(Z/Z?), where T is the ideal sheaf of A(X). Moreover, in our case
QY is a locally free sheaf of rank dx.

Finally, we have a derivation d : Ox — QY, which satisfies d(fg) = d(f)g+fd(g)
, for f,g € Ox, and gives rise to an isomorphism Homoe, (24, O0x) ~ Tx given
by composition with d (the last reasoning is just the global version of [49] section
25 and the local description of d given in [29] remark 8.9.2). Locally, if we take
a point p € X, then Tx , is given by (28).

4.1 Basic definitions

Let us start with the following theorem.

Theorem 4.1.1. For each point p € X, there exists an affine open neighbour-
hood V' of p, regular functions z; € Ox(V), and vector fields 0,, € Tx(V)
(1 <i<dx) satisfying the conditions

[8961'78303'] =0, axl(xj) = (sij (1 <i,5< dx),

Tv = @, Oy o,,.

Moreover, we can choose the functions xi, xa,---, x4, Sso that they generate
the mazimal ideal m, of the local ring Ox ;, at p.

Proof. To soften the notation we will assume that n = dx. It is a consequence
of [29, chapter II proposition 8.7] that there exist functions z1, za, -, x, gen-
erating the maximal ideal m, of Ox , and that dx1, dza, ---, dx, is a basis of
the free Ox ,-module Q}(,p. Therefore, there exists an affine open neighbour-
hood V of p such that Q4 (V) is a free module with basis dzy, dxa, -+, dz,
over Ox (V). Taking the dual basis we get O,,(z;) = 0;;. Finally, writing
02,5 00,] = D11 91;0u,, we have gl = [0y, 0x, 21 = 0. Hence [0,,,0,,] = 0. O

Definition 4.1.2. The set {2;,0,,] 1 < i < dx} defined over an affine open
neighbourhood of p and satisfying the conditions of the last theorem is called a
local coordinate system at p.

Hereafter, if there is no risk of confusion, we will use the notation f € Ox for a
local section f of Ox. We will also identify Ox with a subsheaf of Endc(Ox)
by considering f € Endc(Ox) as the endomorphism of Ox given by g — fg.

Definition 4.1.3. The C-subalgebra of Endc(Ox) generated by Ox and Tx is
called the sheaf of differential operators and is denoted by Dx.

Theorem 4.1.1 gives us a local description of the sheaf Dx. If p € X, we can
take a coordinate affine neighborhood (U, {;, 0z, })i<i<dx at p. Hence we have

Dy = @ 0vo”,
aeNd
where a = (v, -+ ,aq) is a multi index and 9% = 93} --- 9ga.
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Example 4.1.4. (/22, Chapter 1, section 1]) Let X = AZ. In this case, we
know that 7an = ®;, Oap0z,. The global sections of the ring of differential
operators Dy» is know as the n-th Weyl algebra.?

By definition of the differentiation of a product 9,, - z;(f) = x; - 9;(f) + f, and
we see that Dar is the C-subalgebra of Endc(OAE) generated by the operators
X1, ,Tn,0p,, - ,04,. By theorem 4.1.1 this operators satisfy the following
Weyl relations:

[8“,1']‘} = 51',]' and [Bxl,a%] = [.’bi,.’bj] = 0 (41)

Remark 4.1.5. Let U be an affine open subset of X and R the C-algebra
generated by elements

{f.01 1 € Ox(U), 6 € Tx(U)}
satisfying the following fundamental relations:
(1) fi+fo= ?1Tf/2; fife= fifo.

(2) 6140y =0, + 05, [61,62] = [6:,64],

(3) f6=f0, 10.f]=0()).
The map defined by f — f and 0 — 6 defines an isomorphism between R and
Dx(U).
We end this subsection with the following definition.

Definition 4.1.6. We say that a sheaf M is a left Dx-module if M(U) is
endowed with a left Dx (U)-module structure for each open subset U of X and
these actions are compatible with the restriction morphisms.

4.2 Algebraic properties of D-modules

We start this subsection giving to Dx a structure of filtered sheaf of noncom-
mutative rings. First of all, let (U, {z;, 0, }) be a coordinate affine open subset
of X. We define the order filtration F of Dy by

FDy =) 0yd* (42)

lal<t

and more generally, for an arbitrary open subset V of X we can define the order
filtration F' of Dx over V by

(F/Dx)(V)
={P e Dx (V)| puv(P) € FDx(U) for any affine open subset U C V'},

where py v : Dx (V) — Dx(U) is the restriction map and, for convenience, we
set FIDx =0if 1 < 0.

28We will usualy abuse of the notation and we will identify Dyy with its global sections.
This is possible in light of the remark 4.2.7.
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Proposition 4.2.1. (i) {F};en is an increasing filtration of Dx such that

Dx = U F,Dx and each FiDx is a locally free Ox-module of finite rank.
IEN

(Zl) FQDX = OX and (Fle>(Fmpx) = EerD)(.
(iii) If P € F{Dx and Q € F,,Dx, then [P,Q] € Fj4m-1Dx.

Proof. (i) and (it) are obvious, so we will give the proof of (ii7). As the Lie
product is a bilinear operation is enough to see this property on an expression
of the form 0% € FiDx and 0” € F,,Dx. In this case we can apply induction
on the equality

[0%,0P] = 921 [9o1ex 98] 4 [0, 99— e
where e; = (1,0, ...,0) is a multi-index of length /. O
Remark 4.2.2. We have the following formula
FDx ={P € Endc(Ox)| [P, f] € Fi-1Dx (Vf € Ox)},
and the terms of degree 0 and 1 are Ox and Tx respectively.

Example 4.2.3. ([22, chapter 3, lemma 1.1]) Let us prove the last assertion
in the previous remark for the Weyl algebra Day. This is, we want to prove

FiDyp = TDAE @ OD%L-

Let P € F1Day and let us consider Q = P — P(1) € F1Day. By definition, if
[ € Ouz, then [Q, f] € FoDap, and therefore [[Q, f],g] = 0 for all f,g € Oan.
Ezxplicitly, one has

(Qf)g — (fQ)g — 9(Qf) + 9(fQ) =0.

Applying this operator to 1 € Oy, we get Q(fg) + fQ(9) +9Q(f) —gfQ(1) =0
(because Q(1) = 1 by definition of Q). In other words Q € Taz, but given that
P=Q+ P(1) then P € Tp,, + Op,,.. To prove that the sum is in fact a direct

sum, we use the fact that the following short ezact sequence splits

P—P(1)

0— Tar = FiDar Oz = 0.

The above results tell us that if we take an affine chart (U, {x;, 0;}) then for the
sheaf of commutative graded rings

gr’'Dx = PeniDx,
1=0

where gr;Dx = FiDx /F;_1Dx, we have

gDy = FDy/Fi1Dy = @ Ouvt® (& = 0y, mod(FyDy)),

|| =1
and therefore

gI'FDU = OU[flu ué-n]
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The previous equality has the following useful reinterpretation (cf. [32, Page
17]). Let T*X be the cotangent bundle ofX and let 7 : T*X — X be the
projection. Regarding &, --- , &, as the coordinate system of the cotangent space
@._, Cdz;, we have that m.Or«x|v = Ovl&r, -+, &)

Now, as we have remarked (and proved in the example 4.2.3) we have a canonical
map
Tx — gryDx — grDx.

Given that grDy is in particular a sheaf of commutative algebras, the univer-
sal property of the symmetric algebra gives a unique morphism of sheaves of
commutative algebras

7 Or«x ~ Sym(Tx) — grDx (43)

(the first isomorphism is given by [29, Chapter II, section 5, exercise 5.17 (d)]),
which is in fact an isomorphism by the reasoning given in the previous para-
graphs.

The following example will be fundamental in the subsection 4.10.1.

Example 4.2.4 (The Bernstein filtration). As we have remarked, we have
FoDap = Oay is a sheaf of infinite dimensional vectors space. In this example,
we will define a filtration B = {By }ren of Dy, consisting of finite dimensional
vector spaces.

Let P = Z(a,ﬁ)eNann ’}/(%B)I’QQ’B € Dpr. We define the degree of P by

deg(P) := max{|a| + |3] : 'y(aﬁ)xaQﬁ is a monomial appearing in P},

and we denote by Bj the finite dimension C-vector space generated by all the
differential operators of degree at most k. The resulting filtration is called the
Bernstein filtration. It is an easy exercise to prove that the canonical map

grB(DAE) — C[mlv"' 7xn7£17"' 7xn]

is an isomorphism (cf. [22, Chapter 3, theorem 3.1]).

In the rest of the section, we will show some algebraic and homological prop-
erties of certain special categories of Dx-modules. We will be interested in the
category of quasi-coherent Ox-modules (resp. of coherent Ox-modules) which
will be denoted by Mod,.(Ox) (resp. by Mod.(Ox)) and we keep the no-
tation Mody.(Dx) for the category of Ox-quasi-coherent Dx-modules (resp.
Mod.(Dx) denotes the category of Ox-coherent Dx-modules).

Remark 4.2.5. It can be shown that M is a coherent Dx-module if and only
if it is quasi-coherent over Ox and locally finitely generated over Dx (cf. [32,
Proposition 1.4.9 (ii)]).

Definition 4.2.6. A smooth algebraic variety X is called Dx -affine if the fol-
lowing conditions are satisfied:
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(a) the global section functor I'(X,e) : Mod,.(Dx) — Mod(I'(X,Dx)) is
exact,

(b) if T(X, M) =0 for M € Mod,.(Dx), then M = 0.
Remark 4.2.7. Any smooth affine algebraic variety is D-affine.

Affinity is an important property which helps us to algebrize the category of
quasi-coherent D-modules. Let us concretely explain this.?? Let us suppose that
X is Dx-affine and let us take M € Mody.(Dx). From the above definition, if
we apply the global sections functor to the exact sequence

00— Myg—>M— M/My—0,

where M is the image of the natural morphism Dy ®p(x,p) ['(X, M) = M,
we obtain I'(X, M /M) = 0 and therefore M = M.

For FF € Mod(I'(X,Dx)) a classical five-lemma argument style shows that the
canonical morphisms

am : Dx ®rx,py) INX, M) = M, Br: F — (I'(X,Dx @rx,px) F))

are isomorphisms and it is straightforward to verified that the localization
functor Dx ®p(x,py) (@) is left adjoint to I'(X, e).

Proposition 4.2.8. Let’s suppose that X is Dx-affine.
(i) Every M € Mod,.(Dx) is generated over Dx by its global sections.

(i) The functor
['(X,e): Mod,.(Dx) — Mod(I'(X,Dx))

gives an equivalence of categories.

Proof. We have already proved (7). To see (i) we must check that I'(X,e) is
surjective (which comes from anq) and fully faithful. So, let ¢ : T'(X, M) —
I'(X,N), where N' € Mod,.(Dx), be a morphism of I'(X, Dx)-modules and
let’s define ¢ := ap o (idp, ® ) o axj. The reader can easily verify that

[(X,¢) = 9. 0

Now, let us consider the case when F' € Mod(I'(X,Dx)) and M € Mod.(Dx).
It’s clear that Dx ®p(x,py) I belongs to Mod.(Dx). On the other hand, as
M is generated by its global sections and X is quasi-compact, we see that M
is globally generated by finitely many elements of I'(X, M). This means that
we have a surjective morphism D¢} — M — 0 for some m € N and therefore
I'(X, M) belongs to Mod ;(I'(X,Dx)). We have

Proposition 4.2.9. Let us suppose that X is Dx -affine. The equivalence given
in proposition 4.2.8 induces the equivalence

Mod,(Dx) ~ Mod;(T'(X,Dx)).

29 A quick proof of proposition 4.2.8 can be found in [8], where the authors remarks that D
is projective generator of the category Modq.(Dx ), and therefore [6, Theorem 1.4] gives the
result.
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Finally, let us suppose again that M € Mod,.(Dx). Let us take an affine open
covering {U;}; and let ji : Uy — X be the open embedding. By proposition
4.2.8 we can embed j;M into an injective object Z, € Mody.(Dy, ) and set-
ting Z = @ jr+Zr, we get a canonical embedding into an injective object of
Mmod,.(Dx). Moreover, if N' € Mod,.(Oy, ) the relation

Homouk (N7 Ik) = HomDUk (DUk ®Ouk N, Ik):
tells us that Zj is flabby. This proves the following proposition.

Proposition 4.2.10. Any M € Mod,.(Dx) can be embedded into an injective
object T of Mody.(Dx) which is flabby.

When X is quasi-projective we have a dual version of the last proposition (cf.
[32, proposition 1.4.18]). More exactly,

Proposition 4.2.11. Let’s suppose that X is a quasi-projective variety. Then,
any M € Mod,.(Dx) is a quotient of a locally free Dx-module.

In the preceding section we have shown that over an affine chart (U, {z;, 0, }:)
we get

gt Dx (U) = Ox(U) &1, e, €ax)s 81T Dx oy = Ox 1€,y €y ]

In particular, gr” Dy (U) and gr' Dy, are noetherian rings with global dimen-
sion 2dx which implies that both Dx(U) and Dx , are left noetherian rings
whose global dimensions are smaller than or equal to 2dx (cf. [32, D.2.6]).
Applying this fact to the resolution

. > P1 =Py —>M—=0

of M by locally free Dx-modules given in the proposition 4.2.10 we see that,
if we set @ = Coker(Pag,+1 — Paday) then Q|y is a projective object of
Mod,.(Dy) and we get

Corollary 4.2.12. Let M € Mod,.(Dx). There exists a finite resolution
0= Pogy = Pody-1—> - —Po—>M—=0

of M by locally projective Dx -modules. If M € Mod.(Dx), we can take all P.s
to be of finite rank.

Remark 4.2.13. Actually, one can show that M admits a finite resolution of
length dx (cf. [32] 2.6.11).
4.3 Operations with D-modules

In this section we will define the transfer bimodules for a morphism f: X —
Y of smooth algebraic varieties and the side-changing operations. We will
construct the objects in full generality, and we will use Weyl algebras to specify
the left or right action.

We start with a useful lemma.

Lemma 4.3.1. Let M be an Ox-module. To extend the Ox-module structure
to Dx 1is equivalent to give a C-linear morphism
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V:Tx = Endc(M),
satisfying the following conditions:
(1) Vio(s) = fVo(s),
(2) Vo(fs)=0(f)s+ [Vo(s),
(3) Vio,,0.(5) = [Vo,, Vo] (s).

Proof. Let’s suppose that M is a Dx-module. For § € Tx and s € M we define
Vo(s) := 0.s. We must verity the conditions (1) — (3).

The first condition is just the compatibility between the Ox-module structure
and the action of Ty, and (3) is the definition of the bracket. Finally, by the
remark 4.1.5 we get the relation [0, f] = 6(f) and therefore, for s € M we see
that

0(f)(s) = 10, fl(s) = Va(fs) = fVa(s).

Reciprocally, is straightforward to check that the operations f s= fsand f.5s =
Vo(s), respect the relations given in remark 4.1.5 and therefore define on M a
structure of Dx-module compatible with Ox. O]

Let M € Mod(Dx). In other words, let us suppose that M is endowed with a
connection

V:Tx = Endc(M).

This notions has a dual description. This means that the map V : Tx —
Endc(T) is equivalence to a map

VoM 0L ®c M
dx

mo Z (dzi ® Va,, (m)) )

i=1

In fact, starting from VV we can reconstruct V by identifying Tx = Homo, (0%, Ox)
and then making

V: Tx — Endc (M)
6 — [m— (01)VY(m).

The first condition in lemma 4.3.1 implies that VV respects the respective Ox-
structures and therefore it defines a map VV : M — Q% ®o, M. Let us use
(2) in the previous lemma to compute VY (fm) with f € Ox and m € M. We
have

VY(fm) = Z(dmi ® Vo, (m))
= dw; @ (05, (f)m+ fVa, (m))

=fY dz; @ Vo, (m)+ Y 0, (f)dz; @m
= fVY(m) + df @ m.
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Let us finally reinterpret the third condition for the operator VV. In fact, this
has the following meaningful property. Let us consider

Vy: Q@0 M = 2 OxM
dy
wem = dw@m+ )y dr; Aw® Ve, (m),
=1

and let us remark that

VY (V) (@ @ m))

dz
=V (dw @m + Z de; N\w® Vg, (m>>

1=1
dx
_ 2 .
—d w®m+2dxj A dw® Vo, (m)
=
dx
+Z d(dz; Aw) ® Vo, (m)+ Y d; Ade; Aw® Vo, Vo, (m)
j=1
dX dX
_ , 20 A w — dos
= dej Ndw® Vo, (m) + Z (d T Aw —dx; Adw) @ Vo, (m))
j=1 i=1
dX dx
+ Zdej ANde; Nw & Vazj Vaxi (m)
i=1 j=1
dx dX
=Y dzjNdw® Vo, (m) =Y dw; Adw@V, (m)
j=1 i=1
=0.

We remark for the reader that in the fourth equality we have used the third
property in lemma 4.3.1. In other words, we have a complex
A\ v\/
0= M5 0k @0y M- Q% @0, M~ B @p M-+ Ox =0 (45)
We will go deeper into this complex in the subsection 4.8.

Remark 4.3.2. We have an analogous version for right Dx -modules. In this
case, it is necessary to define the right Dx-module structure in terms of V by

5.0 = —Vy(s).

Definition 4.3.3. We say that a Dx-module M is an integrable connection if
it is locally free of rank finite over Ox. The category of integrable connections
on X will be denoted by Conn(X).

Remark 4.3.4. The category Conn(X) is an abelian category [32, 1.4.11].

In contrast with Ox-modules, it is important to specify if we are dealing with
a left or a right Dx-module. In what follows we will study an Ox-module that
will help us to interchange those structures. To start with, we will denote by
Mod(Dx)°P the category of right Dx-modules.
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Let’s consider the canonical sheaf

dx
Oy = /\Qﬁc.

In the last section we have identified QY ~ Homo, (Tx,Ox) and therefore, we
can consider Qx as the sheaf Altp, (Tx X -+ X Tx;Ox) of alternating maps.
This identification allows us to define a natural action of 7x on Qx, called the
Lie derivative. If 6,60, 0, ..., 04, € Tx and w € Q, then the Lie derivative is
defined by:

dx
Liegw(01,- - 04y ) = 0(w(B1,- -+ ,0a)) — Y _w(Br,-+,[0,60:], -+ ,0ay).

i=1

It is straightforward to verify that Lie satisfies the implicit conditions given in
the remark 4.3.2. Hence we can define a structure of a right Dx-module on Qx
by

w0 :=—Liegw.

Remark 4.3.5. (¢f. [32] 1.2.9) Given M,N € Mod(Dx) and M', N’ €
Mod(Dx )P, we have the folloing facts:

(i) M®o, N € Mod(Dx); 6(m®n):=0me@n+mae on,

(ii) M' @0, N € Mod(Dx)°?; (m'®@n)f:=m'0@n—m'Q 6n,

(iii) Homoy (M, N) € Mod(Dx);  (0p)(s) == 0(p(s)) — ¢(6(s)),

(i) Homoy (M',N') € Mod(Dx);  (0¢)(s) == —@(s)0 + p(s0),

(v) Homoy (M, N") € Mod(Dx); (¢0)(s) = ¢(s)0 + ¢(0s).
The following lemma is a straightforward calculation using the previous facts.
Lemma 4.3.6. We have the following isomorphisms

(M @0 N)@p M= M @p, (M@0, N) =~ (M @0, M)@p, N
of Cx-vector spaces (here Cx is the constant sheaf).

Let us denote by Q}e}_l the dual of the invertible Ox-module Qx. The above
remark gives us

Proposition 4.3.7. The functor
Qx ®oy (¢) : Mod(Dx) — Mod(Dx)°?

is an equivalence of categories (well defined by (ii) in the previous remark). Its
quasi-inverse is given by

Q?é_l Roy (0) = Homo, (Qx, ).

The operations described by the above proposition are called side-changing
operations.
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Our next objective to exhibit some functorial properties of D-modules. More
exactly, for a morphism f : X — Y of smooth algebraic varieties, we will
introduce two operations called the inverse image and the direct image.

Let’s start with the inverse image. Let M be a left Dy-module. By [29] we
get a homomorphism of Ox-modules f*Qi. — Q% and therefore, taking the
Ox-dual, we get an Ox-homomorphism

Tx = Homoy (Qx,0x) —  Homoy (f*Qy, f*Oy) = f*Ty.

00 (46)

Based on the preceding homomorphism we can put a left Dx-module structure
on f* M by defining

0 @m) = 0(yp) ® m + ¥Yh(m),

where ¢ € Ox, 6 € Tx and m € M. Taking a local coordinate system {y;,d,, }
of Y and writing 6 = 3, ¢; ®6; we can see that the action of Tx can be written

as
dy

O @m) =0() @m+¢ Y 6(yio f)dy,m. (47)
i=1
Applying the above construction to Dy, we have that f*Dy turns out to be a
(Dx, f~'Dy)-bimodule which we denote by Dx_,y. With this definition, it’s
clear that f*M ~Dx ,y ®¢-1p, f~'M and we get a right exact functor

Dx_y ®-1p, [ '(e): Mod(Dy) — Mod(Dx). (48)

Example 4.3.8. (i) Let f = (F1,--- , Fin) : AZ — A7 be a polynomial map.
We suppose Opn = Clay, -+, x4 and Opp = (C[yl,--' yYm]. If M is a
left DAm—module then by definition we have

ffM= OA;L ®f—1oMn fﬁlM

is a module over OAn. We want to extend this action to the whole DAn. To
do that, we need to make explicit the action of the operators 0y, ,- -+ ,0xs,,,
and to prove that it respects the Weyl relations. Let g @ m € f*M. By
(47) we have

(g ® m) = By, (q) ®m+zq3 Fj) @ 0,,m.

j=1

An easy computation using the Leibniz’s rule proves that

Oz, (2i(q@m)) = 6i5q@m +x; | 0z,(q) ®m+z 90z, (Fj) ® 0y, m)
j=1
=0ijq @ u+ 2;0,,(q@m).

In other words,
[0z, ] (g @ m) = b;5(q ® m).

The other relations are easy computations.
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Finally, we can write the inverse image f*M in a slightly different way as
follows

f*M = OAE ®f710A\g" f_lpAgz ®f71(9A\g, f_lM.

In this case Dypam = OAE ®f-10,m fﬁltDA&" isa DAg—f”DAgt—bimodule
- C

(it is clear that the left and right structures are compatible).

(ii) For a closed embedding i : X — Y, at any point we can choose an
affine chart (U, {yx, Oy, }1<k<dy) such that yi 41 = ... = yq, = 0 are
well-defining equations of X and {x) =y o 4, 0y, } are local coordinates
of X. The morphism (46) is given by 0, — 0,. In this particular case,
Dx _,y is locally described by

Dx_v ~Dx Q¢ (C[adXJrh ...,6dy].

(iii) (]22, Chapter 15]) For further reference, let us compute the transfer
bimodulo DAgaAgM in the very special case when ¢ is the standard

embedding
7 Ag — AE X3pec(C) A?Cn
T (z,0),
where 0 is the origin of A{'. Basic algebraic geometry tells us that the
functions y1,- -+, y;, in (’)AgLM generates the ideal Z(,) of AZ. In other
words

OAE =41 (OASH'") /I(g)

The previous (canonical) isomorphism implies that if M € MOd(DAgz+n),

then
._1M

2
m+n
Ag

M= OAg Xi-10
(49)
(-
~1 ! (M/I(@M)
as Daz-modules. This can be proven as follows. First of all, the isomor-

phism ¢ in (49) is given by ¢(q ® m) = gm. By (47) we have

asz‘ (q & m) = aziq @m + anwi(xj) ® amJ'Tn
j=1

=0z, @M + q ® Oy, m.
The right hand-side is sent by ¢ to
02,9 @M + qO0z,;m (= Oy, (q)).
This proves that (49) is an isomorphism of Dpp-modules. In particular
1
IDAE"’AEJ“R =1 (DA(TEH»m /I(E)DAéﬂrm)

~ i (Dap @c C[0y,, . 0y,.]) (50)
= IDAE ® C[aym T 7ay1n]’

where we have used the canonical identification ifl'DAg ~ DAE (this is the
isomorphism given in the second item).
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(iv) (J22, Chapter 16, section 1]) Let us describe the transfer bimodule
when 7 @ X Xgpee(c) ¥ — Y is the second projection. In this case, if
M € Mod (D), then

* _ —1
M= OAgH-n ®Tr—1OACm M
~ OA@ &Xc OACM ®ﬂ-71@%n I M
~ OAE &c 7 IM.

The last equality follows from F_loAgL = OAgL if they are considered as
subrings in O m+». Now, the description of the Weyl algebra given in the

example 4.1.4 tells us that as Dyp-modules Opp ~ DAg/DAg (02, )1<i<n
(both considered as subsheaves of Dn+m), and therefore

W*DAgl ~ OA}CL ®c ﬂ_lpAgl = ,DA:‘YL+7L/,DA£L+7L (6xi)1§i§n
P®Q — PQ

We remark that in the last isomorphism we have used the canonical map
-1
™ 'DAgL — 'DAg+m
Q — 1.

Before introducing the direct image, we need the following notion. Morally,
to define direct images for D-modules is more natural for right D-modules that
for left D-modules. The idea is to somehow transport the right action to the
left. Let us take an affine chart (U;{x;,9;}1<i<ay ). We define a transposition
7 of Dy as follows. For P(x,0) =) an(x)0* € Dy we set

T(P(2,0)) =Y _(~1)I*0%aq(x), (51)

«

7 satisfies 7(P.Q) = 7(Q).7(P) and therefore, for a right Dy-module M we can
define a structure of left Dy-module via 7 which we will denote by M7 (let us
note that M7 = M as sheaves of abelian groups).

Remark 4.3.9. The definition of T a priori depends of the coordinated system
taken. The global notion is just proposition 4.3.7.

Definition 4.3.10. We have a (f~'Dy, Dx)-bimodule defined by
Dy x = Qx ®oy Dxoy @10, f1OP

Example 4.3.11. (i) ([32, Example 1.3.5]) Using the same notation of ex-
ample 4.3.8 for a closed embedding i : X — Y we have that locally

Dy x ~ (C[@dx+1, ...,8dy] ®c Dx.
(ii) As we have remarked, at the level of the Weyl algebras we have
Dupnp = (Dag—saz)” = f ' Dag ®f-10,, Onz.

The last isomorphism is given by [22, Chapter 16, lemma 2.2], and this is
clearly a f 71DA<E” — Dpp-bimodule. In the following items we will work
out some particular cases that we will use later.
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(iii) ([22, Chapter 16, section 3|) Let us consider 7 : X Xgpec(c) ¥ — Y the
projection. The fourth item in example 4.3.8 gives us

-
DA&"(—A;‘L+m = (DASer /DASH»m (6@)19Sn> ~ DA€+nL/(6xi)1§i§nDA:}+nz

T(P) <~ P

The last isomorphism is an easy exercise (the interested reader can also
find a proof in [22, Chapter 16, proposition 2.1]).

(iv) ([22, Chapter 17, (1.1)]) Let us consider now the standard embedding
it Dap — AL Xgpece(c) A¢'- By definition and the third item in example
4.3.8 (relation (50)), we have

DAZ*””eAg =Cl0y,, "+ ,0y,] ®c Dap. (52)

Let us use the identification Dyn+m = DAS’ ®CDAU@ (we recall for the reader
that i’l(DAg) = Dyz) to specify the left i’lDAg action. It is enough to
specify the action of y; on 0% € C[9,,,- -+ ,0,, ]. We have

y; - 07 = =00 Fies (53)

where e; is the multi-vector with 1 in the j-th coordinate and zero else-
where.

Let f : X — Y be a morphism of smooth algebraic varieties and N' € Mod(Dx).
In terms of Dy, x a first tentative of direct image for left Dx-modules is

f«N) = fi (Dy—x @pyx N). (54)

We remark for the reader that by definition Dy _,x ®p, N is a left f~1Dy-
module, and therefore f, (Dy _x ®p, N) is a left Dy-module via the canonical
morphism Dy — f,f 'Dy. In the next subsection we will generalise this notion
to the respective derived categories. The point here is that the left exact functor
f+ and the right exact functor ® are involved.

4.4 Homological properties of D-modules

In this subsection we will define several functors on derived categories of D-
modules and show some fundamental properties concerning them. At the end
of the subsection we will introduce the Spencer resolution, the Koszul res-
olution of Ox and the de Rham complex. The second one is an important
tool in the proof of Kashiwara’s equivalence. For a general study on derived
categories the reader is invited to look up the appendix (cf. [32]).

Let’s suppose that R is a sheaf of rings. Throughout this section we will de-
note by D(R), DT(R), D™ (R) and D’(R) the derived categories associated
to the abelian category Mod(R). The key behind the following definitions
comes from the fundamental fact that any object M® € D™ (R) (resp. D™ (R))
is quasi-isomorphic to a complex Z® (resp. P°) of injective (resp. flat) R-
modules belonging to DT (R) (resp. D™ (R)). Moreover, if DgC(DX) denotes
the bounded derived category associated to the abelian category Mod,.(Dx),
then by proposition 4.2.10 and corollary 4.2.12, any object of D(Dx) (resp.
DgC(DX)) is represented by a bounded complex of flat Dx-modules (resp. lo-
cally projective Dx-modules belonging to Mod,.(Dx)).
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Let f : X — Y be a morphism of smooth algebraic varieties. As a classical
result in algebraic geometry we know that the functor f* is right exact and the
functor f, is left exact, consequently if M® € D”(Dy) and N'* € D°(f~'Dy)
we can define the functors

Rf.:D’(f~1(Dy)) = D*(Dy) (N* = f(N*))
by using an injective resolution on A'®, and
Lf*:D"(Dy) - D*(Dx) (M* = Dxoy @y (p,, M)
by using a flat resolution of M*.
We call Lf* the inverse image. We also use the shifted inverse image
ft= Lf*[dx — dy] : D’(Dy) — D"(Dx),

defined by
fIM® = Lf*M®[dx — dy]

The shifted inverse image will play an important role in Kashiwara’s equivalence.

Let g : Y — Z be another morphism of smooth algebraic varieties. As a result
of the fact that D is a locally free O-module we obtain an isomorphism

Dx_z ~Dx_y ®If‘_1DY [ 'Dy_z

of (Dx, (g o f)~'Dz)-bimodules and therefore L(go f)*M® = Lf*(Lg*(M?*)).
In conclusion,

Proposition 4.4.1. Let f : X - Y and g : Y — Z be morphisms of smooth
algebraic varieties. Then we have

L(go f)* ~Lf*oLg*, (gof)l=~flogl

The following functors will play an important role in the next section and they
will be considered in depth in the last part of this work.

Definition 4.4.2. For a closed embedding i : X — Y of smooth algebraic
varieties we define a left exact functor

il M(Dy) — M(Dx)

by
ZhM = Homi—1py (IZ)Y<7)(7 i_lM).

Let i : X — Y be a closed embedding. Before proving the following important
results ([32, Propositions 1.5.14 and 1.5.16]) we will introduce the Koszul’s
resolution of the i~'Oy-module Ox. Their respective proofs will be given
after the relation (55) below.

Proposition 4.4.3. Let i : X — Y be a closed embedding of smooth algebraic
varieties. Set d = codimy (X).

(i) For M € Mod(Dy) we have H(Li* M) = 0 unless —d < j < 0.
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(ii) For M' € D" (Dy) we have a canonical isomorphism
Li* M ~ RHom;-1p, (Dyx,i” "M)[d]
in D*(Dx).
Proposition 4.4.4. Leti: X — Y be a closed embedding. Then we have
i M® ~ Ri* M®
for any M* € D*(Dy).

4.5 The Koszul complex for a closed embedding

In this subsection we will give a description of the cohomology sheaves of Li* M
for M € Mod(Dx) and i : X — Y a closed embedding (cf. [32] for a local
description of the Dx-module structure). Taking the notation given in example
4.3.8 we have a locally free resolution ([81, Corollary 4.5.5])

8
0— Kdy—dx — ... = Ky := i_loy — O0x —0
where

J dy
Kj/\< < ilOydyk>

k=dx+1

and the morphism K; — K;_; is given by

J
fdye, N ... A dykj — Z(—l)p+1ykpfdykl VARAN dykp VARAN dykj-
p=1

Taking the tensor product with i~'Dy over i 'Oy we get a locally free reso-
lution of the right i~'Dy-module Dx_,y and hence, by (48), we can conclude
that Li* M is represented by the complex

= 0= Kiy—ay @10, 1 "M = Ko @10, 1 "M — 0 — ... (55)

The proof of the proposition4.3.7 will need an appropriate notion of direct
images. Let us briefly introduce this functor in the next subsection.

4.6 Direct images
We start this subsection by defining the following functors.
D’(Dx) 5 M* — Dy.x®% M*eD(fDy),

D’(f~'Dy)sN® — Rf.(N*) € D*(Dy),

by using a flat resolution of M*® and an injective resolution of A®. Taking the
composition we obtain the functor

/ :D’(Dx) — D*(Dy)
f
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given by
/M' = Rf.(Dy.x ®p, M*),
f

and for an integer k we set

[ e (AM)

The previous functor is denoted by f in [9]. This is a more classical notation.
In this notes we will follow the notation given in [32].

Proof of proposition 4.3.7. The first statement follows from the previous rep-
resentation of the complex Li* M. To show (i¢) it is sufficient to achieve the
isomorphism

R’Homiqpy (Dyex,iilpy) ~ DXﬁy[—d]. (56)
In fact, if we assume this relation, then

Li*M =Dx_,y ®jrp, i M

56
) RHom,1p, (Dy e x,i"'Dy) &1, i MId]

~ RHOmZ‘—IDY (Dyex, Z_lM)[d]

The last isomorphism is proved as follows (cf. [32, Lemma 2.6.13]). First of all,
let us note that the i~ 1Dy -module structure of i—*M allows us to construct a
canonical morphism

RHomiqDy (DY%X’ i_lpy) ®]7%‘*1Dy i_lM — RHOmi—l'DY (Dygx, ’L'_l./\/l>.
(57)
Now, using the explicit local description of Dy, y given in the example 4.3.11
items (i) and (éi), and for i : X — Y being a closed embedding, we have
that Dy x is coherent as an i~ !Dy-module. This implies that in (57) we can
substitute Dy _, x by i !Dy, and (57) becomes an isomorphism since both sides
are equal to i~ M.

Let us prove (56). In fact, it will be easier to prove an equivalent form. This is,
by using the side-changing relations (56), it is enough to stablish the following
relation

RHomrlDoyp (DX_>y, i_lpy) ~ Dy<_X [—d]
We have

R,HOmi—lpzp (quy,iilpy) ~ R'Homi_lp;p (OX Qi-10y ’L‘ilpy,iil’Dy)
~ RHom;-10, (OX,iilpy)
~ i 1Dy ®i-10, RHOM;~100,, (Ox,i_loy)
The problem being local, we can assume that Y is endowed with local co-

ordinates {y;, 0y, 1i<i<m, such that X is given by the system of equations
Ymt1 = - = yp = 0 and {x;,0, }1<i<m Is a coordinate system for m.
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By using the Koszul’s resolution of the i~'Oy-module Ox, we can see that
RHom;-10, (Ox,i~*Oy) is represented by the complex

K > KY = e K,

where K := Hom,;-10, (Kj,i~'Oy). It is clear that K is alocally free i~ Oy-
module of rank one. Moreover, by definition, we dispose of a canonical perfect
paring

Kj ®i*10y dej — Ky

for each j. Hence the canonical morphism induced by the paring
Kj — ’Homifloy (Kd_j, Kd) ~ Kc\l/—j ®i’1(9y Ky

is an isomorphism (the last isomorphism comes from the fact that K4_; is locally
free of finite rank over i 'Oy ). Finally, taking duals we get

(KY_; ®i10y Ka)' =~ Kaj @10, K = K. (58)
We can use the previous information to reduce the complex (58) as follows:
Ky = = K]~ [Kqg— - = Ko ®i-10, K] ~ Ox ®;-10, Kj[—d].

Now, as i~ !Oy-modules and by definition of K4, we can make the following

fdy—f
(local) identifications K4 = i_l(dey1 A Ndy, X 710y and also

i_ngil ®i-10y Ox - Ox
gdyi A+ Ndyn @ fdry A+ Ndy,, —  gf

From (58) and the previous identifications, we can conclude that

RHOmi—lp‘;P (Dx_y,i 'Dy) ~i 'D ®i-10y RHom;-10, (Ox, i~tOy)
~ i 'Dy ®;-10, Ox ®i-10, Kj[—d|
~ i Dy ®;10, i YT @10, Qx[—d]
~ Qx @10, i (Dy ®oy, Q) [—d]
~Q®oy (Ox ®i-10y i 'Dy) @10, i QY [—d]
= Dy x[—d].
The last equality is the definition of Dy, x. O

Proof of proposition 4.4.4. By definition, we know that if M = Li* M[~d] (be-
ing d := codimy (X)), and we have just proved that the last one is isomorphic
to RHom;—10, (Dy«x,i~*M). We need to prove

RHom;-10, (Dyx, iTIM) ~ Ri* M.

Reduction to sections supported in X. Let M*® € D" (Dy). If I'x (o) de-
notes the functor of sections contained in X, we want to prove that the canonical
map i~ RT'x (M®) — i~1 M* induces an isomorphism

RHom;-10, (Dyex,i "Rl x(M®)) = RHom;-10, (Dyx,i *M*). (59)
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To do that, let us denote by j : U — Y the complementary open embedding
(U =Y \ X). By [29, Chapter II, exercise 1.20 (ii)] for every injective sheaf
7 € Mod(Dx), we have an exact sequence

0—=Tx(Z) =T j.j 'T—0.

in particular, fixing a representation M*® ~ Z* € DT (Dx) of M by injective
modules, the previous exact sequence generalizes to a short exact sequence of
complexes

0—Tx(Z%) = I° = j.j 'I° =0

and by proposition C.1.13, we get a distinguished triangle
RTx(I*) = I* — Rj,j'T° 25 .

Now, given that U C Y is an open subset an easy computation shows that
Dy v = Dy (as right Dy-modules), and therefore

/ A / Ly'T* = / jT'I° = Rj.j It
J J J

In other words, and by the very definition of derived categories and derived
functors, we have a canonical triangle

RTx(M®) = M® — /jU\/l‘ RN (60)
J

In order to help the reader with the lecture of the proof, we remark that the
previous triangle represents the following long exact sequence

0 — Homrloy(Dny,i_lfoo) — Homrloy(Dyﬁx,i_llo) —
— Hom,;floy (Dyex,i_l fj]TIO) — HOmi—loY (Dyex,i_lrle) —
— 'Homiqoy (Dyex,iill-o) — 'Homiqoy (Dygx,iil fjjTIO)

So, we will prove that (59) is in fact an isomorphism if we show that
R’HomiflOY(DyHX,fl/jTM') =0.
J

This is a consequence of the projection formula [30, Proposition 5.6] and the
fact that

R’Homi_loy(DyHX,i_l/'jTM') :iT/j‘lM =i Rj.j~'M (61)

J J

In fact, we have the following relations

i+(Ox @10, i ' Rjsj M) =i,0x @, Rj.j~'M
= Rj.(j i.0x @, j~'M) (62)
=0 (j7'.0x =0).

To end the proof of the proposition, we need first to prove that

ihM ~ Homi_1oY(Dy5X,i_1I‘X(M)). (63)
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The question being local, we can assume that Y is endowed with local co-
ordinates {y;, 0y, }1<i<n such that Dy.x = C[0 ,0y,] ®c Dx. Let

g1

i~1J Ci~1Oy be the defining ideal of X, i.e, i 17 = ker(i 'Oy — Ox). So
itT-1@1=0.

Given that Dy x is generated by 1 ® 1 as an i~ !Dy-module, the previous
relation implies that for all ¢ € Hom,;-1p, (Dy« x,i"*M) and all P € Dy, x
we have i717 - ¢(P) = 0. In other words, ¢(P) € i 'T'x(M). Let prove now
that this isomorphism pass to the derived categories. This is, we will finally
show that

Ri*M® ~ RHom; 1p, (Dy. x,i *RTx(M?®)). (64)
In light of the isomorphism (63) we only need to verify that i 'I'x(Z) is an
injective i ~'Dy-module, if 7 is an injective Dy-module. Let A be an i~ 'Dy-
module. We have the following relations

Hom;-1p, (N,i 'T'x(Z)) ~ Hom;-1p,, (i "N, i 'Tx(Z))
~ Homp, (i, i.i 'Tx(I))
~ HOII]'DY (Z*N, Fx(I))
~ Homp, (i.N,Z).
The final isomorphism is given by [32, (C.2.13)] and [32, (C. 2.14)] (further

explanations are given at the end of the proposition 4.6.3). This ends the proof
of the proposition. O

Before ending this subsection, let us discuss some important properties of the
(derived) directimage functor. The proof of the next result can be found in [32,
1.5.21].

Proposition 4.6.1. Let f : X = Y and g :— Z be morphisms of smooth
algebraic varieties. Then we have

L1

Continuing with the ideas given in 4.3.11 (i.e, Dy x is a locally free Dx-
module) and keeping in mind the exactness of the functor i,, fori: X — Y a
closed embedding, we have the following local description of the cohomology of
the complex [; M for M € Mod(Dx):

0 k0
/ M =ClOdgx+1, " 04y ] Rc ixM and M =0. (65)
In particular fio is exact and sends Mod,;.(Dx) to Mod,.(Dy).

Example 4.6.2. Let us work out some computations at the level of Weyl alge-
bras.

(i) We start by considering the standard embedding i : A% — AZ™™ and let
us take V' € Mod(D,z). By (52) and (54) we have

0
/ N:C[ayu"' 7aym]®<C i*N- (66)

86



Let us specify the D, nim-action. First of all, by the Weyl relation, we
can write DAg+m = Dar ®c Dan. By (53) we know that Dy acts on
Cldy,,- - ,0y,], and Dy» acts on i, by hypothesis.*

(ii) Another important example is the canonical projection onto the second
coordinate 7 : AZT™ — AT, By affinity (remark 4.2.7) and Serre’s criteria
for affineness, the cohomology of fﬂ is concentrated in zero degree. Let us
explicitly compute this functor. Let N € Mod(DAg+m). By the example

4.3.11 we have
0
/7T N=m, (DAgteDAEML ®DA8+m N) ~ 1N/ (02,)1<i<nmN.
If we identify Dpp C I( E’DAE) ®c Dag, then we have that f:/\f is a
Djm-module (this is [22, Chapter 16, section 3]). 3!

Proposition 4.6.3. 32 Leti: X — Y be a closed embedding of smooth algebraic
varieties.

(i) There exists a functorial isomorphism
RHomp,, </M'7N°) ~ i,RHomp, (M®, Ri*N'®)

for M* € D™ (Dx) and N'* € D" (Dy).
(ii) the functor Ri® : D*(Dy) — D’(Dx) is right adjoint to the (direct image)
functor /: D’(Dx) — D°(Dy).

K3

Proof. We only have to show the statement (i) because taking H°(RT (Y, e)) we
obtain (iz). From the canonical isomorphism

Homp, (M, Hom;-1p, (Dyx,i 'N) ~ Hom;-1p, (Dyx @py M,i ' N)
we obtain ([44, Proposition 2.6.3])

R'Hompx (M‘,RHomi—le (Dyex, i_lN.))
~ RHom;-1p, (Dyx ®% M i 'N*),

301n fact, if U x V C AZT™ is an affine open subset then i, N (U x V) = N(i~1(U x V)) =
N(U) which is a Dyyp (U)-module (this is exactly as in [22, Chapter 17, section 1]).

31We remark for the reader that if U C A7 is an affine open subset, then TN (U) =
N(x=H(U)) = N(AZ x U). This is the reason to identify Dym C T'(A%, Dgn) ®c Darm.

32We follow word by word the arguments given in [32, Proposition 1.5.25]. Some details
have been added at the end of the prove.
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and from this we can see by definition of %, that

RHomp, (/M',N'> ~ RHomp, (i+(Dyx ®p, M*),N)

~ RHom,-1p, (i«(Dy—x &% M®),RTx(N*))

~ RHomp, (i+(Dyx ®p, M*),ii "R[x(N*))

~ i, RHom;-1p, (i i, (Dy—x ®p, M®),i 'R[x(N*))

~ i*RHomrlDY (Dy<_X ®be M., iilRFX (N.))

~ i, Homp, (M®, RHom;1p, (Dy . x,i 'Tx(N*®)))

~ RHomp, (M*, Ri*N'®).
Let us explain the previous tower of isomorphisms. The first isomorphism is
the very definition of the functor fl , the second isomorphism is the well-known
adjuction property (cf. [32, Proposition C.2.2]) between the functors I'x (e) and
33415~ 1(e), the third isomorphism is i,i~! = id, the fourth isomorphism is the
adjunction formula [32, (C.2.15)], the fifth isomorphism is i ~'i, = id, the sixth

isomorphism is just the adjunction formula between Hom and ®. Finally, the
last isomorphism is (64). O

4.7 The Spencer resolution
Let’s denote by
k
Ok = \Q% for 0<k<dx.

We have a canonical map

0
Dx @ox \Tx(=Dx) — Ox
P —  P(1)
and for 0 < k < dx we can define a morphism

k—1
di : Dx Rox /\TX — Dx Koy /\TX

dk(P®91/\"'/\6‘k)
—Z —1) PO @0y Ao AO; A A O

+Z D P@[0:,0,] Ay Ao AB A NG A .. A By
1<J

A standard argument in homological algebra proves that di o dp_1 = 0.

In order to show that the last complex, denoted by Sp%(Dx) (we use the
notation given in [58, Definition 1.4.2]), is acyclic we consider the filtration

{F,Spx (Dx)}:

33Here 4, denotes the proper direct image functor. We remark for the reader that given
that 7 is a closed embedding i) = i (cf. [38, Proposition 6.9 (i)]), and therefore iyi~! = id.
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dx 0
FpSpS((DX) = Fp—dXDX Koy /\TX — . = FpDX ROy /\TX — Ox s

(F,Ox = Ox if p > 0 and F,0x = 0if p < 0 ) and we will show that the
associated graded complex

dx
grSpx (Dx) = g1 Dx ®oy [\ Tx = -+ = g’ Dx ®oy Tx — gr" Dx = Ox

is acyclic. Is straightforward to verify that in the associated graduated complex
the morphisms come up from the relation

de(P @01 A ... NOy) = Z<_1)i+1pei QOLA . AO A A By
On the other hand, let 7 : T*X — X be the canonical projection and i : X —
T*X the closed embedding induced via the zero-section. and let us consider the
Koszul resolution of the Or« x-module 7, Ox:

dx 0
it
K*® = OT*X ®7710X /\7T_1TX . OT*X ®7T’10X /\7T_1TX — Z*OX — 0

whose differential is given by

d: Orix Qp-10, N 1T = Or«x Qr-104 /\pil 7 Tx
k

(1) oy (0:)00 A= AO; A= A By
=1

YO NN, —

?

Here 01(0;) € gr(Dx) is the principal symbol of 6;. Moreover, given that
gr(Dx) = m.Or+x, (43), we can conclude grSp% (Dx) ~ 7. K*®, and given that
K* is acyclic ([81, Corollary 4.5.5]) so is 7w, K*® because 7 is an affine morphism.

The complex Sp% (Dx) is called the Spencer resolution of Ox. Using the
side-changing operation we obtain the complex

0= Q% ®oy Dx — ... = QX @0, Dx — Qx — 0. (67)

which is nothing more that the complex (45) (cf. [32, Lemma 1.5.27]). We will
use this last complex to describe the cohomology of the complexes induced by
the functor [ 2 when f is a projection morphism.

4.8 The de Rham complex

Let Y and Z be smooth algebraic varieties and set X =Y x Z. Let f: X —» Y
and g : X — Z be the projections. For M € Mod(Oy) and N' € Mod(Oyz) we
define the bifunctor

M |Z|N = OX ®f—1oy®cg—1oz (f_lM ®C g_lN) S MOd(OX)

which is exact with respect to both factors and extends to a functor on the
derived categories. It is easily seen that this extension, which we denote by
(¢) ® (o), sends D! (Dy) x D}.(Dz) (resp. DL(Dy) x D%(Dz)) to D (Dx)
(resp. D2(Dx)). We also note that

f*M’:M@OZ, g*NEOyﬁN
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Now, let’s suppose that M € Mod,.(Dx). To compute Dy x ®%X M we
can use the resolution of the right Dx-module Dy, x = Dy K Qy induced by
the resolution of the right Dz-module 2z given in the previous section and we
define the de Rham complex DR,y (M) by

OEV ®ox M if —dz <k <0,
(DRy,y (M))" =
0 otherwise,

and the differential is given by>*

dz
dw®s) = dw®s+2(dzi/\w) ® 0y, 8. (68)

=1

Here {z;, 0., }1<i<d, is a local coordinate system of Z. The complex (67) gives
us
Dy« x ®p, M ~DRx,y(M). (69)

Proposition 4.8.1. Let Y and Z be smooth algebraic varieties, and let us
consider f : X =Y x Z =Y the projection onto the first factor.

(i) For M € Mod(Dx) we have [, M ~ Rf.(DRx,y(M)).
(ii) For M € Mod(Dx) we have f;./\/l =0 unless —dz < j < dz.
(i1i) The functor ff sends DSC(DX) to DSC(Dy).

Proof. The first item follows from the relation (69) and (ii) is a consequence
from (i) and the fact that f. has cohomological dimension dz. Finally, to prove
(iii) we can suppose that M € Dg.(Dx). In this case, the complex DR x/y (M)
is a complex of quasi-coherent O x-modules and given that X is in particular a
noetherian scheme, then we can conclude that Rf.(DRx/y(M)) is a complex
of quasi-coherent Dy-modules (cf. [29, Chapter II, proposition 5.8]) and (i)
gives (iii). O

4.9 Kashiwara’s equivalence

Throughout this subsection ¢ : X — Y will denote a closed embedding between
smooth algebraic varieties. According to (53) and (65) the functor

0
/ : Mod.(Dx) — Mod,.(Dy)
i

is an exact functor and the image of a D x-module is an object of the full subcat-
egory MOquc(Dy> of quasi-coherent Dy-modules (resp. we keep the notation
for coherent Dy-modules) supported by X. For the proof of the next theorem
we will follow the same lines of reasoning given in [32, Theorem 1.6.1] specifying
the details.

34We remark for the reader that this is exactly the complex that have construct in (45).
The connection is given by the Dx-module structure of M.
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Theorem 4.9.1. (Kashiwara’s equivalence). Leti: X — Y be a closed
embedding. The functors

0
/ : Mod,.(Dx) — Mod,.(Dy) and i* = H%' : Mod,.(Dy) — Mod,.(Dx)

are inverse and define an equivalence of categories (the second equality comes
from proposition 4.4.4).

Proof. Let’s take M € Mody.(Dx) and N € Modé(c(Dy). We need to show
that the canonical homomorphisms induced by adjointness (proposition 4.6.3)

0 0
/H%’W—>N and M—>H°ﬂ/ M

are isomorphisms. Let us clarify these isomorphisms. First of all, by proposition
4.4.4 we have
HY%N = Hfl-1p, (Dyx,i 'N)

SO

0
/ HOZTN = Z* (DYHY ®Dx Homifl'Dy (IDY%Xa Z_lN)) )
i

and the first isomorphism is defined by the rule

0
/ H% N = N
Py —  (P).
On the other hand

0
HOiT/ M =Hom;-1p(Dye x,i in(Dye x ®py M))
K3
= Homi—lp(DYeX,DYeX ®DX M)7

and the second isomorphism is given by

0
M = HY% [ M
m = [P»—>ml®P}.

Now, since the previous problem is a local question, we can suppose that Y
is affine and that it is endowed with local coordinates {yx, 0y, }1<k<d, as in
example 4.3.8. Moreover, as we have remarked along the examples, we can even
suppose that X is defined by a system of equations y,,+1 = -+ = yq, = 0.
Let X; be the closed subvariety of Y defined by 4,41 = -+ = y; = 0, for
m <l < dx. The chain of closed embeddings

iq idy —1 i i
XZXdY—y>XdY_1Y—>-"l—2>X1 1—1>Y,

and the relations [, = [ Ld and it = i;y .-l (propositions 4.4.1 and
Y

4.6.1) tell us that we can suppose that X is the hypersurface yq,, = 0. We
set ¥y =Ygy, O = Oy, and 0 = y0. Let us first study the cohomology of the
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complex it AV. As we have remarked in subsection 4.5, and given that we are in
codimension 1, the Koszul complex of the i ~'Oy-module Ox is given by

r ” -5
50— i Oydy LY 10y T O 50 e

and therefore Li* N\ is represented by the complex
= 0= i TN LTINS 00— (70)
In consequence, and considering the shifting of degree —1, we get
HY%'N = H'Li*N = ker(y) and HY%WIN = H°Li*N = coker(y).

Let us consider the eigenspaces i N7 = {s € i IN| 0s = js} (j € Z). The
relation [0,y] = 1 clearly implies that yi~'A7 C i7'AVJ*+! and 9i7'N7 C
i"'NJ971 50 0 induces an isomorphism jx : i A7 — 7N for every j # 0.
Moreover, since 9y = § + 1 then dy : i N7 — i~'A/J is an isomorphism for
every j # —1. In particular, if j < —1, then

a

~

i_lNJ — i_lNJJrl — i_lNJ
are both iSOI’IlOI"phiSII’IS for j < —1.

Let us see by induction that

k
ker(y® 1 i N — i7'WN) C @i_lf\/_j. (71)
j=1
For k =1, the relation ys = 0 gives us s = (y — 1)s = —s.

Let us suppose k > 1. Then for s € ker(y*) we have y*s = y*~1(ys) = 0 and
ys € @3:11 i~'N~7 by hypothesis of induction. Hence dys € @?:2 i~IN7J and

k
Hs—l—s:yas—l—s:@yse@i_l/\f_j. (72)

j=2

On the other hand, we have y*~!(0s + ks) = dy*s = 0. Therefore by the
hypothesis of induction

k—1
Os+ksc @i~ N (73)
j=1

From (72) and (73) we get ks+0s—0ys = (k—1)s € @;?:1 i"IN7J (recall that
[0,y] = 1), which implies that s € @521 i~IN~J because k > 1. Moreover, the
fact that A is a quasi-coherent Oy-module supported in X tells us that (71) is
an equality

N = @i

Jj=1
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In particular H%'N = 0, and also
iT'N =Cl0)@ciT'N7! and HY%IN =i'NT!

From this we get the following relations. First of all

0 0
/H%W:/ iTINTE

=i, (C[0) ®ci "(N)
=id N
=N

On the other hand, it is easy to see that (C[0] ®c i, M)~ =i, M, so
0
H%’T/ M =i ((C[0) ®c ixM) ') =i Hi M = M.

This ends the proof of the theorem. O

A natural question is that if the preceding results remains true when considering
the respective derived categories. We will give a positive answer to this question
in the next corollary. We will denote by DZ’CX (Dy) (resp. D%X(Dy)) the

subcategory of DZC(Dy) (resp. DY(Dy)) consisting of complexes N'® whose
cohomology sheaves are supported by X.

Corollary 4.9.2. The functor
/ : D}, (Dx) — DX (Dy)
K3
is an equivalence of triangulated categories. Its quasi-inverse is given by
Ri* =i : D2X(Dy) — D).(Dx)

Proof. Let M* € Dy.(Dx) and N* € DZ’CX(Dy). We need to prove that the
canonical morphisms

M'—m’T//\/l' and /iU\f’—)J\/"

are isomorphisms. We will give the prove for the first one being completely
similar the argument for the second morphism. We reason by induction on the
cohomological length

I(M®) = max{i | H'(M® # 0)} — min{j | H/(M*) # 0}

of M*. If (M®) = 0, then M* = M][k| for some M € Mod,.(Dx) and
k € Z. In other words, we may assume M®* = M € Mod,.(Dx) and the
assertion follows from the preceding theorem. Let us assume that 1(M?*) > 0.
By definition of the truncated complexes (Definition C.1.12), there exists
k € Z such that

1(7SFM®) <I(M®) and 1(77F(M®)) < [(M®).
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By applying i fl to the distinguished triangle
TERM® 5 M® M

induced from the exact sequence (106) and the proposition C.1.13 in the ap-
pendix, we obtain the distinguished triangle

iT/TSkM. —>iT/M' —>¢T/T>’“M' =N
i i i
These triangles are connected via the following commutative diagram

1
=k M M® M

LT

iJffiTSk./\/l' —_— ini./\/P —_— iniT>kM° LN

By hypothesis of induction «; and «s are isomorphisms. Hence a3 is also an
isomorphism (cf. [43, Proposition 10.1.15]). O

4.10 Characteristic varieties and holonomic D-modules

In this section we will develop one of the central definitions in this lectures,
namely, the notion of a holonomic D-module. For this, we will globalize to the
theory of Dx-modules some facts of the theory of graded rings (cf. [22] and
[32]).

We start with the following property [32, Proposition 2.1.1].

Proposition 4.10.1. [Definition]. Let (M, F) be a filtered Dx -module. The
following condition are equivalent to each other:

(i) grf’ M is coherent over gr' Dx.

(i) F; M is coherent over Ox for each i, and there ezists igp >> 0 satisfying
FyDx - BEM = Fi jyM, for 5 >0 and ¢ > 1.

(iii) There exist locally a surjective Dx-homomorphism ® : D™ — M and
integers ny, ...,y such that ®(F;_, Dx & ... ® F;_,, Dx) = F;M.

If F satisfies one of the above equivalent conditions we say that F is a good
filtration.

Remark 4.10.2. A Dx-module admits a good filtration if and only if it is a
coherent Dx -module.

Let M be a coherent Dy-module and choose a good filtration on it. Let 7 :
T*X — X be the cotangent bundle of X. Regarding & = 01(0s,), -+ ,&ax =
01(0z,, ) as the coordinate system of the cotangent space &;_;Cdx;, we know
that Oy, ..., €ax ] is identified with the sheaf of algebras m,.Or« x|y and there-
fore we obtain a canonical identification gr® Dy ~ 7,07r-x, (43). We define
the characteristic variety of M, denoted by Ch(M), as the support of the
coherent Op+ x-module

grfEM = Opex @n-17, 000y w_l(gTFM).
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Remark 4.10.3. The characteristic variety does not depend on the choice of a
good filtration F ([32, Theorem 2.2.1]).

By a classic result in algebraic geometry (cf. [32, Lemma 3.3]) we have the
following

Theorem 4.10.4. For a short exzact sequence 0 — M — L — N — 0 of
coherent Dx-modules, we have

Ch(L) = Ch(M) U Ch(N).

Let us introduce the notion of multiplicity for M € Mb.(Dx). Let C be an
irreducible component of the support of M which will be denoted by Supp(M).
Let U be an affine open subset of X such that C "U = C and let’s denote the
defining ideal of CNU by pe C Oy (U). Taking the localization at po we get an
artinian Oy (U),, -module M(U), . whose length we denote by m¢c(M). We
call it the multiplicity of M along C. The next fact is just a global version of
the additive property of the length.

Proposition 4.10.5. Let 0 - M — N — L — 0 be an ezxact sequence of
coherent Dx-modules. Then for an irreducible subvariety C of T*X such that
C is an irreducible component of Ch(N') we have

me(grf (V) = mo(grf (M) +me(grF (L))

Moreover, if we define the characteristic cycle of M by

CC(N) = > melgrF(V)C,

CeSupp(Ch(N))

and CCy(N) the sum taking only the irreducible components of degree d, then
in particular for d = dim Ch(N') we have

CCy(N) = CCy(M) + CCy(L).

4.10.1 Holonomcity for Weyl algebras

In order to give a good intuition to the reader about the notion of holonomicity
and to simplify the proof of the Bernstein inequality (4.11.1), we propose to
study first the particular case when X = AZ. By remark 4.2.7 we can work on
the algebraic side by taking global sections.

From know on, we will denote by A,, := I'(Af, Ds») the n-th Weyl algebra.
W recall for the reader that this algebra has the following description

An = (C[(El,"' 7xnaax17' o 7azn]/([ami7xj] _6ij)~

In the previous sections we have said that a filtered module M is built up
from pieces FyM having a structure of Ox-module as well. This property is
important when dealing with computations of characteristic varieties. Neverthe-
less, we can not usually control the dimensions of the pieces FyM (considered
as C-vectors spaces), and there is not hope in introducing a good notion of
(algebraic) dimension and therefore neither the notion of holonomicity. To
solve this drawback we will consider the Bernstein filtration {5, };cn defined
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in the example 4.2.4. We recall for the reader that this is a filtration of the
Weyl algebra A,,, and that B consists of those differential operators of degree
at most k. We also recall that

deg(P) == max{|a| + 8| : (o, 8) € N Iy € C s.t yz*d” appears in P}.

From now on, we will say that M is a filtered left A ,-module, if M is endowed
with a filtration F' = {F} }ren of finite-dimensional C-vector spaces, and which
is compatible with the Bernstein filtration in the sense that B; - F; C Fij.
Moreover, we will say that the filtration is good if the resulting graded module
grf’ (M) is a finitely generated gr®(A,,) = Clzy, -+ , 2,1, -+, &,]-module (the
last identification is (44)).

An important class of A,-modules for which it is possible to construct a good
filtration are those finitely generated A,-modules. In fact, if M is such an
A, -module, then we may find a finite-dimensional vector space Fy with a basis
consisting of a set of generators for M. Defining

Fy = By, - Fy,

the resulting filtration is in fact a good filtration of M as the reader can easily
prove.

Remark 4.10.6. The preceding filtration is characterised by the existence of a
positive integer number Ny such that B; - F; = F; 1y, for all | > Ny. Moreover,
a filtration that satisfies this condition is a good filtration (cf. [22, Chapter 8,
theorem 3.1]).

Example 4.10.7. (i) Using the Weyl relations we easily see that

Bi(Anim) = > Bi(An)Bj(An)

i+i=k

(ii) If (M, F) and (N, G) are good filtered A,, and A,, modules, respectively.

Then
T = Z F; ®c¢ G]'
itj=k

defines a good filtration of M ®c N as an A, 4,,-module. Let us just
specify the left A, ;,,-action, because the rest easily follows from (i) and
the previous remark. In fact, the action is induced via the canonical
identification A, = A, @c Ay by PR Q -n®@m = Pm® Qn.

The following result is the starting point of the results and notions of this
subsections. The reader can find a proof in [29, Chapter 1, theorem 7.5], [65,
Chapter 2, section 3, theorem 2| or in [22, Chapter p, theorem 1.1].

Theorem 4.10.8 (Hilbert-Serre). Let M = @, My be finitely generated
graded module over a polynomial ring Clxz1,- -+ ,x,]. There exists a polynomial
xum(t) € Q[t] and a positive integer N such that

!
Z dime(M;) = xm (1)
i=1
foralll > N,

96



The polynomial y () is known as th Hilbert polynomial.

Let us suppose that M is a finitely generated left A,-module and that F is a
good filtration. Let us denote by x%,(t) € Q[t] the Hilbert polynomial of the
graded module gr’ (M) over the polynomial ring C[z, zi] in 2n variables. The
previous theorem tells that for [ >> 0

l
Xar(1) = dime (F;/Fi_1) = dimc(F) (74)

Definition 4.10.9. Let M be a finitely generated A,-module and F a good
filtration. The dimension d(M) of M is the degree of the Hilbert polynomial
XA @) If aq(r) 18 the leading coefficient of x5, (t), we define the multiplicity
of M by
m(M) = d(M)'ag .

Both numbers are non-negative integers.

Remark 4.10.10. Even if a priori the preceding definitions seem to the defend
of the filtration F, it is possible to prove that the dimension and multiplicity of

a finitely generated A, -module M are invariants of M. In other words, they
do not depend of the filtration (cf. [22, Chapter 9, section 2]).

Example 4.10.11. Let us work out some basic examples.

(i) Dimension of the Weyl algebra. We already know that the Bernstein
filtration B is a good filtration for the Weyl algebra A,. In order to
compute its dimension, we can use (74). By definition we have (I >> 0)

Xa, (1) = dimg(B))
= Non-negative solutions of |a| + |5] <1

_[(l+2n
N 2n
This implies that x5 (t) = (“52") has degree 2n = d(A,,).

2n

(ii) Dimension of the ring of polynomials. If S; denotes the vector space
of polynomials of degree at most k. Then § = {Sk }xen is a good filtration
of Clz1,-- - ,2,]. In particular for I >> 0

Xop (1) = dime(8)) = (n: l>.

As before this implies that Xg[g] (t) = (t:") is a polynomial of degree
n = d(Clz]).

(iii) Fourier transform. Let us start by considering the following automor-
phism of the Weyl algebra

F: A, — A,
8%. = =T
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The automorphism F is called the Fourier transform. It clearly pre-
serves the Bernstein filtration, and given a finitely generated A,-module
M, we can twist is and to obtain a finitely generated left A,,-module Mr
as follows. As vector spaces Mr = M and the left A,-structure is given
by P em = F(P)m. Let us prove that d(Mz) = d(M). To do that we
start by taking a vector space Fjy whose basis is a set of generators for M.
it is clear that Fy, = By - Fy is a good filtration for M. But given that Mz
is also generated by Fj and F preserves the Bernstein filtration we have
that Gy = By @ Fy = F}, is a good filtration for Mz. In particular, the
associated Hilbert polynomials are the same, and therefore M and Mx
have the same dimension and multiplicity.

Lemma 4.10.12. Let M be a finitely generated left A,,-module. Then d(M) <
2n.

Proof. Tt is not hard to prove that d(M) = max{d(N),d(M/N)} for N a
submodule of M (cf. [22, Chapter 9, theorem 3.2]). From this information and
a standard inductive argument over the short exact sequence

0= A, » AP 5 A=

we can conclude that d(Ai‘?m) = 2n. Now, by hypothesis there exists a surjec-
tive morphism ¢ : A®™ — M. From the previous reasoning we have that

on = d(A®™) = max{d(M), d(ker(p))}.
O

We actually have a lower bound for the dimension of finitely generated left
A ,-module. This is first version of the so-called Bernstein inequality.

Theorem 4.10.13 (Bernstein inequality). Let M be a finitely generated left
A, -module. Then d(M) > n.

Proof. Let Fy be a vector space having a basis consisting of generators of M, and
let us consider the filtration defined by Fj := By - Fy. This is a good filtration
for M and such that Fy # 0. We claim that the canonical morphism

Bk — Hom@(Fk,FQk)
P — [m — Pm]

is injective. To prove this, let us take 0 # P € By and let us see that P- Fj # 0.
We proceed by induction. For k = 0, we have By = C and the statement is
equivalent to Fyy # 0, which is true by construction. Let us now take k > 1 and
let us suppose that the result is true for Fy_;. We proceed by contradiction
and we assume that P - F = 0, for some non-zero P € Bj. The reader might
note that this implies that P ¢ By. Hence a expression for P must contains a
monomial y2*9” with v € C and |a| + |8] > 0. If oy, # 0, then agpyzr®~¢97 is
a monomial appearing in [P, 9;,] and [P, 0;,] is a non-zero element of Bj,_1.

On the other hand, since P - F, = 0, we have

[P, 0y, | Fr—1 C POy, F—1 C P F, =0,
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which is clearly a contradiction. Let us back to the proof of the theorem. From
the preceding injection we have for £ >> 0
Xa, (k) = dimg(By) < dime (Home (Fy, Far))
< dimg (F} @c Fax)
= dim(c(Fk) . dim(c(FQk)
X]}\7/1(2k)7

) .
which clearly implies that 2n = deg(x3 (k) < deg(xh;(k) - x5;(2k)) = 2d(M).
O

= xfﬂf(k

Example 4.10.14. (i) We actually can attain the bounds. As we have showed
in the example 4.10.11, d(A,) = 2n and d(C[zy, -, z,]) = n.

(ii) If I is a non zero left ideal of A,,, then d (A/I) < 2n — 1. To prove this,
it is enough to consider the case when I = A, - P is a principal ideal.
The reason is that for a general non-zero ideal I and P € I we have that
A, /I is a quotient of A/A- P and d(A,,/I) < d(A,/A, - P) by the first
paragraph in the proof of the lemma 4.10.12.

Let us consider the short exact sequence

0= A, T A, A JA,-P 0.

If d(A,/A, - P) =d(A,) = 2n, then from [22, Chapter 9, theorem 3.2]
m(A,) =m(A,) +m(A,/A, - P)
which is clearly impossible.

(i) Dimension of a tensor product. Let M be a finitely generated
A, -module and N a finitely generated A,,-module. We want to show
that d(M ®c N) =d(M) + d(N). We start by given a description of the
graded module gr” (M @ N) associated to the filtration {7} defined in
the example 4.10.7 (ii). To do that, we suppose that F' and G are good
filtrations for M and N, respectively, and we remark that the kernel of
the canonical surjective map

Kij - Fi®(ch = grf(M)@cger(N)
men — m®n

it is clearly contained in T4 ;1. With this information, we can form the
following commutative triangle

@ (FZ ®c Gj/ker(/fij)) N @ (grf(M) Qc ngG(N))
i+j=l i+j=l

\ “’J

grj (M ®c N).
Since the morphism on the top is bijective, then so is the morphism x; on

the right-hand side of the triangle. Let us use this information to compute
d(M ®c N).

99



Using the isomorphism x; we see that

dimc(Tk) = dim¢ @ (Fz ®c Gj/ker(mj)) — dimc(Tk_l).
iti=l

Repeating this process and using the item (ii) of the example 4.10.7, we
find that

l

dime(71) = 3" 3 dime(gr! (M) dime(gr§ (V)
k=0i+j=k

l l
<) dime(grf (M) ) dime(grf (V)
i=0 j=0

= dimc(Fl)dimc(Gl)

< dime(Ty).
In consequence, for [ >> 0 we have

Xaren () < xEr(OXF (D) < Xiren(20),
and therefore as a polynomials we have
deg(Xiren (1)) = deg(xar (1)) + deg(x ¥ (1)). (76)

We end this subsection with the following important remark from [29, Chapter
I, section 7, theorem 7.5]. This results allows us to connect the notions intro-
duced in this subsection with the ones given in previous subsection about the
characteristic varieties.

Remark 4.10.15. Let M be a finitely generated left A, -module. Then

dim(Ch(M)) = d(M).

Here Ch(M) =V (\/Annc[%é] (ng(M))) = Suppcy ¢ (grf'(M)). The second
equality is a well-known fact in commutative algebra. Its proof is a standard
reasoning dealing with the localisation.

4.11 Bernstein inequality

The heart of this subsection is the following result. The idea will be to reduce
the computations to ones given in the previous subsection by using the remark
4.10.15.

Proposition 4.11.1 (Global Bernstein inequality). Let M be a coherent Dx-
module. Then

dim Ch(M) > dx.

To prove the above proposition we will need the following relation ([32, Lemma
2.3.5]). Before the statement let us fix the following notation. Let Z be a smooth
closed subvariety of Y and let i : Z — X the respective closed embedding. This
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morphism gives rise to two morphisms between the cotangent bundles of X and
Z:

ZxxT*X
/ X (77)
Pi
T*Z T*X

Here p, is the projection, which is a closed embedding, and p; : Z xx T* X —
T*Z is defined as follows. Let J be the ideal sheaf of X. First of all, the pull-
back morphism "*Qﬁ(/c — le/c (cf. [29, Chapter II, proposition 8.11]) induces
a short exact sequence

0_>7-Z_>i*TX —>NZ/X—>0

where Nz, x = Homo,(J/J? Oz) is the normal sheaf ([29, Chapter II,
proposition 8.12]). By smoothness, this is a locally free Oz-module of rank
dx — dz(= codimx(Z)). The first morphism defines p; which is in particular a
smooth morphism of relative dimension codimy (Z).

Locally, if X is endowed with local coordinates {x;, 0y, }1<i<d, Z is the hyper-
surface x = x1 = 0 and 7 is given by the morphism of C-algebras i : A — B
(A= 0Ox(X) and B = A/I), then previous diagram is induced by

B[g,é-?a"' 7£d]

A[€7£2a"'>£d] B[f%"%fd]-

& =01(0z) and & = 01(0, ), for 2 < ¢ < d, are the respective principal symbols.

Lemma 4.11.2. Let Z be a smooth closed subvariety of X and let M be a

coherent Dyz-module. Set N' = fio M, where i : Z — X denotes the embedding.
Letp; : ZxxT*X —T*Z andps : ZXxT*X — T*X be the natural morphisms
induced by v. Then we have

Ch(N) = pap; ' (CR(M)).

Proof. The problem being local on Z we can assume that X is endowed with
local coordinates {z;, 0y, }1<i<d, and an inductive argument allows to suppose
that Z is a hypersurface of X defined by the equation x = z; = 0. W also set
0z, = 0 and £ = 01(0) the principal symbol of 9. Moreover, by affineness, we
can consider the global situation. We set M =T'(Z, M).

Now, let us recall that after the example 4.3.8 we know that

N:F(X,/OM) — Clo] ®c M.

With this information, and after fixing a good filtration F' of M (with F_1 M =
0), we can define a filtration G of N by

J
GiN =) Co" @c F_1M.

1=1 k<l
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At his point we can observe that by definition of G, every term GpN is a
coherent B := Oz(Z)-module and therefore the second item in the proposition
4.10.1 tells us that G is a good filtration. We also point out that

J
gr{' N = @Cgl ®c (Fj_1M /Fj__1 M)
=0

and that grf’M is a finitely generated B¢y, --- ,&4)-module. If A :— Ox(X).
Then the previous equality clearly implies that

gr®N = Cl¢] @c gr' M
= C[¢] ®c Bl&2, -+ , €] ®cles, - ] gr’' M
= B¢, &, ,8a] ®Bley,.. 4] gr'" M

as Al&, -+, &4)-modules since the ideal of definition I C A of B acts trivially
on gr(N). Tensoring the B[y, - - -, £g)-module grf’ M by B[¢, &, - -+, &4] corre-

sponds to pull back grf (M) via p;, and the previous sentence correspondence

to push forward p}(grf (M)) via ps (i.e, to consider the resulting module over
Al&y, -+ ,&4]). This proves that

Ch(N) = Supp(gr(N)) = p2p; ' (Supp(gr’ (M)) = p2p; ' (Ch(M)).
O

Corollary 4.11.3. Let i : Z — Y be a closed embedding, and M a coherent
Dy-module. Then the coherent Dx -module N = fio/\/l satisfies

dim(Ch(N)) = dim(Ch(M)) + dim(X) — dim(Z).

Proof. The proof follows after having remarked that in the proof of the previous
lemma, we have shown that p; is a smooth morphism of relative dimension
codimx (Z) and ps is a closed embedding. O

The following reasoning is given in [62] (discussion after the proof of the propo-
sition 13.10).

Proof of proposition 4.11.1. Let M be a quasi-coherent Dx-module. Since the
question is local, we can assume that X is affine. By smoothness, we can find a
closed embedding i : X — AZ into an affine space. By corollary 4.11.3 we know
that

0
dim(Ch(M)) — dim(X) = dim </ M) — dim(A%)

:dim</i0/\/l)—d

> 0.
The final equality follows from the theorem 4.10.13. O

Definition 4.11.4. A coherent Dx-module M is called a holonomac if it
satisfies dim Ch(M) < dx.
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Example 4.11.5. Let’s suppose that M is an integrable connection. If F; M =
0 for i < 0 and F; M = M for i > 0, then F defines a good filtration on M and
grf’ M) = M. Let us denote by s : T*X — X is the zero section. Locally, if X
is supposed to be endowed with a system of coordinates {x;, 03, }1<i<d, then s
is described via the comorphism

Sh : OX[gla 7£d] —
& — 0
f = f

Now, by construction Ty CAnn, o,., (gr" M) and by definition

Ox
(78)

Ch(M) = Supp(M) =V (,/Anncig(M))

From the previous two relations, we see that if p € Ch(M) then Z?Zl Ox[§l¢& C

p. In other words, we have from (78) that p lies in T% X. This proves that
Ch(M) = T% X and therefore dim(Ch(M)) = dim(X).

Example 4.11.6. (i) From the example 4.10.14 (ii) and the Bernstein in-
equality 4.10.13, we know that if I is a left ideal of A then 1 < d(A;/I) <
1. So A;/I is holonomic.

(ii) If M is a holonomic A,-module and N is a holonomic A,,-module, then
M ®c M is a holonomic A, ,, = A, ®c A,,-module by the third item in
the example 4.10.14.

From now on, we will denote by Mody,,(Dx) the full subcategory of Mod(Dx)
consisting of holonomic D x-modules.

4.12 Duality functors

We have introduced the notion of holonomicity via the dimension of the char-
acteristic variety. In this section we will give a second description of this
category by using the so-called duality functors. The definition will be in-
spired in the following example (cf. [32, Section 2.6]).

Example 4.12.1. Let us take 0 # P € A an operator of positive degree. We
already now that left Aj-module A;/A; - P is holonomic. Now, by applying
the functor Homa, (A1, ) the short exact sequence®®

0-A A SA /AP0
we get an exact sequence

()—)I‘IOIIIA1 (Al/Al ~P7 Al) _>A1 MAl

Where we have used the following commutative diagram

Homa, (A1, A1) 227€ Homa, (A1, As)

| |

35Injectivity becomes from the fact that if QP = 0, then deg(QP) = deg(Q) + deg(P) = 0.
Since deg(P) > 0 we have that Q € C, and therefore Q € ker((e) - P) if Q = 0.
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From this we get the following. First of all
Exta, (A1/A1- P, A;) =Homa, (A1/A1 - P, A;) =ker((e)-P: Ay — Ay) =
and the only non-vanish cohomology group is the first one
Extp, (A1/A1- P, A)) ~ A /P Ay
which is a right A;-module. To obtain a left A;-module we apply the transpo-

sition (51), which is equivalent to tensoring with () ®c[,) Q2):. By [22, Chapter
16, proposition 2.1] we get

EXTJ}; ( 1/A1 P A1)®C[w]Q Al/Al ’7'( )

Definition 4.12.2. We define the duality functor Dx : D™ (Dx) — D1 (Dx)°P
by
Dx(./\/l.) = RHomp, (M.,Dx) Rox Q?}_l[dx]
= RHomp, (M*,Dx R0, Q% [dx]).
Let us remark that a priori the complex Dx (M) can be infinite, which makes

the computations harder. Let us remark that this is not the case (cf. [32,
Proposition 2.6.5])

Proposition 4.12.3. (i) The functor Dx sends D’(Dx) to D’(Dx).
(ii) (Dx)? = Id on D°(Dx).

Proof. To prove (i) we may assume that M®* = M € Mod.(Dx) is concen-
trated in zero degree. By definition, it is enough to prove that Ext%x (M,D) €
Mod.(Dx). Let U C X be an affine open subset. By the corollary 4.2.12 we can
find a resolution P* — M|y of M|y by free Dy-modules of finite rank. Given
that U is affine P*(U) — M(U) is a resolution of M(U) by free Dx (U)-modules
of finite rank. From this information we have the following relations
Exté)x (M, Dx)(U) = (Hi’HomDU(P' Dy)) (U)

= H' (Homp, (P* DU)( )

= _Z;_[Z (Home(U )) (79)

= H' (Homp, () (P* ( ), Dx (U)))

= Extp, (1(M(U), Dx(U))
This proves (i). This reasoning also proves the boundedness of the complex
Dx (M).

For the second part we follow word by word the proof given in [32, Proposition
2.6.5 (ii)]. To start with, we need to construct a canonical morphism M* —
D% (M*), for M* € D(Dx). By definition, we have

DA%((M.) >~ RHO?”I’LD;{F (R’Hompx (M.,Dx),px)7

where RHomp, (M®, Dx) and Dy are regarded as objects in D(Dx )% (com-
plexes of right Dx-modules), and the left multiplication on the right-hand side is
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induced from the left multiplication of Dx on Dx. Set H* :== RHomp, (M*®,Dx).
Applying H°(RI'(X,e)) to

RHomp g.por(M® @c Hb®, Dx) ~ RHomp, (M*, RHomps (H®, Dx)),
we obtain
Homp g psr (M* @c H*, Dx) =~ Homp, (M*, RHomps (H*, Dx)).
In consequence, the canonical morphism
M® @c H® = M®* ®¢ RHomp, (M*, Dx) — M*®
in D’(Dx ®¢ D) induces a canonical morphism
M® — RHompgr (H®, Dx) = DX (M*)

in D’(Dx). To show that this is an isomorphism we can assume that X is affine
because we are dealing with a local question. Moreover, we can even replace
M?* by Dx and the assertion follows. O

We have the following global versions of [32, Theorem D.4.3]. The reader can
find an explicit proof in [41, 66]. Let M be a coherent Dx-module.

(i) codimz:x(Ch(Extp, (M, Dx) @0y QF1)) > i.
(ii) Exty (M, Dx) =0 (i < codimyp, x (Ch(M))).
We can finally reinterpret holonomicity in terms of the duality functor as follows.
Proposition 4.12.4. Let M be a coherent Dx-module.
(i) H{(Dx(M)) =0 unless —(dx — codim(Chr«x(M))) <i <0.
(i) codimp-x(Ch(M)) > dx —i.
(iii) M is holonomic if and only if H (Dx(M)) =0 for all i # 0.
(i) If M is holonomic, then Dx (M) ~ M is also holonomic.

Proof. We follow word by word the proof given in [32, Corollary 2.6]. The first
two statements are equivalent versions of (i) and (ii) in the preceding remark.
The fourth item and the "only if" part of (iii) follows from (i), (ii) and the
Bernstein inequality. To show the "if" part, we assume that H*(Dx(M)) = 0,
for all i # 0, i.e, Dx (M) ~ H(Dx(M)) in D%(Dx). Let us denote by MY :=
H°(Dx(M)). By the second statement of the previous proposition, we know
that Dx (M) = D% (M) = M and therefore H°(Dx(MY)) ~ M. Moreover,
by (ii), we also have that

codimy. x Ch(H°(Dx (M)) > dx,

so Dx(MY) ~ M is a honolonomic D x-module. O
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Example 4.12.5. (i) Considering the resolution 0 - Dx — Dx — 0 of Dx

(i)

(iii)

we have the following
Dx(Dx) = [0 = Homp, (Dx,Dx) — 0] ®o, Q5 [dx]
= Dx @0y Q% 'dx].
In particular

DX®OXQ?}_1 if k=—dx,

k _
H*(D(Dx)) = { 0 otherwise.

Let M be an integrable connection. We consider it as a complex in
D™ (Dx) concentrated in zero degree. Let us prove that
Dx(./\/l) =~ Homo(./\/l, Ox).

To do that, we start by remarking that given that M is locally free then
we can tensor by (e) ®p, M the Spencer resolution (subsection 4.7) to
obtain a resolution of M

Dx Qoy /\Tx®oxM—>M—>O.

Let us use this resolution to compute the cohomology group Ext%); (M, Dx).
We have

Homp, (Dx @0, A" Tx ®o, M. Dx) — Homp, (Dx ®o, A Tx ®0, M, D)
Homo, (/\dx_liTX ®ox M, Dx) < Homoy (AN™ #X ®ox M, Dx)
Homo, (M, Qég*l ®ox Dx) S Homo, (M, Q% @0y Dx)
Moreover, using the fact that M is a locally free Ox-module, we also have
Homoy (M, Q% ®o, Dx) =Homo, (M,Ox) @0, U @0, Dx

=Homo, (M,Q?f‘) ®ox Dx

EEEET Yomoy (M, Q%) — 0.
The morphism « and the preceding surjection, we see that

Extf (M, D) ~ Homo, (M, Q) (80)
and therefore
HO(Dx (M)) ~ Homo, (M, Q%) @0, Q! ~ Homo, (M, Ox)
The third item in the previous proposition proves the initial claim.
From the preceding item we have the following relation
Dx(Ox) = H(Dx(Ox)) = Homo, (Ox,0x) = Ox.

This gives a reason to the shift [d,] made in the definition of Dx. This is

an adjustment so that Dx sends Ox to itself.
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Lemma 4.12.6. For M* € D%(Dx) and N'* € D*(Dx), we have
RHomp, (M*,N*®) ~ RHomp, (M®,Dx) @% N°.
Proof. First of all let’s note that we have a canonical morphism
RHomp, (M*,Dx) ®% N* = RHomp, (M*,N*®). (81)

By 4.2.12 and the additive property of Hom, for a finite direct sum, we can
assume that M® = Dx and the assertion follows since both sides of (81) are
isomorphic to N®. O

Proposition 4.12.7. For M* ¢ D!(Dx), and N* € D’(Dx) we have an
isomorphism

RHomp, (M®,N*) ~ RHomp, (Ox,Dx(M*) @5 N*®). (82)
in D°(Cx). In particular we have
RHomp, (Ox,N*®) ~ Qx ®p  N*[—dx]. (83)

Proof. Let us see (83). To do that, we remark for the reader that if w prove
that

RHO?TLDX (Ox, Dx) ~ QX [—dx]
then by the previous lemma, we will have
Homp, (Ox,N*®) =~ Homp, (Ox,Dx) ®p N* =~ Qx @p  N°[—dx]

In other words, we can assume that N'* = Dx and to use the Spencer resolution
to compute RHomp, (Ox,Dx). We have

RHOTTLDX (Ox,Dx)

dx
= HomDX (DX7DX) — = Hompx (DX Rox ATX7DX>]

12

dx
DX — s = 'HOTTL(QX (ATX7DX>]

- dx
DXH""}/\Q}(®OXDX‘|

~ Qx[—dx]

12

The last isomorphism comes from (67). This gives us (83). Now, by definition
and the last lemma we have

RHomp, (M*\N*®) = (Qx ®¢, Dx(M®)) @ N°[-dx]  (84a)

~ Ox %5 Dx(M®) @8, N°[-dx] (84b)
~ Homp, (Ox,Dx(M*) ®H(‘9X N*®) (84c)
The last isomorphism is (83). O
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We end this subsection with the following computation of the global dimen-
sion of the stalk Dx ;. We recall for the reader that in corollary 4.2.12 we have
proved that every module M € Mod,.(Dx) has a finite resolution of length
2dx by locally projective Dx-modules. We can improve this results as follows
(cf. [32, Theorem 2.6.11]).

Theorem 4.12.8. Let U C X be an affine open subset and x € X.
(i) The rings Dx(U) and Dx , have left and right global dimension dx .
(it) If M € Mod,.(Dx), then admits a resolution

0—=>Poy > —=>P1—=>Po—>M=0

by locally projective Dx-modules. If M € Mod.(Dx), we can take the
Pis to be locally free of finite rank.

Proof. Given that Dx(U) is a left noetherian ring with finite length global
dimension, its global left dimension equals the largest integer m such that there
exists a finitely generated Dx (U)-module M satisfying Exty, ) (M, Dx (U)) #
0. By the Bernstein inequality (theorem ) and the first item in the remarks given
before the proposition 4.12.4, we have Extp,  (x) (M, Dx (U)) = 0 for any finitely
generated Dx (U)-module M and i > dx. Moreover, by (80) and (79) we have
EatF (Ox, Dx)(U) = Extg 1 (Ox(U), Dx (V)

= Homo, 1) (Ox (U),2x(U))

=Qx(U) #£0.
This implies that the (left) global dimension of Dy is exactly dx. The state-
ment for the right global dimension follows from the fact that Mod(Dx) =

Mod(Dx)°? via the side-changing operations. The statement for Dx , also
follows from the preceding reasoning.

Finally, the second item follows from (i) and corollary 4.2.12. O

4.13 Functorial relations under a proper morphism

The goal of this subsection is to show the following result.

Theorem 4.13.1. Let f : X — Y be a proper morphism. Then we have a
canonical isomorphism

/]D)X —)Dy/ : D’(Dx) — D%(Dy)
! s

of functors.

To prove the above theorem we recall for the reader the following notions intro-
duced in the proof of the proposition 4.4.4.

Let Z be a closed subset of X and U := X \ Z the complementary open subset.
Ifi: Z— X and j : U — X denote the embeddings, then for any injective sheaf
7 on X we get an exact sequence
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0=T2(Z) =T j.j T —0

and therefore, for any M*® € DZC(DX) we get a distinguished triangle

RT;(M®) = M® = Rj,j'M* 25 . (85)

We also remark for the reader that the projection formula for O-modules (cf.
[30, Proposition 5.6]) implies

i(Ox @10, i7" RjM®|v) = i.02 @6, Rj.M*|y

and therefore

it /M'|U =0. (86)

(The first equality has bee proved in (61) and (62)). Finally, let us prove that

RTz(M®) ~ /ﬁM'. (87)
i
By the very definition RT'z(M®) € D7 (Dx), so RTz(M?®) = [;if RT z(M®*)
by corollary 4.9.2. This yields to prove that if R z(M®) ~ if M*. By applying
i to the distinguished triangle (85) it is enough to prove that if Rj,j ! M® = 0.
This follows from 86 because

itRj I M® = iT/M'|U =0.
J

Now, let f : X — Y be a proper morphism of smooth algebraic varieties. We
want to construct a morphism

Trp - /f . Ox[dx] = Oy [dy] (88)

called the trace map of f.

First of all, as X is quasi projective, we have an embedding j : X — P" and
therefore we can consider f as the composition between a closed embedding and
a projection

= (f(2),j(x))

X Y xP" — Y. (89)

The case f =i is just to apply the canonical morphism?® [ if — id (coming
from propositions 4.4.4 and 4.6.3) to Oy xp» and take a shift of degree dy. More
exactly, we have a morphism

/Z'TOY — OY in Db(Dy)
By definition ifOy = i*Oy[dx —dy] = Ox[dx —dy], so the required morphism
Tr; is obtained after taking the shift [dy] in the morphism L Oxldx—dy] = Oy.

For the case of the projection X = P"* x Y — Y, by Ox = Opn K Oy, we can
suppose that Y consists of a single point p : P" — pt. By proposition 4.8.1

36We have given a explicit description at the beginning of the proof of Kashiwara’s equiva-
lence.
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/ Ozn = Rp.(DRen jp (Op)) = RT(B", [Opr — ... =+ Qi)
p

and we have isomorphisms

HO (/p Opn [n]> ~ 720 (/p Opn m) ~ H(P", Q).

By [29, Chapter III, corollary 7.13] and the previous isomorphism we get the

desired morphism
/opn _, 20 </ Opn [n]> ~ C~ O
P P

Finally, from the preceding reasoning, we define the trace of f as the composi-
tion of

/f(’)X[dX] :/p/i(’)x[dx] a/popw[dymx] S Oyldy].

Before proving our theorem we introduce the following results. The first one
is a sort of projection formula whose proof can be found in [32, Corollary
1.7.5].

Lemma 4.13.2. Let f : X — Y be a morphism of smooth algebraic varieties.
Then for M* € D! (Dx) and N € D (Dy) we have

/f(M‘ ®R6, LITN®) =~ (/f M’) %, N°.

Finally, given that any morphism f : X — Y of smooth algebraic varieties is a
composition of a closed embedding and a projection

X = (f(z),x) Y x X (y,2)—y y

we can conclude by (65) and the propositions 4.6.1 and 4.8.1 the following
important proposition

Proposition 4.13.3. Let f : X — Y be a morphism of smooth algebraic vari-
eties. Then [, sends D! (Dx) to D..(Dy).

Remark 4.13.4. The previous lemma can fail if we consider the category
DI;(DX). For instance, if i : A(l; — A(% denotes the standard embedding, then it
is clear that Dy2 € Modc(Dyz2), but by (50) we know that

’L'*DA% = DA% ®c C[0y]

is a free DAé -module whose basis consists of the set of powers of 0. Since this
basis can not be finite, we can conclude that i*Dy2 is not a coherent DAé—module.

Proof of theorem 4.13.1. By definition (Why?), we know that

/f]D)X(M.)

Rf.(RHomp, (M*, Dx) @5 Dx_y)®p, Q2 dx]

Rf.(RHomp (M, Dx_,y)) ®p, QOF 'dx],
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(the second equality follows from the lemma 4.12.6) and

Dy / ./\/l. = R’HomDY (/ M',Dy) ®H(‘9y Qg_l[dy].
f f
Let us construct a canonical morphism
@(M.) : Rf*(R’Hompx (M‘,Dxﬁy[dx])) — RHOTTLDY (/ M.,'Dy[dy}>
f

in DY.(DYF). By proposition 4.13.2 we have

/Dxﬁy[dx] = / (Ox @6, Lf*Dyldx]) ~ </ Ox[dx]> ®&, Dy-.
f f f

The trace map of f induces a canonical morphism | f Dx_yldx] — Dy[dy] and
®(M?*) is defined as the composite of
Rf* (RHOTTLDX (M., ’Dxﬁy[dx]))
— Rf.RHom-1p, (Dyx @p, M*, Dy x @5, Dx_y[dx])
— RHomp, (Rf.(Dyx ®% M®), Rf.(Dy—x ®p, Dx_y)dx])

= RHO’ITLDY (/f M.7/fDX—>Y[dX]) (90)
— RHOTTL'DY (A M.,'Dy[dy}> .

The first morphism is given by taking the tensor product with Dy . x, the
second one is just the definition of f, and the last one is induced by the trace
morphism. Let’s prove that ®(M?®) is an isomorphism.

By decomposing f as a closed embedding and a projection we can reduce the
proof to these cases and we may assume from the beginning that M*® = Dy
(If f is a closed embedding then this assertion is proposition 4.2.11 and if f
is the projection the assertion comes from the fact that a product between a
projective space and a smooth affine variety is D-affine [32, Theorem 1.6.5]).

If f=1i: X — Y is aclosed embedding then ®(AM?*) is given by the composition

Ri.(Homp, (Dx,i*Dy))[dx] =~ RHomp, </iDX,/ii*Dy) [dx]

~ RHomDY </Dx,/iTDy) [dy]

— RHomDY (/Dx,Dy> [dy]7

The second isomorphism is just definition of if and the last one is induced by the
canonical morphism fl i — id. The first isomorphism follows from Kashiwara’s
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equivalence as follows. We have a canonical isomorphism i” fl "Dy = Dy and
by proposition 4.6.3 we have

i*(’HomDX (DX7/L.*DY)) ~ i*(HomDX (Dx,ih /Z*Dy))

K3

~ RHomp, (/D}Q/f@y) .

We want to show that the map

RHomp, < / Dy, / iTDy) [dy] — RHomop, ( / DX,DY) [dy]

is an isomorphism. Let us fix U :==Y \ X and j : U — Y the open embedding.
The distinguished triangle (defined by (85) and (87))

/iTDy —)Dy —)/jTDY il—)

z J

tells us that we only need to prove that RHomp, (/DX, /j*’Dy) = 0. This is
; .

j
a consequence from the propositions 4.6.1, 4.6.3 and the relations (86) as follows

RHOTTLDY (/Dx,/j*py> >~ i*RHomDX (Dx,iT/j*Dy>
i J J

~ i*ﬂ/j*py =0
J

Finally, let us consider the case f = p : P x Y — Y is the projection. By
Dx = Dpn X Dy we can suppose that Y = {pt} is a single point. In this
case, Dpn_,pt = Opn and Dpyepr = Qpn. From this information we have the
following relations

Rp* (RHOmDX (Dx, DX—>Y [dx])) = Rp* (R?’[O’n’lpnm ('D[pn, O[pm [TLD)
= RD(P", Opn [n))
~ Cln]

and

RHOTTLDY (/ Dx,Dy [dy]) = RHOTnDpt (Rp* (Q[pm QDpn 'D[pm),Dpt)
p

= RHomc(RF(]P’”, Q[pm), (C)
= Hom¢(C[—n],C)
= C[n].

Hence we only need to show that ®(Dpx) is non trivial. But by (90) and the
fact that

Rp. (RHomp,, (Dpr, Dpn_pt) = RHomp,,, (Dpn, Dpr_pt )
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the morphism ®(P™)[—n] is given by

RHomp,, (Dp», Opn) = RHomc(Qpn, Qpn @, Opn))
— RHomg(RT(P", Qpn ), RT(P", Qpn @5, Opn))
— RHomg(RT(P", Qpn ), 72" RE(P", Qpr @, Opn))
~ RHom¢(RT' (P, Qp... ), C[—n])
~ RHom¢(RT(P", Qpn ), RT(P", Qpn))
(the third morphism is induced via the trace map constructed before). This

map is induced by the canonical morphism Opn — Homo,, (2pn, Qpr) which is
non-trivial. O

We end this subsection by introducing the following results. The reader can
find the the proof of the first proposition in [32, Proposition 3.1.6].

Proposition 4.13.5. Let M be a holonomic Dx-module. Then there exists an
open dense subset U C X such that M|y is coherent over Oy . In other words,
M|y is an integrable connection on U.

Proposition 4.13.6. Let M € Mod,.(Dx). For an open dense subset U C X
suppose that we are giving a holonomic submodule N of M|y. Then there exists
a holonomic submodule N of M such that N|y = N.

Proof of the proposition 4.13.6. By a standard reasoning in algebraic geometry
we may assume that M is coherent and M|y = N. Set £ = H°(X,Dx(M)).
By the second item og the proposition 4.12.4 we have codim(Ch(L)) > dx and

hence £ is holonomic. Then N = Dx (L) is holonomic by the fourth item of
proposition 4.12.4.

By definition, £ = H%(X,Dx(M)) ~ 72°Dx (M) and by (106) we have a
distinguished triangle

7S IDx (M) = Dx (M) — £ 15
By applying Dx we obtain
N = M = Dx(r="'Dx (M) 1,

and since the duality functors commutes with restrictions to open sets and by
holonomicity of M|y we have

Nl =Dy(Lly) = D*(M|y) = Mly = N.
With this, one verifies that the canonical morphism N = M is injective and

we get the result. O

4.14 Preservation of holonomicity

Let f: X — Y be a morphism of smooth algebraic varieties. In this section we
will show that the functors [ s and fT preserve the holonomicity. More exactly,

if Dyoi(Dx) denotes the full subcategory of D(Dy) consisting of complexes of
objects M*® € D(Dx) such that H?(M?*) is a holonomic Dx-module. We have
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Theorem 4.14.1. Let f : X — Y be a morphism of smooth algebraic varieties.
(i) [, sends D! (Dx) to DY (Dy).
(ii) fT sends D (Dy) to D% (Dx).

To prove the above theorem we recall for the reader the following notations.

n

Let’s suppose X = Ag. In this case, we know that Tap = @OA;}&‘“ and
i=1

therefore

A, =T(AZ, Dap) @ Ca®d”

where 2% = 2{' - 2% and 8% = 901 -.-9%». We recall that the algebra A,
is called the Weyl algebra. Since A{C‘ is afﬁne the global sections functor
induces the following equivalences of categories

Modqc(DAg) — Mod(A,), Modc(DAg) — Mod(A,).

By afineness (remark 4.2.7) and given that the Fourier transform (example
4.10.11 (iii)) induces an auto-equivalence of the category Mod(A,,), we have
the following auto-equivalence of the category Mod,.(Dar)

Mod(Dy;) — Mod(A.,,) 75 Mod(A,) — Mod(Dyy)
M — M= F(Ag,DAz) — Mxr — Mxr = DAC XA, M.

We have the following technical lemmas.

Lemma 4.14.2. Let us consider
P AL Xspeec) AL = ALTY and i ARTT — AR

the projection and the closed embedding. For M € Mody.(Day) we have
([ ) e
P

Proof. Let us denote M :=T'(A%, M). By proposition 4.8.1 (i) we have

for any k.

/ M= Rp.(DR,, ;0 (M),
p

To compute the complex Rp*(DRA;, / an-1(M)) we consider the commutative
diagram :

1 n—1 p n—1
AL Xspec(c) Ag > Ac

L1 J

AL ———— Spec(C).
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By [29, Chapter II, proposition 8.10] we have
1 * 1
U pazr = 4 (U specicy ) = Oz
We can use this information to identify

Qo jpnr B0 M= M
fdac1®m —~  fm

s
(as Opn-modules) and the de Rham complex has the shape [M — M] b
(68). We have proved

Oy
p

From this we get

ker(M 2225 01 (k=—1)
F<A51’Hk (/M>> - coker(MBI—1>M) (k=0)
’ 0 (k #0,-1),

and therefore

o~

ker(M M) (k=-1)
r Aé‘l,Hk cokeer—1>M) (k =0)
(k#ov_l)v

= T(AR™Y, H*(Li* M)).

For the second equality the reader can use the Koszul’s complex and to apply the
same reasoning that we have given in the theorem of Kashiwara’s equivalence
(complex (70)). O

The following lemma is an immediate consequence of remark 4.10.15 and the
example 4.10.11 (iii).

Lemma 4.14.3. A coherent Dpn-module M is holonomic if and only if Mz is
holonomic.

We have the following technical lemma. We follow word by word the proof given
in [22, Chapter 10, lemma 3.1].

Lemma 4.14.4. Let (M,F = {Fy}) be a good filtered finitely generated left
A, -module. Let us suppose that there exist constants c¢; and co such that for
[>>0

dimp(F}) < c15™/n! + ca(j + 1)1

Then M is a holonomic A, -module.
Before starting the proof, we remark for the reader that this lemma has a more
general version without the hypothesis of finitude. This property makes part of

the proof of this general statement, and it is proved by remarking that every
finitely generated submodule of M has multiplicity at most c;.
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Proof. Let us consider the Hilbert polynomial x4, () € Q[t] of M associated to
the filtration F. Using the polynomial bound of the hypothesis, we see that for
[ >> 0 we have

Xar(1) < erj™/nt+ e +1)"
In particular, the degree of x1,(t) cannot exceed n. Hence d(M) < n and from
the Bernstein inequality we can conclude that d(N) = n. O

Lemma 4.14.5. Let us consider the open embedding j : (A% \{0}) x A — AZ.
If M € Mody(Day), then so is Ho(fj iTM).

Proof. Let us denote by U := (AZ\{0}) xAg. Given that j is an open embedding
it is affine and the functors j* and j, are exact. We have the following relations.
First of all

On the other hand,
/J'TM = js (Dazev @py, Mlv) = ju(M|).
J

Let M :=T(A%, M) € Mod;(A,). From the previous relations we have that

J

considered as a C[z]-module via the canonical morphism C[z] — Clz,z]']. By
using the remark (4.10.15) it is enough to prove that M,, is holonomic. Let F'
be a good filtration of M and for every k € N we define

Gy = {f/a7 | deg(f) < 2k}.
Let us first verify that G = {Gj} is a filtration of M,,.

Let f/z%¥ € M,, such that deg(f) = s. Given that f/z}¥ = fa5/2i"* and
deg(fx3) = 25 < 2(s + k) we see that f/z} € G,yx. From this we can conclude
that M., is the union of all the Gy.

Now, let us take f/x} € Gy. Since deg(x;fr1) = 2+deg(f) < 2+2k = 2(k+1),
we have that z;(f/2¥) = x; fo; /2" € Gy11. Differentiating f/2} with respect
to x;, we get

(2102, (f) = ko) for™

with deg(z10,,(f)—kfdi1) < 2(k+1), s0 9., (f/2%) € Gry1. From this reasoning
we see that By - G} C Gry1. By induction and given that B = B;, we also have
B; - Gi. € Gi4i. To end the proof that G is a filtration of M,, we need to see
that G has finite dimension, but this follows from the fact that

n

dime(Gy) < dime(Bay) = <2k + ”)
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Moreover, given that the two terms of highest degree in k of this binomial

number are
27k" /n! and 2" '(n 4+ 1)nk" "1 /2(n!)

it, follows that
dimc(Gy) < 2"k"™/n! 4+ 2" (n + Dn(k + )" /nl.

From lemma 4.14.4 we can conclude that M, is holonomic. O
Lemma 4.14.6. Let M and N be coherent Dx-modules. Then

Ch(M R N) =Ch(M)x Ch(N).
Proof. If (M, Fy) and (N, F») are good filtrations of M and N. Then

Fr(MBN) = > F(M)RF;N)CMREN
itj=k

is good filtration for M X A. With this is clear that

7 (MBRN)=gr’ (M)Rgr (N),
which implies the result. O

Lemma 4.14.7. Leti: X — Y be a closed embedding. Then for M* € D(Dx)
we have

M® e D)(Dx) < /M' e D% (Dy).

Proof. The proof is essentially to reduce to lemma 4.11.2 and note that the
morphism p (appearing in the cited lemma) can be taken smooth with fibers of
dimension 1 (why?). O

Proof of theorem 4.14.1. First of all we reduce the proof of (7) to the case f =p:
C"™ — C"~ ! is the projection. We can assume in (i) that M*® € Mod;(Dx) and
considering f as the composition of a closed embedding and a projection (see for
example (89)), we can use the above lemma to reduce to the case when f is the
projection f: X xY — Y. Moreover, given that the problem is local on Y, we
may assume that Y is affine. Let us take X = (J!_, X; an affine open covering
of X and let us denote by j;,...;, : ﬂ];ZO Xi, > X (0<ig < <ip <)
the open embedding. We know by [29, Chapter III, theorem 4.5] that M is
quasi-isomorphic to the Cech complex C*(M) with

Ck'(./\/l) = @ jio...ik*M|ﬂZ:0X1p - @ / .710 zk

i< <l Go< - <ip Y Jio ik

(to achieve the previous isomorphism the reader can follow the same lines of
reasoning given at the beginning of the proof of the lemma 4.14.5) and therefore
it will be sufficient to show [ Fois M € Db (Dy) which also implies that

we can assume from the beginning that X is affine. Let us fix closed embeddings
a: X =A%, B:Y — A7, and consider the commutative diagram

‘]10 Lk

0tk

X~ X xy 2XE, pntm

I lﬁ

Y o Am
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where g is the graph embedding. By proposition 4.6.1 we have the relation

fa= L],
BJf p J(axpB)og

and since f(a M € Mod},(Dem+n) by the previous lemma, and the fact

xfB)og
that Agfm — AZ is a composite of morphisms AY — Aé_l, we only need to
consider the case when f is the projection AZ — Ag_l. Refreshing the notation
we have f =p: AR — Agfl is the projection, M € Mod,(Day) and we want
to show fp M € D} (AZ). The lemmas 4.14.2 and 4.14.3 tell us that it is enough
to show that it M € D} (A™1).

Under the hypothesis and notations in the lemma 4.14.5, and according to (85)
and (87) we have a distinguished triangle

/z‘TM—>M—>/jTM+—1> (91)
i J

which induces the exact sequence

O—>H0</iiTM)—>M—>HO</jTM)—>H1</iiT/\/l)—>0 (92)

Since Ho(fj jTM) € Mode(Dar) by the lemma 4.14.5, we can conclude that
[;itM e D?L(DAE) and therefore if M € D?L(IDA;},—l) by the previous lemma.

Finally, let us prove that (i) implies (ii). Decomposing f as a closed embedding
and a projection we can assume first that f is the projection X xY — Y. In
this case f*M ~ Ox X M and this is holonomic by lemma 4.14.6

Ch(Ox R M) = Ch(Ox) x Ch(M) = T4 X x Ch(M).

For a closed embedding we can use the distinguished triangle (91)
-7 -t +1
ITM—->M—= [ jJIM—=.
i J

Given that jTM = M|y € Mody(Dy), then (i) tells us that fjjTM° €
D! (Dy). The same argument given in (92) implies that [itMe € D! (Dy).
The previous lemma finally gives us if(M*®) € D! (Dx). O

Example 4.14.8. Given that the proof of the theorem 4.14 is quite complicated,
in this example we will try to explain this result in the special case when

f:(flv"'afm):AgﬁAg

is a polynomial map, i.e, f1, -, fm € Clx1,- - ,z,] are polynomials. In other
words, we want to prove that if M € Modpe(Dar) (resp. N e Modo(Darr)),

then f;c)/\/l € Modpi(Daz) (resp. f*N € Modpe(Daz)).

Remark 4.10.15 tells us that we can work in the global situation M = I'(A%, M)
a holonomic A,-module and N := I'(A7", N) a holonomic A,,-module. Let us
summing up what we already know.
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(i) f can be decomposed as the composition of a (standard) closed embedding,
an isomorphism and a projection

i

z)=(z,0) ,pn m e@y)=(z,y+f(y))
——— A¢ Xspec(@) AL w LR

m(z,y)=y AT

Ag AL Xspec(c)Ar ¢

(ii) The fourth statement in the example 4.3.8 tells us that
7 (N) =Clz1, - ,2,] ®c N.
Hence 7*(N) is holonomic by (76).
(iii) By (66) we can deduce that

0
(M) = I( e”/ M) =Clo,,.- .0,,] @c M.

Since Cly1,- - ,ym]r = C[0y,,- -+ ,0y,,] we can conclude as before that
ix(M) is holonomic.

We will concentrate the effort in proving that inverse images of (standard)
embedding and inverse images of (standard) projections preserves holonomic-
ity. In light of the proposition 4.6.1 we can work out the case of a (standard)
embedding assuming that m =n + 1.

Claim 1: if K € Mod},,;(A,+1) which does not contains any non-zero element
with support on AZ, then i*(K) € Mod(As,).

Proof. We start by recalling for the reader that

(K) = K/yK
by the third statement in the example 49. Let F' be a good filtration for K, and
for every k € N let us consider

Gy = (Fk —‘ryK)/yK(ﬁ Fk/FkﬁyK).

The key point to understand here is that we are building a good filtration
for K/yK as an A,-module, from a good filtration of an A, 1i-module. It is
straightforward to see that G is actually a filtration of K/yK and we will use
the lemma 4.14.4 to see that this is actually a good filtration. We start with
the following relations
dlm(c(Gk) = dll’nc(Fk) — dimk(Fk n yK)

< dimc(Fy) — dime(yFr-1)

== dlmc(Fk) - dim(c(kal).
The first equality is clear, the inequality follows from the fact that yFy_1 C
F, NyK and the second equality uses the fact that Fj_1 - yFy_; is injective
by hypothesis. So, translating the previous relations in terms of the Hilbert
polynomial x%(t) € Q[t], we find that

dime(Gr) < xk (k) = Xk (k —1).
Given that leading coefficient of x% (t) — xE(t — 1) is m(K)t"~1/n!, we can
conclude that there exists ¢ € Q such that
dime(Gy) < m(K)E" 1 /(n — D!+ ¢(k — 1)" L,

This ends the proof of the first claim. O
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(iv) If K € Mode(Any1), then i* K € Modp.(A.,).
Proof. Let
Tun(K) = {m e K | 3N € N such that y"m = 0}.

and put K’ := K/T'sn(K). We remark for the reader that, via the Weyl rela-
tions, it is easy to see that K is an A, ;-module and using the preceding claim
we also see that i*(K') € Mody,,(A,). So, all what we have to do is to prove
that the canonical morphism

K/yK — K'/yK'

is an isomorphism. This is an easy computation (cf. [22, Chapter 18, lemma
1.1]). O

Let us suppose again that n, € N are arbitrary.
(V) If L € Mody, (Am+n): then 7, L € MOd}wl(Am).
Proof. The second statement of the example 4.6.2 tells us that

m L = L/i&ziL = <L/ixiL>
i=1 =1

F

In particular

d(r.L) =d ((L/é xiL>F> —d (L/ixifz> :

L/ixiL ~ j*L
i=1

where j : A% — AZT™ is the standard embedding j(y) = (0,y). This ends the
proof of the claim. O

However,

All in all, we can easily use the decomposition given in (i) and the statements
from (ii) to (v) to prove that the inverse image functor and the direct image
functor preserve holonomicity.

We end this section with the following adjuntion formula. Let f: X — Y be
a morphism of smooth algebraic varieties, we define new functors

/ = DY/DX:DZ(DX)%DZ,’L(DY).
£ f
f* =DxfTDy : D}(Dy) — D! (Dx).

Theorem 4.14.9. For M* € D} (Dx) and N'* € D} (Dy) we have a natural
isomorphism

RHomp, ( M',N') ~ Rf.RHomp, (M*, fIN®),
71

Rf.RHomp, (f*N*, M*) ~ R{omp, (N‘,/M').
f
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Proof. We have
Rf.RHomp, (M®, fIN®)
~ Rf. ((2x ®5X DxM?) ®%X fTN.) [—dx]
~ Bf. (@ %, DxM") 05, Dy 0 1p, FIN*) [
= RF. (9 b, DxM?) 05, Dx_y) &b, A*[~dy

~ (Qy ®gy /Dx./\/l.> ®%Y N.[*dy]
f
~ (Qy ®, ]D)y/ M') ®%, N*[—dy]
f!
~ RHomp, ( M',J\f’) :
f!

The first isomorphism comes from the lemma 4.12.6 and the definition of Dy,
the second isomorphism is the definition of fT, the third one is a general property
(called the derived projection formula for D-modules) of the inverse and direct
image (cf. [32] proof of 1.5.21), the fourth one is the definition of ff’ the fifth
one comes from the theorem 4.14.1 and the last isomorphism is given by the
isomorphism (84a). This establish the first isomorphism, the second follows
from duality why?. O

By applying H°(RI'(Y,e)) to the above isomorphism we obtain the following

Corollary 4.14.10. We have a natural isomorphisms
Hosz(Dy) </f',/\/l°,j\[-) ~ Hong(Dx)(MﬂfTN'),
HomD}bL(DX)(f*N',M’) ~ Homps (py,) (J\f’,/f/\/l').

Finally,

Theorem 4.14.11. There exists a morphism of functors
/ —>/ : D} (Dx) — D} (Dy).
f! f

Moreover, if f is proper, then this morphism is an isomorphism.

Proof. By Hironaka’s desingularization theorem ([12, Theorem A] or [31, Main
theorem]), there exists a smooth completion X of X. Since X is quasi projective,

a desingularization X of the Zariski closure X of X in the projective space is
such a completion and therefore f can be factored as

XLHXxYyLXxy By,

where ¢ is the graph embedding and p is the projection. In this case ¢ and p
are proper and j is a open embedding. This reduces the problem to consider
proper morphisms and open embeddings. For the case of a proper morphism f
by theorem 4.13.1 we have an isomorphism
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/:Dy/Dxﬁ/.
f! f f

On the other hand, if f : X — Y is an open embedding and M*® € D (D)
then by the above corollary we have

HOmDi(ny) (/| M.7/M.> ~ HomDZ(DX) (M.,]T /MO)
J: J J

~ HOmDZ(DX)(M.,M.)

l

and we obtain the desired morphism as the image of id € Hompy (py(M*, M?®).

4.15 Minimal extensions

We say that a Dx-module M is simple if it contains no coherent D x-submodules
other that M and 0.

Let us take M € Mod,(Dx). According to the proposition 4.8.1 the total
multiplicity of M defined by

mM)= 3 me(grf (M)
CelI(Ch(M))

is additive in the sense that we have m(M) = m(L) 4+ m(N) for any short exact
sequence

0—-L—>M—-N—=0

in Mody(Dx). This implies that if we have a descending chain of non-zero
holonomic sub-modules of M

M:MOQMlg"'QMka

then m(M;) = m(M;41) + m(M;/M;y1) and therefore m(M) > k. In partic-
ular, we see that M can not have an infinite descending chain. The preceding
reasoning tells us that Mody,(Dx) is an artinian category. With this prop-
erty we can construct a Jordan-Hoélder series of M as follows. Let’s suppose
that we have constructed a chain 0 = Mg & My & -+ & My, of submodules
of M such that M;/M;_; is simple. By the last reasoning we can take a sub-
module M1 of M such that M1/ My is a minimal submodule of M /My
and therefore is simple. This process can not continue indefinitely because, by
remark 4.2.7 and proposition 4.2.8 we know that M is also locally a noetherian
module. So, we have a finite sequence

M=Mpy2Mp 12 - 2Mpg=0
of holonomic Dx-submodules such that M;/ M, is simple for each i.

On the other hand, let Y be a locally closed smooth subvariety of X. Let us
assume that the inclusion map i : Y — X is affine. Then, by example 4.3.11
we know that Dx. y is locally free over Dy and the higher cohomology groups
of i, vanish. Therefore, for a holonomic Dy-module M we have H!( fiM) =
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Hl(f“ M) =0 for all I # 0. Finally, by the theorems 4.14.1 and 4.14.11 we have
a morphism

/ﬂM—)/iM (93)

in Mod(Dx).

Definition 4.15.1. We call the image L(Y, M) of the morphism (93) the min-
tmal extension of M.

Theorem 4.15.2. (i) Let Y be a locally closed smooth connected subvariety

(ii)

(iii)

of X such that i : X — Y is affine, and let M be a simple holonomic
Dy -module. Then the minimal extension L(Y, M) is also simple, and
it is characterized as the unique simple submodule (resp. unique simple

quotient module) of [, M (resp. of [, M).

Any simple holonomic Dx-module is isomoprhic to the minimal extension
L(Y, M) for some pair (Y, M), where Y is as in (i) and M is a simple
integrable connection on'Y .

Let L(Y, M) and L(Y', M) be as in (ii). We have L(Y, M) ~ L(Y', M)

if and only if Y =Y’ and M|y ~ M'|y for an open dense subset U of
Yyny'.

Proof. (i) Let us choose an open subset U C X containing Y. We denote by

kY — U the closed embedding and by j : U — X the open embedding.
We first show the following results.

(a) For any & € Modq?c(DX) we have H'iT(£) = for [ # 0. In other
words H'' : Mod},(Dx) — Mod,.(Dy) is an exact functor.

(b) For any non-zero holonomic submodule A of [, M, we have i\ ~

M.

(c) J; M (resp. [;, M) has a unique simple holonomic submodule (resp.
simple holonomic quotient module).

(d) For a sequence 0 # N1 C Ny C [; M of holonomic submodules of
J; M, we have if (N3/N7) = 0.

We start by remarking that j* = jT = j~! because j is an open embed-
ding. Now, given that  is a closed embedding and for £ € Mod;;(DX) we
have the relations '€ = kfj7€ = kTj71€ and Supp(j ') cY NU =Y,
then by Kashiwara’s equivalence H'if(£) = H'kT(j71€) = 0 for all [ # 0.
This proves (a).

Now, by corollary 4.14.10

Homp, (N, / M) = Hom, (N, /J /k M)

~ Homp, (j*./\f, ./\/l> )

E

123



Since j is an open embedding, we have that j* = jT = 7! is exact which

implies that if we apply the functor j to the inclusion N < LM we
get a non-zero morphism ¢ : jTN — fk M. Moreover, by theorem 4.14.1
we know that |, M is a simple holonomic Dy-module, so by Kashiwara’s
equivalence, we can conclude that ¢ is surjective. Applying kT to ¢ we
obtain a surjective morphism i'A" — k' [ M = M. On the other hand,
we have an injective morphism it — if L M ~ M because i is exact
by (a). Hence we must have ' A" ~ M. This proves (b).

To see (c) let’s suppose that there exists two simple holonomic submodules
L #L of [M. Set N =L@ L' (the sum is in fact a direct sum by
simplicity). By (b) we have

MeitN ~it il ~ Ma M

which is a contradiction. Finally, by exactness of i’ we have iTA5 /it N} ~
it (N2/N1), and therefore from (b) we can conclude that it (N2/N7) = 0,
since Z'T./\/'l C iTNz cif sz =M.

Let’s see the theorem. By (c) there exists a unique simple holonomic submodule
L of fl M and by corollary 4.14.10 there exist two isomorphisms

Homop, (/ M,E) ~ Homp, (M,it L) ~ Homp, (M, M),
i)

Homp, </ ./\/l,/./\/l) ~ Homp, (/\/l,iJr /M) ~ Homp, (M, M),

from which we have a decomposition [, M — £ < [ M of the morphism
fi! M — fl M (which is non-zero since it corresponds to the identity). Since £
is simple, the image of the latter morphism is £ and the proof of (i) is complete.

To see (%), let’s take £ a simple holonomic Dx-module. By propositions 4.13.5
and 4.13.6 we can take an affine open dense subset Y of an irreducible component
of Supp(£) such that if i : ¥ — X is the embedding, then M = L is an
integrable connection on Y and it is simple. By corollary 4.14.10 we have an
isomoprhism

Homp, (/ M,ﬁ) = Homp, (M,i'L) ~ Homp, (M, M) #0

which implies, by simplicity, that there exists a surjective morphism fi! M — L.
Therefore, £ is a simple holonomic quotient module of fi! M and we obtain
£ = L(Y, M) by (i).

Let us finally prove (ii¢). To do that, we start by remarking that, under the

hypothesis of (i7), we have that Supp(M) =Y (we recall that M is an in-
tegrable connexion on Y'). This implies that Supp( L M) =Y and therefore

Y C Supp(L(Y, M)) C Y. But given that Supp(L(Y, M)) is a closed set we
necessarily have Supp(L(Y, M)) =Y.

Now, if L(Y, M) ~ L(Y', M’), then by the reasoning given in the previous
paragraph we have Y =Y’ Moreover, given that Y, Y’ are locally closed in X,
we have that Y is open in Y and Y is open in Y. Let us take U := Y\ (YoUY]),
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where Yy := Y \ Y is a closed subset of Y (resp. Yj is a closed subset of Y7).
It is clear that U is an open subset contained in Y which is in fact dense in
Y NY'. By (b), we know that i’ L(Y, M) = M and L(Y,M)y ~ L(Y' M)y
which gives us M|y ~ M'|y.

On the other hand, let us denote by £ := L(Y, M) and £’ .= L(Y', M’). Let
C be an irreducible component of Supp(£) and let us take Y :=UNC. If
i1:Y"” =Y and iy : Y — Y7 are the closed embeddings (of course i; = is),
then as in the proof of (ii) we have £ = L(Y",i{£). Similarly £’ = L(Y",ilL’).
To end the proof of (iii), we only need to prove that i{ £ = i}£’. This follows
from the fact that il £ is the inverse image of M|y on Y and i}£’ is the inverse
image of M'|y on Y. This ends the proof f the theorem. O

4.15.1 Irreducible representations of the first Weyl algebra

In this subsection we will use the theory developed so far to classify the irre-
ducible representations of the first Weyl algebra A ;. This classification has been
achieved in [13] by algebraic methods.

Example 4.15.3. Let X = Al be the affine line. As in subsection 4.14, let us
denote by A;(C) := Dy (A}) the first Weyl algebra. If z is a fixed coordinate
an explicit expression for A;(C) is

Clz, 0,]
([{)376:1;} - 1)

Let Y C X be a connected locally closed sub-variety of X, and U C X be an
open subset such that Y is closed in U. Let us consider the following cases.

A,(C) =

(i) Y € U. Therefore dim(Y) < dim(X) = 1 and Y = {p} is a singe point.
In this case, by D-affnity, we have

L({p}, O{p}) = DX ®0X,p O{P}
which is simple.

(ii) If Y = U, then Y contains the generic point n and Y = X. By (i) in
theorem 4.15.2, if M is a simple holonomic Dy module and U’ is another
open subset such that M’ is a simple holonomic Dy, then L(U, M) ~
L(U’, M) if and only if M|, = M'|,.

By (éi) in 4.15.2 we get that the simple holonomic Dx-modules are, up to
isomorphism, L({p}, Oy,y) and L(n, M), where M is a simple holonomic D,)-
module.

Now, I'(n,D,) = A1(C)y = C(z)[0,] and by D-affinity, the global sections
of simple D,-modules are simple I'(7, D,)-modules. Moreover, by [13, First
part of theorem 4.4], the A;(C)-socle (sum of all simple A;(C)-sub-modules)
of every simple I'(n, D,;)-module is a simple A;(C)-sub-module. Therefore, by
[13, Second part of theorem 4.4], the global sections of the minimal extension
L(n,D,) equals the A;(C)-socle of I'(n, D).
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Finally, every element P of I'(n, D,)) = C(z)[0,] can be writtenas P = 3 . Qa 05,
where Q,, € C(z). Then if we define

ord(P) := {a € N| Qn # 0},

we can easily verify that I'(n, D,,) is a non-commutative principal ideal domain
([22, Exercise 4.5]) and therefore by a classical argument, the representations
of I'(n,D,) can be expressed in terms of factorization of elements of I'(n, D,,).
Moreover, a I'(n, D;,)-module M is simple if and only if

M ~T(n,Dy)/ (T(n, Dy) - P)

for some irreducible element P € I'(n, D,) ([40]). All in all, theorem 4.15.2 tells
us that simple A;(C)-modules are parametrized, up to isomorphisms, by the
closed points of X and the irreducible elements of I'(n, D,,). This gives back the
classification in [13].

5 Beilinson-Bernstein-Brylinski-Kashiwara local-
ization theorem

In this section

5.1 Classification

In this subsection we will define a generalization of the sheaf of differential
operators Dx studied in the previous sections over a smooth complex algebraic
variety. We recall for the reader that this sheaf is endowed with a filtration
{FiDx }aen by the order of the differential operator (42). Moreover, we have
the following canonical identifications

FDx/FoDx = Tx
3 = (6o

(the second identification follow from the third item in the proposition 4.2.1 and
the example 4.2.3). In particular

gre(Dx) = Sym(Tx).

OX = F()D and

The definition of the sheaves of twisted differential operators will be based
in the previous identifications.

Definition 5.1.1. Let X be a smooth complex algebraic variety. A sheaf of
twisted differential operators on X is a triple (D,{F;D}4en,1), such that
D is a filtered sheaf of associative C-algebras with identity and i : Ox — D is
an injective morphism of C-algebras. Moreover, (D,{FyD}4cn,t) must satisfy
the following properties:

(i) The inclusion i : Ox — D gives rise to an isomorphism Ox ~ FyD,

(ii) the natural map Sym(F1D/FyD) — gry(D) is an isomorphism of graded
Ox -algebras,
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(iii) the map
BD/FyD —  Tx
3 = & o],
is an isomorphism

(iv) the exists a covering of X by affine opens subsets U such that D|y ~ Dx|v.

Remark 5.1.2. (i) Commutativity of gr,(D) ensures that if f € FyD ~ Ox
and &€ € F1D/FyD then [, f] € Ox, so condition (iii) makes sense.

(ii) Even if the fourth condition is a consequence of (i), (i¢) and (i) (cf.
[42, Proposition 2.5.1]), in this notes we will accept this fact as part of
the definition in order to simplify the parametrization of those sheaves
(proposition 5.1.5 below).

The preceding sheaves have a natural parametrization. We will follow [50] to
study this classification. We start with the following easy remark (cf. [32,
Exercise 1.1.1]).

Remark 5.1.3. Let U be an affine open subset of X. The algebra Dx (U) is
canonically isomorphic to the C-algebra generated by the elements

{£,01f€0Ox(U)andfeTx(U)}
which satisfies the following fundamental relation:
[0, ] = 0(f)-

Lemma 5.1.4. Let ¢ € Aut(Dx,{FqDx }tacn,t) such that p|o, = id. Then
there exists a closed 1-form w € Q% = Homoe,, (Tx,Ox) such that

P(§) =& —w(§)
for any vector field £ € Tx. Moreover ¢ is completely determined by w.
Proof. Let f € Ox and £ € Tx. Then

[(€), f1 = [0(), ()] = (&, f1) = p(&(f)) = (),

where we have used the relation in the previous remark to stablish the first and
final equality. Evaluating this relation on 1 € Oy, we have

P&)(f) = &) + Fe(©)(1).
Let us define w € QY by w(§) == —p(£)(1). We immediately have

w([&:n)) = —w([& 1)) (1) = = (L) e(n) — em)e(§) (1) = &(wn) — n(w(E)),

for n,& € T local sections, which implies

dw(§ An) = E(w(n)) —n(w(§)) —w([§;n]) =0

and w is a closed 1-form. We finally remark that ¢ is completely determined by
w. The final statement follows from the fact that, by hypothesis, ¢ preserves
the filtration and the induced endomorphism gr,(¢) of gr,(Dx) is the identity
morphism. Hence ¢ is an automorphism. O
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The previous lemma implies that we have an injective map from the group
of automorphisms Aut(Dx, {FyDx }aen, ) into the additive group of closed 1-
forms Z!'(X). This map clearly respects the groups structures. We have the
following lemma [50, Lemma 1.2].

Proposition 5.1.5. The natural morphism of Aut(Dx,{F4Dx }aen, i) into Z*(X)
is an isomorphism of groups.

Proof. We need to prove surjectivity. Lt us take w a closed 1-form, and let us
consider the endomorphism ¢ of Tx defined by p(§) = £ — w(&). If we prove
that ¢ preserves the natural bracket in Tx, then it extends in a unique way to
the whole Dx. This follows from the next relations:

e([&,m]) = [0, €] — w([&, )
= [&m] = &(w(n) +n(w(§))
= [€ = w(&),n—w(n)]
= [p(€), ()]
To prove that ¢ is actually an automorphism we can pass through gr,(p) = id
as before. O

We can finally give the parametrisation of the sheaves of twisted differential
operators. We follow word by word the reasoning given in [50, Page 2 and
theorem 1.3].

Theorem 5.1.6. The isomorphism classes of twisted differential operators on
X are in bijection with the elements of H' (X, Z%).

Proof. Let us star the proof by constructing a map
v : Isoclass — H'(X, Z}).

where Isoclass denotes the set of isomorphic classes of twisted differential op-
erators. Let (D,{F;D}4en,i) € Isoclass. By definition, there exists an affine
covering Y = {Uj}lgjgn such that for all 1 < j < n there exists an isomorphism
P D\U]. — ’DX|U]. = Dy,. Moreover, for every 1 < i,k < n there exists an
automorphism ¢;i of (Dy,nv,, FaDu,nv,,iv,nv, ) such that the diagram

Dl|y,;nus

N

ik
Duy;nu -

Du;nu,

By the preceding lemma, there exists a closed 1-form w;; on U; N Uy which
determines ¢;;. Moreover, if U; N Uy NU; # 0, then we have the commutative
diagram

Dl|v;nv.nu,

T

Pkl j
Du,nuwnu, — Dujnunu, —— Dusnuenu,
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which implies that ¢;; = ¢;1 o ¢ on U; N U NU;. From this, we can conclude
that

¢j1(§) = & —wi(§) = (¢ © dr)(§) = ik (€ — wr(§)) = & — wr(§) — wjr(§)
for £ € Ty,nu,nv,- In other words
Wil = Wik + Wki-

The preceding proves that if C*(U, Z%) denotes the Cech complex of ZX corre-
sponding to the cover U, then w = (wjk)1<j<k<n is an element of Z'(U, Z%),
because dw = 0.

On the other hand, let us suppose that we take another set of local isomorphisms
w; : D|y, — Dy,. This gives another set of automorphisms (¢;‘k)1Sj<kSn and
another w’ € Z*(U, Z%). By applying the preceding lemma, we get automor-
phisms o; of (Dy,) such that ¢} = o; o ¥;

—1

P
DU]. — D'Uj

Ny

DUj )

and closed 1-forms p; associated to them, which are evidently elements of
C%(U, Z%). Now, using commutativity in the first diagram, we see that

0j 0 ¢k 0 Yp =0 0 by =Uj = o Y =) 0 o o Yy
on U; N Ug. This implies that o; o ¢;; = qﬁ}k o oy, and therefore
pj + Wik = Wik, + pr-

It follows that w’ —w = dp, and we can define ¢((D, {F4D}4en, %)) by the classe
of win HY(U, Z%). Let us prove that this is a bijection.

Injectivity: Let us take (D, {FyD}4en, ¢) and (D', {F4D’' }aen, ') two sheaves of
twisted differential operators, such that ¢((D, {FyD}aen, 1)) = t((D', {FaD' }den, i')).
Both sheaves determine an affine open covering U and w,w’ € Z*(U, Z%), such
that they define the same element in H!(X, Z%). Moreover, following the same
reasoning given in the first part of the proof, and taking possibly a refinement
of U, we may assume that we have locally isomorphisms ¢; : D|y, — Dy,
and ¢} : D'|ly;, — Dy, and also that there exists p = (p;) € C°(U, Z), such
that w — w’ = dp. As we already know, the map p determines automorphisms
oj : Dy, — Dy;, and therefore zb;-’ = 0j 0 z/); : D'|ly; — Dy, is a family of
local isomorphism, which determines a family of local isomorphisms {qﬁ}’k} and
a 1-form w” as we have explained before. We have the following relations

0j ©° 615;19 oY =0; 0 7/’2‘:%/:(/)% ° ;c/:%/k o o o Py,

which imply that o; o QS;.k = 7/’3‘/1@ o ok, in other words ¢9’k =0j © (15;‘1@ o 0,;1
on U; N Ug. This tells us that w;’k = w}k + pj — pr on U; NUg. This is
w" = w' +dp = w, and therefore ¢;;, = ¢ on U; N Uy. With this information
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we can define local isomorphisms x; == (1//’);1 o v; : D|y, = D'|y,, such that
on U; N Uj, we have

Xj = W) o by = (djk o )" o Gik o e = (¥)7! o Yk = xa,

so they extend to a global isomorphism y of D onto D’.

Surjectivity: Let @ € H'(X, Z%). Then it determines a closed 1-form w €
Z(U, Z%) with dw = 0. By lemma 5.1.4 every w;; corresponds to an isomorphism
¢ij : Du;nv,, — Du,nu,- Moreover ¢y = ¢jr © ¢r because w is closed. With
this information we can conclude that (Dy,, ¢s;) is a glueing data for a sheaf
of C-algebras with respect to the covering Y. Hence, there exists a sheaf D of
C-algebras with isomorphisms 1; : D]y, — Dy;. It is an easy exercise to prove
that D is a sheaf of twisted differential operators in the sense of the definition
5.1.1, and by construction (D) = @. O

5.2 Twisted differential operators on flag varieties

In this section we will introduce a family of twisted differential operators parametrized
by tV. We will propose two, apriori different, definitions and at the end of 5.2.25,

we will prove that they are equivalent. Most of the material of this subsection
follows almost word by word the excellent lecture notes of Yi Sun [77] and J.
Simental [73].

Let G be a simply connected semisimple complex algebraic group with Lie al-
gebra g. We fix one for all a Borel subgroup B C G which contains a maximal
torus T C B of G. We will also denote by N the unipotent radical of B and by
N~ the unipotent radical of the opposite Borel subgroup B~ of B. We recall
for the reader that we have a canonical isomorphism T = B/N. Let us recall
the following facts coming from the first sections of this wok. First of all, given
that G is semi-simple, the Lie algebra g is semi-simple. Moreover, because we
assume G simply-connected, we have the Lie group Lie algebra correspondence.
In particular, under this correspondence t := Lie(T) is a maximal torus of g,

:= Lie(B) is a Borel subalgebra such that b = t&n, where n := Lie(N) contains
the information about the positive roots.

Throughout this subsection and until the end of this chapter, we will always
denote by X = G/B the complex flag variety. We recall for the reader that this
variety is independent of the choice of the Borel subgroup, and that fixing such
a group we define a system of positive roots for the Lie algebra g.

Finally, we recall for the reader that the G-equivariant vector bundles on the flag
variety X are in 1-1 correspondence with representations of the Borel subgroup
B. This is obtained as follows. First of all, given a representation V' of B, we
can construct a G-equivariant vector bundle on X by taking the quotient of the
B-action on the trivial bundle G x V defined by

b-(g,v) = (gb~",b-v)

(here b-v denotes the induced B-action on V). We denote this space by G xp V.
Now, if 7 : G — X denotes the projection then the canonical map G x V — X

130



defined by (g,v) — 7(v) is clearly constant on the B-orbits, and therefore it
induces a morphism
TV & G XB V - X.

We remark for the reader that my defines a vector bundle because 7 is locally
trivial [39, Part I, 1.10 (2)] (I should probably remark that this follows from the
presentation of Filippo after explaining this somewhere in the second section).
Furthermore, the left G-action on the trivial bundle G x V defined by

g/ ! (gvv) = (9/971))

induces a G-action on G xp V such that we have the following commutative
diagram

G XSpeC((C) G XB VG%aCtionG XB 1%

J{id@ X Ty J/Trv

G XSpec((C) X G-action X.
On the other hand, if 7g : E — X is a G-equivariant vector bundle, then the
fiber E.p (at the origin of the flag variety) is clearly a B-representation. Our
correspondence is

{G-equivariant vector bunldes} < {B-representations}
E — Eep
G XB Vv < %4

Let us translate the preceding geometric construction in an algebraic setting.
Let 75 : E — X be a (geometric) G-equivariant vector bundle. The presheaf
L g defined by

UCX — Lg(U)={s:U— E|sis asection over U}

is in fact sheaf, and it is called the sheaf of sections of the line bundle FE.
This is a locally free sheaf of rank equals to the rank of E. The G-equivariance
of m translates into the following fact. Let pa : G Xgpec(c) £ — E be the second
projection. The G-action on E induces an isomorphism

U : (G-act)*(Lg) — p5(LE)

which endows the sheaf Lz of a G-equivariant structure in the sense of [32,
Definition 9.10.2] (for further explanations the reader can take a look to [61,
Proposition 3.4]).

Finally, we remark for the reader that given a locally free sheaf £ of finite rank,
then there is a canonical way to construct a vector bundle £ on X such that
Lr = L (cf. [61, Page 15]). From now on, we will say that E is a geometric
vector bundle and that £ is an algebraic vector bundle.

Remark 5.2.1. (/32, Page 256]) From the precedence 1-1 correspondence
we can conclude that G-equivariant line bundles on X corresponds to a one-
dimensional B-module. Moreover, the Jordan decomposition is preserved by
homomorphisms of algebraic groups, and therefore the action of the unipo-
tent radical N of B on one-dimensional B-modules is trivial. This proves that
G-equivariant line bundles on X corresponds to (algebraic) characters A\ of
T = B/N. From now on, we will denote by £(\) the (algebraic) line bundle
induced by a character A € Homgps (T, Gy ).
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5.2.1 Actions of Lie algebras on G-equivariant sheaves

Let £ be a G-equivariant (algebraic) vector bundle. The goal of this subsection
is to construct a structure of g-module over Endc(L).

To start with, let us recall that in the subsection 3.4 we have introduced the
functor Lie(e) from the category AlgGps sc of complex algebraic groups to the
category Liec of finite-dimensional complex Lie algebras (theorem 3.4.2). This
functor can be generalized as follows. Let G be a complex algebraic group
and Cle] == C[t]/(t?) be the ring of dual numbers. Writing Se = S Xgpec(c)
Spec(Cle]), we can define the functor Lie(G) from the category Sch/c to the
category Grp, via the short exact sequence

1 — Lie(G)(S) = G(S:) = G(5) — 1.

It is clear that g = Lie(G)(k) and by proposition 3.3.2, the previous sequence
allows to identify g = Derc(C[G], C).

On the other hand, the left G-action on X defines a map of functors G —
Aut(X), where Aut(X) is the complex algebraic group (reference?) defined by

Aut(X)(R) = Autsen o (X Xgpec(c) Spec(R), X Xspec(c) Spec(R)).

An important object to understand is the one defined by the C-points of Lie(Aut(
This can be done as follows. By definition we have an exact sequence

0 — Lie(Aut(X))(C) — Aut(X)(Cle]) = Aut(X)(C) —» 0
which helps us to compute Lie(Aut(X))(C) via the relations

Lie(Aut(X))(C) = {¢ € Aut(X.) | |x = id}
= {¢ € Hom(Ox[e], Ox[e]) | ¢lox = id}
= Derc((’)X).

In other words, we have a canonical map
T:g— Derc(OX). (94)

Remark 5.2.2. In the literature it is to find that the preceding morphism is
the result of differentiating the G-action on Ox. We also remark fro the reader
that under the identification g = Derc(C[G], C), we can see that 7(n) is defined
via the composition

Ox 2% C[G] ®c Ox L Ox.

What is hidden behind the previous construction is the fact that the G-action on
X induces a G-equivariant structure on Ox. The following proposition shows
that we can define an analogous map to V¥, for any G-equivariant algebraic
vector bundle on X .37

37In fact, for any G-equivariant quasi-coherent sheaf on X.
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Proposition 5.2.3. Let L be a G-equivariant algebraic vector bundle on X.
There exists a canonical map

U, :g— Endc(L),

such that for everyn € g, f € Ox and s € L, we have

Ue(n)(fs)=f-Ten)(s)+7(n)(f) s (95)

Proof. Let ® : act*L — piL be the isomorphism inducing the G-equivariant
structure on £. The morphism ¥, is defined as follows. Let U C X be an
affine open subset and n € g = Derc(C[G],C). Then U,(n) is given by the
composition

Uo(n):T(U,L) = T(G x X,act* L) -5 T(G x X, piF)
~C[Gl®cT'(X, L)
id resy, x
BV, C[G] ®c T(U, L)
2 (U, L)
The first morphism is induced by the canonical morphism £ — act.act*L (let

us note that act : G x U — X because G acts transitively on X), and the
isomorphism is given by the Kiinneth formula [27, Théoréme 6.7.8].

Let us finally prove the formula (95). To do that, let us denote by €: {e} = G
the closed embedding of the identity into G. By (19) we have

Ve()(f - s) = n(@(act™(f - 5))

n(act”(f) - ®(act™(s)))
e*(act™(f)) - n(®(act™(
f )+7(m)(f)-s

s))) + n(act™(f)) - € (@(act™(s)))
. \Ifﬁ(S

5.2.2 Twisted differential operators (algebraic case)

Let A € Homgps(T,G,,) be an algebraic character and £()) the algebraic

line bundle on X induced by A. We define the sheaf D5 C Endc(L(N)) of
differential operators acting on £(\) by (f € Ox)

o ;DY =0ifd <0,
o F,DN = (P e Endc(L(N) | Pf— fP e Fy DM}y ifd > 0.

The sheaf ng(’\) is a sheaf of rings which contains Ox = Fj (Dﬁ(’\)) as a subring.
Let us explain why this sheaf is in fact a sheaf of twisted differential operators.
To start with, we note that we have the following isomorphism of sheaves of
rings
L(\) ®oy Dx ®oy L)Y =~ DY
(s®@P®sY) = P((sV,e))s.
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Here Dy is the usual sheaf of differential operators on X. Moreover, if we endow
the left-hand side with the filtration

L(\) ®oy FiDx @0, LIN)Y

then the previous isomorphism is in fact an isomorphism of filtered C-algebras.
This proves that

gr, (DY) = L(V) @0, g1(Dx) ®oy L(A)Y = gr(Dx) = Sym(Tx).

Finally, to prove the fourth condition in the definition 5.1.1, me may take an
affine open covering U of X which trivialises the geometric line bundle L(\) =
G xp Cy, then for every U € U we have L(\)|y ~ Oy and therefore Df((’\) lu ~
DU.38

On the other hand, the G-equivariant structure of the sheaf £ and the proposi-
tion 5.2.3 give us a map
Uy : g — Endc(L(N)) (96)

which extends to a unique morphism of graded C-algebra U(g) — Endc(L())).

Proposition 5.2.4. The morphism (96) induces a canonical morphism of fil-
tered C-algebras
oy : U(g) — T(X,DEV)

Proof. Tt is enough to prove that the image of ¥} it is contained in T'(X, fo(/\)).
In other words, we need to prove that if f,g € I'(X,Ox), then

This is an easy application of (95), because for any local section s € L(\) we
have

[f5 9, Oa(I(s) = fg¥a(n)(s) — fOx(n)(gs) — g¥a(n)(fs) + ¥a(n)(fgs) = 0.
O

Remark 5.2.5. ([50, Proposition 1.4]) Let O% be the subsheaf of invertible
elements of Ox. It is known that the first group of cohomology H'(X,O%)
equals the picard group Pic(X). Furthermore, the logarithm derivative

dlog: 0% — Z%
fom
is homomorphism of sheaves of abelian groups, which induces a morphism in
cohomology H'(dlog) : H'(X,0%) — H'(X, Z%). If A € Homgps(T, G,y,) is an
algebraic character and £(\) is considered as an element of Pic(X), then

(DEY) = HY (dlog) (L(N)).

where ¢ is the bijection in theorem 5.1.6. This tells us that the group of alge-
braic characters X*(T) = Homygps(T, G,,) can be considered as a subgroup of
HY(X, Z%). In the next subsections we will explain how to extend this identi-
fication to the whole tV.

38We remark for the reader that this isomorphism is non-canonical because it depends of
the local section s € L(\)|y giving rise to the isomorphism L(\)|y = s- Oy = Oyp.
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5.2.3 General construction

In this subsection we extend the preceding constructions of Twisted differential
operators attached to an algebraic character. The goal of this subsection is then
to consider the case when \ € t¥. Difficulties arrive immediately because we do
not dispose any more of the algebraic line bundle £(A). We will follow [7], [8],
[15], [16], [11] and [50].

We start by recalling the parametrization of the central characters y via
characters of t. Let 3 be the center of the enveloping algebra U(g). By Schur’s
lemma, the center 3 acts on any finite-dimensional irreducible ¢(g)-module via
a map of C-algebras x : 3 — C, which are called central characters. For those
characters, it is clear that U(g) - ker(x) is a two-sided ideal of U(g), and we can
define the central redaction

U(g)y = U(g)/U(g) - ker(x).
We remark for the reader that 3 acts on U(g), via x.

On the other hand, we have proved that the universal enveloping algebra U(g)
splits as a direct sum

Ug) =U{t) & (n~ -U(g) +U(g) - n)
and we can consider the projection on the first factor
mp : U(g) — U(%) (97)

which is in fact a morphism of C-algebras (c¢f. [77, Lemma 3.14]). Given that
any character A € tV gives rise to a morphism of C-algebras A : U(t) — C, the
map 7, can be reinterpret as a map

t* — MaxSpec(3)

Now, the previous map has the particularity that it depends of the Borel algebra
b C g choosing to fix a system of positive roots in the root decomposition of g.
In order to avoid this dependency it is necessary to modify the projection mp to
obtain a map 1 : 3 — U(t) independent of the choice of t and b. To do that, let
us considerer the Weyl-character

p=%za

acAt

which is also the longest positive root relative to b. The map 1 is defined as
the composite

™ n—p(n)1
3~ U) ——— U(t).
We recall that this map is called the Harish-Chandra isomorphism. It is
independent of b, or in other words of the Borel subalgebra b, and it restricts

to an isomorphism
5~ UMY
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This gives another
map

= MaxSpec(3)
. o A (98)
A = my = ker(x,\ '3 —>L{(t) —>C)

With the following properties
Lemma 5.2.6. The map (98) satisfies the following properties:
(i) Every central character x lies in the image of the map (98).
(it) x» = xu if and only if there is some w € W such that A = w(p).

Proof. The lemma is an immediate consequence of the following geometric fact
about quotients of affine varieties by finite groups [28, Leture 10]: Let Y be a
complex affine variety equipped with an action of a finite group H. Then the
map MaxSpec(O(Y)) — MaxSpec(O(Y)H) is the quotient map for the H-action
on MaxSpec(O(Y)). O

Once that we have introduced the objects in the algebraic side, let us analyse the
geometric side. To start with, let us recall that we have construct a canonical
map in (94)

g— Tx.

This map allows to define the Lie algebroid g° of the Lie algebra g as follows.
As an Ox-module g° = Ox ®c g and we equip it with a Lie bracket [e,e] :
g° x g° — g° extending the ie bracket of g and

[f@&gen = fré)(g) @n—gr(n)(f) @&+ fg@ €]

for f,g € Ox local sections and 7, ¢ € g. With this information, we can see that
7 defines a homomorphism of sheaves of Lie algebras form g° into the tangent
sheaf Tx, which we denote by 7°. Furthermore, we can define the universal
enveloping algebra U/° of the Lie algebroid g° as the sheaf of algebras endowed
with a canonical map v : Ox @ g° — U° such that Im(v) generates U° subjects
to the following relations

e v(fg) =v(f)-v(9)

o v([n,&]) = vin) - v() —v(vn).

o v(fn) =v(f)-v(n).

o v(m°)(f)) = v(n) - v(f) —v(f)-v(n).

Where f,g € Ox and n,£ € g°. From this relations, we see that U° = Ox ®c¢
U(g) as sheaves of complex vector spaces and the product is given by

(fe&-(gen) =fr€)g) @n+ fgx&n.

Moreover, U° carries a natural filtration coming from the structure of filtered
C-algebra on U(g). In other words,

FaU° = Ox ®c Fald(g)
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for any d € Z~¢. In particular,
FoU° = Ox and FiU° =0Ox EBQO.

This tells us that F1U° generates U° as a sheaf of algebras if we defines the right
multiplicative structure on U°.

Finally, we remark that /° has both a structure of ¢/(g)-modules defined by

Efen)=71E)f)e@n+ fen,

where £ € g, n € U(g) and f € Ox, the Ox-structure is just multiplication on
the first factor. Following the preceding definition, the reader can clearly see
that if £ € g, n € U(g) and f,g € Ox, then

(€, 91(f @n) =[7(§),9]f ®@mn,

where the bracket on left occurs in the Lie algebroid g°, and the bracket on the
right in Tx.

Remark 5.2.7. By construction, the morphism 7° extends to a unique mor-
phism of sheaves of Ox-algebras

@8 U° — Dx,

such that at the level of global sections ®q : U(g) — H"(X,Dx) is the map de-
fined in the proposition 5.2.4%% taking £ = Ox. Moreover if A € Homgps(T, G,,)
is an algebraic character, then the preceding reasoning gives a canonical mor-
phism of sheaves of filtered rings

o :u° — DY
such that HY(®$) = @, in the same proposition.

In the proof of the next lemma we follow word by word the argument given in
[37].

Lemma 5.2.8. The morphism 7° : g° — Tx is an epimorphism.

Proof. O

Now, let us define
b° :=ker(r°: g° = Tx),

and let us note that given that 7 is induced via the left G-action on X and the
left B-action is clearly trivial, then we can describe b° as follows

b° = {n € ¢° | n(z) € b, for all z € X},

where b, C g is the Borel subalgebra corresponding to (the Borel subgroup)
z € X. In particular, if n° := [b°,b°], then b° and n° are subsheaves of g° and

n®={neg’|n(x)en, forall x € X}.

39Given that X is a projective variety H°(X,0Ox) = C.
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Here n, is the Lie algebra associated to the unipotent radical of (the Borel
subgroup) € X. Moreover, b°/n° = Ox ®¢ t.** This meaningful identification
allows us to extend any arbitrary weight A € tV, to a morphism of Ox-modules

A1 b° = b°/n° = Ox ®c t 2 Oy, (99)
and we can define a right ideal Z*(g°) C U° by*!

INg®) = > (= (p+ N (m)U°.

nebe

We have the following important property.

Lemma 5.2.9. For any arbitrary weight \ € tV, the right ideal I*(g°) is a
two-sided ideal.

Proof. Tt is enough to prove that [b°,g°] C b°, ant this follows from the fact
that the morphism 7° is a morphism of Ox-algebras. Hence for any £ € b° and
1 € g° we have

T ([6 ) = 7°(€)7°(n) = 7°(n)7°(§) = 0, (100)
which implies that [6°, g°] C b°. 0
Remark 5.2.10. ([77, Remark below lemma 4.4]) We remark for the reader
that I*(g) = > neo(m— (p+ A)(n))U(g) is not a two-sided ideal of U(g). This

because b is not the kernel of the map 7 : g — I'(X, 7x). This clarifies one of
the fundamental roles of the sheaves theory.

Definition 5.2.11. Let A € tV be an arbitrary character. We have a sheaf of
Ox -algebras
DY =1/ T\(e°).

The sheaf D% comes equipped with the quotient filtration and the two-sided
ideal Z*(g°) can be endowed with the induced filtration. Moreover, we have a
canonical projection (which is clearly a map of filtered sheaves)

®S : U° — Dy,
and taking global sections a map of filtered C-algebras
®y :U(g) = T(X,Dy). (101)

Proposition 5.2.12. For any character A\ € tV, the sheaf D% is a sheaf of
twisted differential operators on X.

We will check the first three condition in the definition 5.1.1 and in the next
subsection we will give a different description of the sheaves D% that will allow
us to verify the fourth condition.*?

40Tn fact, b°/n°® = Ox ®c b, where b is the Lie algebra of the abstract Cartan subgroup
H which is canonically isomorphic to T.

41Let us remark that this is a bit different from [8]. The reason is that in this work b = t@n.
However in [8], they take the positive roots AT as those roots which are non-contained in n.
This forces to consider a shift of p in the Harish-Chandra morphism, and not of —p as we
have done.

42This can be prove directly as is done in |50, Page 13].
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Proof. The first condition follows from the fact that Fold°® = Ox. This also
implies that gr,(U°) = g°, and therefore gr,(Z*(g°)) = b°. From these facts
and the lemma 5.2.8 we see that gr,(Dy) = g°/b® = Tx. This proves the third
condition. To prove (i) we use the fact that gr;(Z*(g°)) = b° - Sym’(g°) C
Sym’(g°), which implies that

gr; (U° /T (g°)) = Sym'(g° /b°) =~ Sym'(Tx).

5.2.4 Torsors and relative enveloping algebras

In this subsection we will give another approach to define sheaves of differential
operators by using the theory of torsors ([51]). We will follow [3], [15] and [60].

T-torsors 5.2.13. Let us suppose that Y and Y are smooth separated complex
algebraic varieties, such that Y is endowed with a right T-action o : Y xT — Y.
We will also assume that T acts trivially on Y. For instance, the reader can
suppose that Y = X is the complex flag variety.

We say that a morphism ¢ : Y — Y is a T-torsor for the Zariski topology, if £
is a faithfully flat morphism such that the diagram

Y XSpec(C) T 2-5Y

szn l&

y — & vy

is commutative and the morphism (induced by the previous diagram)

? X Spec(C) T — ? Xy ?
(z,h) = (z,2h)

is an isomorphism.

Let U C Y be an affine open subset and py : U Xgpec(c)y T — U be the first
projection. We say that U trivializes the torsor ¢ if there is a T-equivariant
isomorphism ay : U Xgpec(c) T — ¢ H(U), where T acts on U Xgpec(c) T by right
translations on the second factor, and such that the diagram

U XSpec(C) T 4> g )

N

is commutative. In particular, ¢1(U) is a T-invariant affine open subset of Y

Remark 5.2.14. Given that Y is separated, the set S of affine open subsets
U of Y that trivializes the torsor and such that Oy (U) is a finitely generated
C-algebra, it is stable under intersections. Moreover, if U € S and W is an
affine open subscheme of U, then W € S.
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Definition 5.2.15. We say that £ : Y Y is locally trivial for the Zariski
topology if X can be covered by opens in S.

Lemma 5.2.16. (/60, Lemma 3.1.3]) Let ¢ : Y =Y be a locally trivial T-torsor
and let M be a quasi-coherent Oy -module. Then R M =0.

Proof. We recall for the reader that R'€,M is the sheaf associated to the
presheaf ([29, Chapter III, proposition 8.1])

UCY — HY(¢HU),M).

Given that ¢ is locally trivial, the set S of affine open subsets of Y that trivializes
the torsor is a base for the Zariski topology of Y. Moreover, if U € S then by
definition £71(U) is an affine open subset of X and given that M is quasi-
coherent, by Serre’s vanish theorem we can conclude that H'(¢~Y(U), M) =
0.

Sheaves of T-invariant sections 5.2.17. Let ¥ : o0*M — piM be a T-
equivariant quasi-coherent Oy-module. By the Kiinneth formula [27, Theorem
6.7.8] we have a canonical isomorphism

D(Y Xspee(cy T.piM) = D(Y, M) ¢ C[T]

which composing with the application

ey e * () e *
P(YvM) - F(Y X Spec(C) Ta o M) — F(Y X Spec(C) T,le)

the first morphism is induced via the canonical morphism M — o,0* M) gives
g

us a morphism . N
9:INY, M) =T, M)®c C[T]

defining a structure of T-module on I‘(?, M) |52, Chapter 0, definition 1.6].

Definition 5.2.18. The T-invariant elements of F(,};,M) are the elements
P e T'(Y,M) such that 9(P) = P ® 1. This subspace will be denoted by
Ly, m)T.

Now, let us suppose that S is a basis for the Zariski topology of ?, consisting
of affine open subsets which are invariant under the right T-action. This means
that for every U € S the morphism o, inducing the right T-action on Y, gives

rise to a right T-action o5 : U X¢ T — U on U. By pulling back ¥ under the
inclusion U x¢ T < Y xc T we get an isomorphism W : O’%MU — piMg
which satisfies the respective cocycle condition ([32, (9.10.10)]), and, as before,
we obtain a comodule morphism

V5 : T(U,M) = (U, M) @c C[T].

As in definition 5.2.18, we can define the vector subspace of T-invariant sec-
tions on U by

D0, M)" = {PeT(U M) Ay(P)=Po1}. (102)
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<
e

Now, if V,U e S satisfy
diagram

C U, then by functoriality we have a commutative

L0, M) 22 T({, M) @¢ C[T]
lrestg lrest@@id

T(V, M) —2 T(, M) ®¢ C[T]

and therefore the restriction map restg (U, M)T = T(V, M)T is well-defined.

In order to prove that the preceding tools define an S-sheaf we need to verify
the glueing condition, but this is clear because M is already a sheaf and the
restriction maps are T-equivariant. This construction induces a sheaf (M)T over

Y. We sum up the preceding construction in the next definition.

Definition 5.2.19. Let Y be a smooth separated complex algebraic variety en-
dowed with a right T-action, and S a basis for the Zariski topology stable under
the right T-action. For every T-equivariant Oy -module M, the subsheaf (M)
is called the subsheaf of T-invariant sections of M.

As an application of the preceding construction let us point out that if £ : Y Y
is a locally trivial T-torsor, then we actually dispose of a subsheaf of T-invariant
sections of the direct image sheaf {, M, with M a T-equivariant Og-module.
In fact, if S denotes the collection of all affine open subsets that trivialises the
torsor &, then for every U € S we know that ¢~1(U) is stable under the right
T-action and, as in (102), we can define

DU, &M)T = {P e T(U,&M)| 9y (P) = P® 1}.

As before, this process defines an S-sheaf and therefore we get a subsheaf of
T-invariant sections

M) CEM. (103)

For the rest of this subsection we will always suppose that £ : Y 5 Yisa locally
trivial T-torsor.

Lemma 5.2.20. (/3, Lemma 4.3]) The morphism & : Y — Y induces an iso-
morphism &% : Oy — (@O;)T.

Proof. As this is a local problem, we can take U € S and suppose that £ :
£ HU) = U Xgpec(c) T — U is the first projection. Since rational cohomolgy
commutes with direct limits [39, Part I, Lemma 4.17] and Oy (U), we can con-

clude that (£,0%)" (U) = (Ox (U) ®c C[T))" = Ox(U). 0

Lemma 5.2.21. Let M be a T-equivariant quasi-coherent Oy -module, then
(&.M)T is a quasi-coherent Oy -module.

Proof. By definition and the preceding lemma, we only need to show that the T-
action respects the £,Ogp-structure of £, M. This can be proved locally over an
affine open subset U € S. In this case, we know that ¢ ~(U) is in endowed with
a T-action and therefore I'(U, £, M) is a T'(U, £,05)-module by [80, 1.4]. O
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It is well known that the tangent sheaf Tt is a T-equivariant quasi-coherent
Oy-module, hence we can consider the subsheaf

T = (&T3)"

of &Ty. Moreover, the T-equivariant structure of Oy and 7y induce a T-

equivariant structure on FyDy;, such that Dy becomes a sheaf of C-algebras

endowed with a T-invariant structure.

Definition 5.2.22. ([16, Page 18]) Let ¢ : Y 5Y bea locally trivial T-torsor.
We define the relative enveloping algebra of the torsor to be the sheaf of
T-invariant of £, Dy by

D= (&Dy)".
This sheaf is equipped with a natural filtration
FyD = (£, FyDy)"
defined via the order filtration on Dy.

In the proof of the next proposition we will need the following facts. The reader
can find very explicit proofs in [3, Lemma 4.4 and 4.5].

Remark 5.2.23. (i) There exists a canonical isomorphism

U) = (T, Dr)".

(ii) Differentiating the T-action on Y we obtain a Lie homomorphism
Jjit=T5.

Furthermore, if £ is locally trivial and 8 € %(U ) for some affine open subset
U C Y, then  is a T-invariant vector field on ¢~1(U). In particular, it
is a T-linear endomorphism of Oy (£7(U)). In other words, 6 preserves
O3 (¢71(U))" = Oy (U) and it induces a vector field v(0) € Ty (U).

The preceding constructions fit into complex of Oy-modules
0tRc 0y HT 5Ty =0 (104)

which is functorial in 7. Moreover, if U € S then the sequence is split
exact, which implies that this is exact and 7 is locally free.

The next section will give us a precise description of the local behaviour of the
sheaf D. It will also indicate us the term to be corrected in order to obtain a
sheaf of twisted differential operators. We will follow word by word the reasoning
given in [3, Proposition 4.6].

Proposition 5.2.24. For any U € S, there exists an isomorphism of sheaves
of filtered C-algebras

a(U) : D|y S D|y @c U®).

If € is locally trivial, then there exists a canonical isomorphism

Sym(T) = gr.(D). (105)
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Proof. Let U € §. We have the following isomorphisms of filtered C-algebras
Dy (U) @c U(t) = (Dy (U) ®c Dr(T))T =~ Dyyr(U x T)" =~ D(U).

This isomorphisms are clearly compatible with restriction to Zariski open sub-
sets contained in V', and we get an isomorphism of sheaves of filtered C-algebras

Dy ®cU(t) ~ Dly.

On the other hand, the natural inclusion 75; — F;Dy induces a morphism of

Oy-modules T — Flﬁ/ Foﬁ, which induces by universal property a morphism
of graded Oy-algebras . .
¢ : Sym(T) — gro (D).

Furthermore, according to the preceding remark, we have an isomorphism of
Op-modules

C:%i)TUEBOU(@(Ct.

All in all, we can consider the following commutative diagram

Sym(T(U)) 20 gr.(D(U))
Sym@wﬁ gr.(a(U))T
Sym(Ty(U) ® Oy (U) ®c t) gre(Dy(U) @c U(t))

| l

Sym(Tu (U)) ®c S(t) ———— gro(Du(U)) @ gr  (U(Y)),

when we are possible shrinking U to an open affine subset endowed with local
coordinates given the isomorphism at the bottom. This proves that the map at
the top is an isomorphism, and therefore if ¢ is locally trivial we can conclude
that (105) is an isomorphism as well. O

Twisted differential operators on homogeneous spaces 5.2.25. In this sec-

tion we will apply the preceding construction to the following homogeneous
spaces. Let N be the unipotent radical of the Borel subgroup B C G. We
recall for the reader that T normalizes N and we have a canonical isomor-
phism T = B/N. With this notation, we can consider the homogeneous space
X = G/N, which is endowed with a right T-action

gN - DN = gbN

g € G and b € N. The space X is smooth separated complex algebraic variety
known as the basic affine scheme. Moreover, the canonical projection

£:X > X
is a locally trivial T-torsor [3, Lemma 4.7].

Remark 5.2.26. (i) Given that X is endowed with a natural left G-action,
we have a C-linear Lie homomorphism

T:9—Tx.
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Moreover, given that the G-action clearly commutes with the T-action,
the preceding maps descends to a C-linear Lie homomorphism

7T:0x Qcg— %
of locally free sheaves on X.

(ii) ([3, Proposition 4.8 (ii)]) Since X is a homogeneous space and the geo-
metric fibers of 7 are surjective (proposition 3.5.11), then the morphism
T is surjective (this is the same reasoning given in the lemma 5.2.8).

(iii) (|3, Lemma 4.9]) The map 7T extends to a filtered C-algebra morphism
U°: U° D

keeping the g-action on X by T-invariant vector fields. Moreover, by (105)
we know that gr,(ﬁ) = Sym(%, and the restriction of gr(ao) to g equals
the morphism 7 by construction. This implies that gr(¥°) = Sym(7) and
therefore U° is surjective.

Now, let us recall that we have a Lie algebra morphism j : t — %, coming
from the right T-action on X. This maps extends to a C-algebra morphism
U(h) — D, which factors through the center of D because T is commutative.

Definition 5.2.27. Let A\ € tV be an arbitrary character of t, and let us denote
by Cy the one-dimensional U(t)-module defined by A. We define a sheaf Dx x
of filtered C-algebras by .

Dx x = D Q) Ca.

Remark 5.2.28. If we endow C, with the trivial filtration F_;C, = F;Cy =0
and F;Cy = C,, for every i € N, then C, becomes a filtered U (t)-module and we
may endow Dx  with a structure of sheaf of filtered C-algebras via the tensor
filtration ([60, Page 20]).

In the proof of the next proposition we will follow word by word the lines of
reasoning given in [3, Lemma 6.4].

Proposition 5.2.29. (i) Let U € S be an affine open subset that trivializes

the torsor £ : X — X. Then Dx ) is isomorphic to Dy as sheaves of
filtered C-algebras.

(ii) There exists a canonical isomorphism of graded sheaves gry(Dx x) = Sym(Tx).

Proof. (i) By proposition 5.2.24, wee have an isomorphism of filtered sheaves
Dy ~ Dy @c U(Y).

This isomorphism induces by construction, an isomorphism of sheaves of
filtered C-algebras Dx \|v ~ Dy.

(ii) By [60, page 20], there exists a canonical morphism of sheaves

e (D) Dgr, (1)) 86(Cr) = gre(Dx 2)-
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Now, by (105) we know that gr,(D) = Sym(7). Moreover, it is knows
that gr,(U(t)) = Sym(t), and it is clear that gr,(Cy) = Cy. From this
information, we obtain o morphism of graded C-algebras

Sym(v)

Sym(Tx) —— Sym(T) ®sym(t) Cx — gr4(Dx,x)

where the first isomorphism comes from the short exact sequence (104).
This composition is seen to be an isomorphism over any U € S by the
first part of the proposition.

O

Remark 5.2.30. (i) By construction, the sheaves D% defined in 5.2.3 are
endowed with a G-equivariant structure which respects the multiplicative
structure. Moreover, the map ®, : U(g) — Dﬁ‘( is a morphism of G-
modules and g acts on D} via T — [®$(e), T).

(i’) We have analogue statements for the sheaves Dx ) introduced in this
section, by considering the canonical map

S U 25 D - Dy
where the second map D - Dx » is the canonical projection.

We end this subsection by relating the preceding constructions. The reader can
find the proof of the preceding proposition in [50, Theorem 2.4].

Proposition 5.2.31. The map ¥ : U° — Dx \ defines a canonical isomor-
phism
Dﬁ\( — DX,A+p

of sheaves of filtered C-algebras.

Remark 5.2.32. (i) The preceding proposition together with 5.2.29 ends the
proof of 5.2.12.

(ii) If A € Homgps(T, G,y,) is an algebraic character, then

D;\( — Df{()\+l’)

and we have Homgps (T, G,,) C t¥ C H'(X, Z%), where the first inclusion
is defined by differentiation.

(iil) Dx = D;(p.
5.2.5 Global sections

The goal of this subsection is to compute the global sections of the sheaves D%
To do that, we start by analysing the following situations. First of all, from
the Poincaré-Birkhoff-Witt theorem, we have constructed a projection

m:U(g) = U(h)
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which is in fact a morphism of C-algebras. This morphism can be reinterpreted
as a map
mi: t* — MaxSpec(3)

A omb=ker(x i3 = U(h) D C)
where 3 C U(g) is the center of the universal enveloping algebra U(g) and
t* = MaxSpec(Sym(t)), after having identified U(t) = Sym(t) = C[t]. We have
the following important fact (Reference from the section BGG):
e For any arbitrary character A € tV, the center 3 acts via XE’\ on the Verma
module

My = U(g) ®y(v) Ca.

We insist in remarking for the reader that mp : U(g) — U(t) is a relative version
of the Harish-Chandra isomorphism, because 7, depends of the Borel subal-
gebra b and the Cartan subalgebra t. This construction has the problem of not
being able to consider the Verma modules

M* :=U(g) Ru(p,) Ca

relatives to arbitrary Borel subalgebras b, C g (here € X is the respective
Borel subgroup). As the reader may notice, this restriction is a disadvantage
compared to the definition of the sheaf of A-twisted differential operators given
in 5.2.11, where we have encoded the action of the varying Borel subalgebras
b, via a character \° (given in (99)). To fix this problem, we have shifted this
projection by using the Weyl character p, obtaining an isomorphism

3 —  Sym(®)"W
2 o m(e—pl2)

which is independent of t C b. In particular, applying this shift to the previous
fact, we have the following fundamental remarks:

e Let \ € t be an arbitrary character. For any Borel subalgebra b, C g we
can consider p, the corresponding longest positive root. Then the center
3 acts on the Verma module (of highest weigh A\ and relative to b,)

My* =U(g) Ru(o,) Ca
via Xx+4p, (defined in (98)).

e The action of the center 3 on the Verma module M;’ipm is given by x» (in
(98)) and therefore it is independent of the choice of b,.

e The center 3 acts on the right /(g)-module
AM P = Cy @y (p,) U(g)

via the character xx_,,

We can now start the computation of I'(X, D% ). We recall that in (101), we
have defined a canonical morphism of filtered C-algebras

®y : U(g) — (X, DY).
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Lemma 5.2.33. For any character A € t, the map ®, : U(g) — I'(X,D%)
factors through U(g)y,

Proof. Let J*(g°) C U(g°) be the ideal generated by z — xx(2) for z € 3. We
need to prove that the composition
(PO
JMNg°) = U(g°) = Dx

is zero. By G-equivariance, it is enough to check this on the fibers. For = € X,
we have

Cs ®ox Dx ~=U(9)/(Cs @ox T(9°))-
By definition, the fiber C, ®0, Z*(g°) is the right ideal of U(g) generated by
— (A + pz)(n) for € b,. In other words, we have
C. ®0x Dx =~ Catp, Qu(e,) U(g)

Is a right Verma module. The preceding facts imply thatj acts via the character
XA+pa—p. = Xa- In particular J*(g°), is annihilated on each fiber, as needed.
O

The geometry of conjugacy classes 5.2.34.
Proposition 5.2.35. The ideal in S(g) defining N is generated by

S(@)F = 5(0)° N (Dpez.oS(a)p)-

Now, lifting the elements of S(g)$ = S(g)® N (Bpez-,S(g),) to U(g), we have
an epimorphism C[N] — gr(U(g)y, ), giving rise to the following commutative
diagram

S(g) \ /gr.F(X, Dx)
gre(U(g)y,)
]
CV]

We consider the Springer resolution v : T*X — N and the associated comor-
phism v* : CIN] — T'(T* X, Op-x). Given that v is a resolution of singularities
and N is normal, then ~ is actually an isomorphism. Let us consider the
commutative diagram

1, (X, D))

gV

vy (U(8)xs I'(X,gr.(DX))

[

C[V] i

Since gr,I'(X,D%) — T'(X,gr,(D%)) is injective and +* is surjective, it fol-
lows that gr(®,) is an isomorphism. From this we can conclude that ®, is an
isomorphism.
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C Derived categories and derived functors

Our intention in the next two sections is to give a brief reference to the results
about derived categories used along this work. The reader can look up the proof
of the assertions in [32] or [43].

C.1 The derived category

Definition C.1.1. Let A be a category and S be a family morphism of A. We
say that S is a multiplicative system if it satisfies the following properties.

(i) For every object X € Ob(A) the identity morphism idx € Hom (X, X)
isin S.

(i) For every couple (f,g) of morphisms of S, if the composition f o g is
well-defined in A, then foge S.

(iii) For every X,Y,Z € Ob(A), u € Homa(X,Y) (resp. uw € Hom (Y, X))
and s € Homua(Z,Y) NS (resp. s € Homu(Y,Z) NS). There exist
W € ob(A), ve Homua(W,Z) and t € Hom (W, X) NS such that

w 5 Z
\Lt \l,s
X 5 v

is a commutative diagram (resp. a diagram with the arrows reversed).

(iv) For every X, Y € Ob(A) and u,v € Hom4(X,Y) the following conditions
are equivalent.

(a) There exist Y' € Ob(A) and s € HomA(Y,Y') NS such that sou =
sow.

(b) There exist X' € Ob(A) andt € Hom (X', X)NS such that uot =
vot.

Definition C.1.2. Let A be a category. We say that a morphism of categories
T:A— Ais a translation of A if T is an equivalence of categories.

Definition C.1.3. Let A be a category with a translation T. A sequence
xLy % zmrx

where X,Y,Z € ob(A), f € Homu(X,Y), g € Homu(Y,Z) and h € HomA(Z,T(X)),
is called a triangle in A. We usually denote a triangle by

XY o5z

Definition C.1.4. Let A be an additive category with a translation T. We say
that A is a triangulated category if there exists a family T of triangles of A,
called distinguished triangles, that satisfies the following properties:

(i) A triangle isomorphic to a distinguished triangle is a distinguished trian-
gle.
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(ii) For all f € HomA(X,Y') there exist g € Homa(Y,Z) and

h € Homu(Z,T(X)) such that X Ly%znh T(X) is a distinguished
triangle.

(iii) For all X € Ob(A), the triangle X — X — 0 — 0 = T(0) is a distin-
guished triangle.

(iv) A triangle X Ly sz T(X) is a distinguished triangle if and only if

vy 4z T(X) ), T(Y) is a distinguished triangle.

(v) for every couple of distinguished triangles X Loy 8 7 h T(X) and

x Loy &y g T(X"), and for every couple of morphisms « €
Homy(X,X") and 8 € Hom4(Y,Y") such that f'oa = Bo f, there exists
v € Homa(Z,Z') such that the following diagram

x L vy % z & 1rx)
Lo ¥ o 1T (o)
x Loy 4oz 4 orx

18 commutative.

(iii) The family T must satisfy a complicated property called the octahedral
aziom. The reader is invited to take a look at [32, B.3.3] or [43, 10.1.6].

Furthermore, if ¥ is a family of distinguished triangles and S is a multiplicative
system, we say that S is compatible with the triangulated structure of A if the
following conditions are satisfied.

(i) If s€ S then T'(s) € S.

(ii) For every morphism of distinguished triangles, this is, for a commutative
diagram

x Ly % z 4 x)
l,a »J/,B »J/Y \Lf

x Loy 4oz 5o,

if o,y €S then v € S.

Theorem C.1.5. Let A be a category and S be a multiplicative system in A.
There exist a category As and a functor Q : A — As such that:

(i) For every s € S, Q(s) is an isomorphism of As.

(i) If F: A — A’ is a functor that transforms the elements of S in isomor-
phisms of A’, then there exists a unique functor Fs : As — A’ such that

FEFSOQ.

Remark C.1.6. If A is an additive category and S is a multiplicative system
of A, then Ag is an additive category and @ is an additive functor. Moreover, if
A is a triangulated category with translation 7" and S is multiplicative system
compatible with the triangulated structure of A, then As is a triangulated
category.
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Let’s suppose that A is an abelian category. Let C(A) denote the category of
complexes of objects of A and IC(A) the homotopy category defined by

(i) Ob(K(A)) = Ob(C(A)).
(ii) Homy(a)(X®,Y*) := Home(a (X',Y')/ZC(A)(X', Y*). Where,

Do) (X% Y®) ={f* € Home(a)(X*,Y*)|f ~ 0}

Definition C.1.7. A quasi-isomorphism in K(A) is a morphism [f°®] in
K(A) such that H'([f*]) is an isomorphism for every i € Z.

Remark C.1.8. The collection of quasi-isomorphisms of K(.A), which we will
denote by Qis 4, it is a multiplicative system of K(A).

Definition C.1.9. Let A be an abelian category. Under the notations of the-
orem C.1.5, the category K(A)qis,, denoted by D(A), it is called the derived
category of A.

Now, for X*,Y* € Ob(C(A)) and f* € Home4)(X*,Y*), we can define the
shifted complex X*[k], k € Z, by

(i) X"[k] = X+,
(il) oy = (1)L,
and for f* we can define the mapping cone M. € Ob(C(A)) by
(i) Mf. = X"ttoyn,
(it) darge (27 y") = (=dil! (@™F), frH (@) + e (y™).
From this considerations, there exists a short exact sequence

o(f*) B(*)

0—Y* M;e X°*[1] — 0,

where a(f*)"(y") = (0,y") and B(f*)"(a"*t y") = 2"+,

Remark C.1.10. The shift functor (e)[1] : £(A) — K(A) defines a translation
on K(A). The family of triangles X* — Y* — Z* — X°[1] for which there
exists a morphism f® € Homy4)(X$,Yy) such that
xe 5 ove Y omp P9 xem
B iR h h
X oYY oz o X[l

is a commutative diagram in IC(A), defines a family of distinguished triangles
on K(A) in the sense of definition C.1.4.

Theorem C.1.11. Let A be an abelian category. The category D(A) is an
additive triangulated category. The distinguished triangles of D(A) are pre-
cisely the image under Q 4 of the distinguished triangles in K(A). The functor
Qa : K(A) — D(A) is additive and triangulated, this means that Q. sends
distinguished triangles to distinguished triangles.
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Definition C.1.12. For a complex X* € Ob(C(A)), with A an abelian category,
we define truncated complexes by

XS = =5 X S kerd, - 00— ..,

T2EX = =5 0—=0—= Imdpyy — XP = L
The reader can easily verify that we have a short exact sequence
0—75FX® - X* = 2 X* = 0. (106)
Proposition C.1.13. Let A be an abelian category. Any short exact sequence
0o xSy Lz Lo
in C(A) can be embedded into a distinguished triangle
x* Ly 2 70 o xo
in D(A).

Proof. Let’s denote by d the differential morphism of the mapping cone M;q,., .
The morphism h® defined by A"t (z" 1 ™) = (27,0), satisfies

PR ) = (@ 4 ("), 0), (107)

and
dh" T (2"t g™y = d(2™,0) = (—d™(a™), 2™). (108)

Taking (107) and (108) it is clear that the complex M;q,,, is quasi-isomorphic
to 0. With this and the exact sequence

0= Mig,. 2 Mpe 25 2° 50
where

A= <id8(. ]9') and B = (0,¢°),

there exists an isomorphism ¢ : My ~ Z* in D(A). Hence there exists a
commutative diagram

X’f—>Y‘*>Mf.&>X‘[]

o e

1
X U ye _9 5(f oo X*[1]
in D(A) which shows that X* Py & 720 X°[1] is a distinguished
triangle. O
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C.2 Derived functors

Definition C.2.1. Let A and B be abelian categories and x € {+,—,b} (see
the preliminaries to the section 2.2). Let F : K*(A) — K*(B) be a triangulated
functor. The right derived functor of F is a couple (R*F,{r) where

R'F : D*(A) — D*(B)

is a O-functor (i.e. compatible with translations and preserving distinguished
triangles) and

EFSQBOF*)R*FOQA

is a morphism of functors (Q.4 and Qg the localisation functors) that satisfies
the following universal property: for every triangulated functor G : D*(A) —
D*(B) and every morphism of functors ® : Qg o F — G o Q4 there exists a
unique morphism of functors n: R*F — G such that ® = (no Q) o &p.

Definition C.2.2. Let F' : A — B be an additive functor between abelian
categories. We say that a full additive subcategory J of A is F-injective if the
following conditions are satisfied:

(i) For any X € Ob(A) there exists an object I € Ob(J) and an ezact
sequence 0 — X — 1.

(i) If 0 - X' — X" — X" — 0 is an ezxact sequence in A and X, X" €
0b(J), then X" € Ob(.T).

(i4i) For any exact sequence 0 — X' — X — X" — 0 such that X', X, X" €
Ob(J), the sequence 0 — F(X') — F(X) — F(X") — 0 in B is also
exact.

Similarly, we define F-projective categories reversing all arrows in the condi-
tions abowve.

Remark C.2.3. If F': A — B is a functor as in the preceding definition, then
X*® — F(X*) defines a triangulated functor F : K*(A) — K(B).

Theorem C.2.4. Let F : A — B be an additive functor between abelian cate-
gories which is left (resp. right) exact functor and assume that there exists and
F-injective (resp. F-projective) subcategory of A. Then the right (resp. left)
derived functors

RYF:D"(A) — DY (B)
of F exists (resp. the left derived functors L~ F : D™ (A) — D™ (B) of F exists).

Remark C.2.5. Under the hypothesis of the preceding theorem, the right de-
rived functor is given by the following. By [43, 13.2.1] there exists a quasi-
isomorphism I* ~ X*® with I* € KT (7), called an injective resolution of X*,
and the right derived functor is given by RF(X*®) = F/(I*).

6 Non-archimedean functional analysis

In this section we will introduce the necessary notions on non-archimedian func-
tional analysis that we will need in the coming sections.
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6.1 The ring of p-adic integers

In this subsection we will introduce the most basic theory about non-archimedian
fields. We will follow the arguments and definitions given in [53].

Let us start by noting that a repeated use of Euclidean division gives us for
every natural number f € N a p-adic expansion

f=ay+ap+---+ap".
More explicitly

f=ao+pfi
fi=a1+pfs

fnfl = an-1 +pfn

fn = an.

It is therefore clear that a; € {0,1,--- ,p — 1} and they also denote the rep-
resentative of f; in Z/pZ. Is easy to see that if we want to consider negative
integers then we are forced to allow infinite series

oo (o)
Zakpk = {Sn = Zakpk}nel\l'
k=0 k=0

We have the following (formal) definition.

Definition 6.1.1. Let p be a fized prime number. A p-adic integer is a formal
infinite series ag +a1p+---, where a; € {0,1,--- ,p—1}. The set of all p-adic
integers will be denotes by Z,.

Let us denote now by Z, the localization of Z at the prime ideal (p). Let us
explain how to define the p-adic expansion for a rational number f € Z,). We
recall for the reader that Z,)/p"Z) = Z/p"Z. Moreover a routine inductive
argument proves that the residue class @ mod p" € Z/p"7Z can we uniquely
written in the from

1

a=ag+ap+ap’ +-+a,_1p"" " mod p"

where 0 < a; < p. With this in mind, we see that f € Z,) defines a sequence
of residue classes

1

5, = fmod p" € Z/p"Z = ag + a1p + azp® + -+ + ap—1p™ ' mod p",

and the sequence of numbers s, = ag + a1p + aap® + -+ + an_1p" " defines a
p-adic integer

> awpt € 7, (109)
k=0

This is the p-adic expansion of f.
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Let us now consider formally extend the set of p-adic integers into that of formal

series

oo

Z akpkv

k=—m
where m € Z and 0 < a; < p- We will call such a series a p-adic number and
we write Q,, for the set of all these p-adic numbers. Moreover, we can use (109)
to define the p-adic expansion of any rational number f € Q. To do that, let us
write f = {p~™, where g,h,m € Z and (gh,p) = 1. By (109), we can attach to
Z the p-adic integer
ag + ai1p + azp® + - --

and we can associate to f the p-adic number
app™ ™+ arp”" T 4+ am t ampp+-- €Qp (110)

which is the p-adic expansion of f € Q. We thus get a canonical commutative
diagram
Q D— Qp

T T (111)

L —— Zp.

Injectivity of the map on the bottom follows from the fact that if a,b € Z has
the same p-adic expansion, then a—b is divisible by p™ for every n, and therefore
a=hb.

In order to endow Z, with an algebraic structure, let us discuss another way to
introduce this set. By definition, every p-adic integer f € 7Z, can be considered
as a sequence of residue classes

Sp = s, mod p" € Z/p"Z
which are related via the canonical projections
oo = L/p*7 — TP

In other words, Z, = lim Z/p"T'Z and Z, is a ring if we consider

<—neN
lng/p"+1Z C H Z/pn+IZ
neN neN

We can now say that Z, is the ring of p-adic integers. Moreover, by definition,
every p-adic number f € Q, can be written f = p~™g with g € Z, and Q,
becomes the field of fractions of Z,. In fact, under the preceding identification,
every integer a € Z can be regarded as a p-adic integer via the sequence

(amod p, a mod p?,---) € Z,,.

The reinterpretation of the diagram (111) is clear.
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6.2 The p-adic valuation

The idea in this section is to introduced the p-adic valuation (or equivalent the
p-adic norm). The reader should keep in mind that using this valuation, Q, will
be constructed from the field QQ in the same fashion as the field of real numbers
R. The key point is the replace the usual Euclidean valuation by the p-adic
valuation in which thee sequence (110) converges. Let a = % € Q. We can
suppose that

b/
a=p"—, (bd,p)=1

)
C/

and we put

1
laly = . (112)

pm

Roughly speaking the summands of a p-adic series like in (109) form a sequence
converging to 0 with respects to | |,.

Definition 6.2.1. The exponent m in (112) is called the p-adic valuation of
the integer a. It is usually denoted by v,(a), and we extend it to Z U {oo} by
defining v,(0) = oo.

The reader may easily checks the following properties
(1) vp(a) = oo if and only if a = 0,
(2) vplab) = vp(a) + v, (1),
(3) vp(a+b) > min{u,(a), v,(5)}.
Is also clear that by (112) we have the following properties
(4) |al, =0 if and only if a = 0,
(5) labl, = lal, bl
(6) la -+ bl < max{lal,, [b],
With the last inequality know as the non-archimedean inequality.

Now, we will say that a sequence of rational numbers {z, } ey is a Cauchy
sequence with respect to | |,, if for every e > 0, there exists a positive integer
N € Z~y, such that for every n,m > N we have

|zy, — zm|p < e

An important example is give by a series Z;OZO ap” representing a p-adic inte-
ger. In other words 0 < a; < p for every k£ € N. In this case, for every n > m,
the non-archimedean gives us

1

n
- k k -
rn = mly = | 3 ont], < {1} < o
=m

Other examples are given by sequences of rational numbers {z,, } ,en which are

nullsequences with respect to | |,. These are just the sequences such that
|Zn|p — 0 in the usual sense.
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Let us denote by C the ring of the Cauchy sequences, and by mg its maximal
ideal consisting of the nullsequences. It is clear that we can embed Q into the
residue field C/mg by associating to every rational number a the residue class
of the constant sequence (a,a,---). Furthermore, the p-adic norm | |, on Q
extends to {zy tneny € C/mg by defining

H{on nenlp = nll)ngo |Znp- (113)

This extension is clearly well-defined and independent of the class of {zy, }nen-
As for the field of real numbers one has the following result.

Proposition 6.2.2. The field C/mgy is complete with respect to the absolute
value | |, defined in (113).

Proposition 6.2.3. [53, Chapter II, proposition 2.3] The set
0p = {u € C/my | Jal, < 1}

is a subring of C/my. It is the closure of the ring Z with respect to inner topology
of Q, induced by (113).

Proof. The algebraic structure of 0, comes from the properties (5)-(6) given in
the page 155. Let us prove the topological property. We want to see that

o, ={z € C/mg |z = lim x,, z, € Z, Vn € N} (=Z).
n— oo

First of all, if {z,}nren is a Cauchy sequence in Z and = = lim,,_,oo 2, then
|zn|p < 1 implies that |x|, < 1, and therefore = € Z,.

On the other hand, let = € 0, and let us suppose that z = lim,,_, =, for a
Cauchy sequence in Q. Let us also take N € N such that |z, |, < 1 for every

n > N, ie., z, = Z", with hy,, g, € Z and (g,,p) = 1. Choosing a solution

Yn € Z of the congruence b,y, = a, mod p" we see that |z, — yn|p < #
hence = = lim,_,« Yn, and x belongs to the closure of Z.

and

in order to relate the previous definitions we will need the following proposition
[53, Chapter II, proposition 2.3].

Proposition 6.2.4. The non-zero ideals f the ring o, are the principal ideals
n 1
pZy, ={z € C/my | |z|, < E} (114)
Moreover,

0p/p"op = Z/p" L.

Proof. We start by remarking for the reader that every element x € (C/mg)*
admits a unique representation x = p™u with m € Z and u € 0. Let a # (0)
be an ideal of 0, and x = p™u and element of a with smallest possible m. It is
an easy exercise to see that a = p™o,. O
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7 The Orlik-Strauch functor .7-"](3;

Throughout this part of these notes L will be a finite extension of Q, and K
a finite extension of L which will be our coefficient field. We will also assume
that G is a split connected reductive algebraic group over L, and we will take
T CB CPCG amaximal torus contained in a Borel subgroup, which in turns
is contained in a parabolic subgroup of G. We will use capital letters to denote
the respective groups of L-points, for instance G = G(L), P := P(L), and so
on. Moreover, we will denote by gothic letters the Lie algebra of the group
concerned, this is g := Lie(G), b := Lie(B) and p := Lie(P). Furthermore, once
we fix the Levi decomposition [39, Part II, 1.8]

P .= LPUP,

where Lp is the Levi factor and Up is the unipotent radical, we set [, =
Lie(Lp) and u, = Lie(Up). Finally, the base change of an L-vector space (or
an L-scheme) to K will always be denoted by the subscript g, in other words,
g = 9@ K and Gg = G Xgpec(r) Spec(K).

The first part of this section is dedicated to recall the definition of the functor
(cf. [54, Section 4])
Ff = 0% x Repig ™ (Lp) — Rep(G) (115)
which ({lepends of the parabolic subgroup P C G. We recall for the reader that
oo,adm

Repy (Lp) denotes the category of smooth admissible representations

of the Levi subgroup Lp C P on K-vector spaces. We also recall that Replﬁ(G)
is the category of locally analytic representations of G on K-vector spaces.

7.1 The algebraic BGG category O

By O we will consider the following adaptation of the BGG category O when
the coefficient field is not algebraic [54, 2.5]:

(1) M is a finitely generated U(gx)-module.
(2) M decomposes as a direct sum of one-dimensional tx-representations.

(3) The action of by on M is locally finite in the usual sense (cf. [36, (1.1)]).1?

We will also consider OP% the subcategory of O°% consisting of those modules
M in O°% on which px acts locally finitely. In [54] the authors were mainly
interested in the following subcategory of O°% (resp. OPX). First of all, let us
note that property (2) tells us that any object M € O"% (resp. in OP%) can be
written as a direct sum on one-dimensional tx-representations

M= M, (116)

XEty

where My = {m € M |Vt € tx, v-m = A(r)m} is the eigenspace associated to
A € tg = Homg (tg, K). Let X*(Tg) = Homalg. gps(Tk,Gp) be the group

43T see also the notes of Giovanna Carnovale on "The Bernstein-Gelfand-Gelfand category
o".
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of (algebraic) characters of the torus Ty, which can be considered as a
subgroup (lattice) of t}, via derivation. We have the following fundamental
definition ([54, Definition 2.6]).

Definition 7.1.1. We let (92{; be the full subcategory of O% whose objects are
Ul(gx)-modules such that the decornposition (116) is algebraic. In other words,
all X appearing in (116), for which My # 0, are contained in X*(Tg) C t}.

Let OF be the category whose objects are pairs M = (M, ), where M € OF
and 7 : P — Endg(M)* is locally analytic locally finite P-representation, e.g,
M = U;enM; is an increasing union of finite-dimensional locally analytic P-
stable subspaces, such that the derived action of pj lifts the initial pg-action,
and such that the actions of P and g; are compatible. The category OF is
abelian ([55, Lemma 2.5]) and any object is of finite length ([55, Lemma 2.7]).
It is clear that we have a forgetful functor

w: 0F — Orx
M o~ M. (117)
On the other hand, we will denote by (’)g{; the full subcategory of OP% formed by
objects M such that in the weight decomposition M = @xe; My all occurring
A lie in the lattice of algebraic characters X*(Tx) C tj,. There exists a fully
faithful embedding

oPE - OF (118)

alg

whose composition with the forgetful functor equals the inclusion (’)gl’; C Opr 44
To see this, let us remark first that the algebraic Tx-action on an object M €
(’)2{; lifts uniquely to an algebraic Lp g-action on each finite dimensional simple
[, k-constituent of M (see the proof of [54, Lemma 2.8]). Moreover, via the
exponential map, the action of the Lie algebra u,  integrates uniquely to give
an algebraic action of Up g on M (see the proof of [54, Lemma 3.2]). Both

actions combined give an algebraic Px-action on M, and therefore M € OF.

Example 7.1.2. (i) (|54, Example 2.7]) Let A € t}, and K, be the one-
dimensional tx-representation whose tx-action is given by A. This action
extends uniquely to a bx-module structure. Let

M) =U(gK) @u(ex) Kx

be the corresponding Verma module, which is an object in O°%. Denoting
by L(\) its simple quotient, we have that M (\) and L(\) are objects in
O°% if and only if A € X*(Tg).

(ii) ([54, Example 2.10]) Let S be the set of simple roots of Gk with respect to
Tx C Bx. Let A € X*(Tg) be an algebraic character, and let us consider
I'={a eS| (\a")€Zsp}. Let P; be the standard parabolic subgroup
of Gg attached to I. It is known that A is dominant with respect to
the Levi factor Lp,. Denote by V; () the corresponding irreducible finite-
dimensional algebraic Lp,-representation ([39, Part II, 2.14] and [46, Page
4]), which we consider as a P;-module by letting act Up trivially on it.

447he following reasoning has been taken from [2, 4.1].
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The generalized parabolic Verma module (in the sense of [46, Page
4]) attached to the weight A is defined by

M) = Ul(gk) Qu(p,) Vi(N).

Then M;(\) is an object of (’)gl’;. Moreover, there exists a surjective map

M(X\) — Mi(N\)

where the kernel is given by the image of ®nerM(sqo - A) — M(A) ([39,
Theorem 9.4 (b)]). Given that X is algebraic, it follows from [39, Theorem

9.4 (a)] and the first part of the example that L(\) is an object in Oap{;.

7.2 From O, to locally analytic representations

The goal of this subsection is to show how to attach, in a natural way, to any
object M € (’);’1’; a locally analytic representation. This process will define a
functor
F§ : 0% — Rep(G),

which we will extend naturally to define the bi-functor (115). To start with,
we remark for the reader that the defining properties (1) and (3) for OP¥ allow
us to take a finite-dimensional py-representation W C M which generates M
as a U(gk )-module. In other words, for any M € O;{g, we have a short exact
sequence of U(gx)-modules

0—=0—=U(gk) Qupg) W = M — 0, (119)

where 9 is the kernel of the canonical map U(gx ) ®u(p, )W — M. Furthermore,
the same reasoning given just before the example 7.1.2 shows that W can be
endowed with a structure of a locally analytic P-representation, and therefore
its K-dual space W’ is also a locally analytic P-representation. By [54, Lemma
2.4] the canonical map of D(G, K)-modules

D(G,K)®ppxyW — (Indg(W'))/
§@w = [f e o(f)(w)]

is an isomorphism (I think that the definition of the function on the right hand
side uses the fact that W’ is of compact type and therefore we have the identifi-
cation C*"(G,W') = C*(G, K)® W') and we dispose of a canonical paring

() (DG, K) @ppiy W) @x ndG(W') — K (120)

which identifies the left hand side with the topological dual of the right hand

side and vice versa. We can give a more explicit description of the preceding

paring (cf. [54, (3.2.2)]). First of all, let us considering the C*"(G, K)-valued

paring

(- Yomer) (DG K) @ppy W) @k Indg (W) — (G, K)
((@w)® f = g (00 (f()(w)))(9)]

where (6..(f(-)(w)))(g) == 6(x — f(gz)(w)). On the other hand, using the
arguments exhibited in [56, 3.4.1], it is possible to prove that the canonical map

U(gK) ®U(pK) W — D(G7K) ®D(p7K) w
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is injective, and we can suppose that U(gx )@y (p,)W is a subspace of (Indg(W’))/.
We then denote by Ind%(W’)? the closed subspace of Ind% (W) annihilated by
0 via the paring (-, ) can (@, k)

IndG(W')? = {f € IndS(W') | V6 € 0, (8, f)omn (@ x) = O}

This is, by construction, a G-invariant subspace of Ind%(W”) (cf. [54, Comment
before the proposition 3.3]). Moreover, by [54, Lemma 2.4| the representation
Ind$(W’) is strongly admissible (in the sense of [69]), and therefore Ind (W’)?
is also a strongly admissible locally analytic G-representation, being a closed
invariant subspace of a strongly admissible representation [69, Lemma 3.5]. Fi-
nally, it is not very hard to prove that the annihilator, under the canonical paring
defined in (120), of Ind%(W’)? in D(G, K) ®p(p,x) W is equal to D(G, K)o ([54,
Proposition 3.3 (ii)]). Therefore we have a canonical isomorphism of coadmissi-
ble D(G, K)-modules*®

(mdE(W")) = (D(G. K) @p(rx) W) /DG, K)o (121)

In practice, we are interested in the following description of (Indg(W/)a)/, cf.
(122) below.

In what follows, we will denote by o the ring of integers of the finite extension
L|Q,. We will also take smooth integral models Ty C By C Py C Gy, which are
by definition groups o-schemes, of T C B C P C G, respectively, and we will
denote by Go := Gg(0), which is a maximal open compact subgroup G.

Let M € O}f. By definition, M is a union of finite dimensional px-modules.
Let us denote by My one of these finite-dimensional submodules. As we have
remarked, M, lifts to a locally analytic P-representation which extends to a
unique D(P, K)-module structure, in the sense that the Dirac distributions acts
as group element on P. cf. [69, Proposition 3.2] and the paragraph before the
lemma 3.1 in [69].

The algebra D(gk, P): In what follows, we will denote by D(gk, P) the sub-
ring*® of D(G, K) generated by U(gx) and D(P, K). Actually, this ring is equal
to U(gx )D(P, K), which means that every element in D(gx, P) can be written
as a finite sum »_;3;6; with 3; € U(gk) and J; € D(P, K) ([54, Proposition
3.5]). From this description and the discussion in the previous paragraph, we can
conclude that any object M € OSIK carries a unique D(gg, P)-structure, such
that the U(px)-action, as a subring of U(gk), coincides with the U(px )-action
as a subring of D(P, K). Furthermore, the Dirac distributions ¢, € D(P, K)
act like the group elements p € P and, by uniqueness of the D(gg, P)-module
structure, any morphism M; — Ms in (921’; is in particular a homomorphism of
D(gx, P)-modules.*

45The coadmissible structure on the right hand side becomes from the fact that 0 € OZ{;.
Hence D(G, K)o is finitely generated as D(G, K)-module and therefore closed. The assertion
now follows from [70, Lemma 3.6].

46We recall for the reader that we have an inclusion U(gx) — D(G, K) via the exponential
map, cf. discussion after the proposition 2.3 in [69]. The same reasoning applies for the
compact subgroup Go C G.

47This reasoning has been taken from the proof of the corollary 3.6 in [54].
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Remark 7.2.1. If D(gk,Py) denotes the subring of the Fréchet-Stein al-
gebra D(Gy, K) generated by U(gx) and D(Py, K), then we have the same
description D(gk, Po) = U(gx)D(Py, K) than for D(gg, P).

Let us take, as before, M € O;{;. Since, by definition, M is a finitely gener-
ated U(gx )-module, we see that M is a finitely generated D(gx, P)-module, and
therefore D(G, K)®p(g,,p)M is afinitely generated D(G, K )-module. It is clear
that the same reasoning applies for the algebra D(gr, o), i.e. D(Go, K)®p(g,,py)
M is also a finitely generated D(Gy, K)-module.

Remark 7.2.2. Using the Iwasawa decomposition?® G = Gy P, it is possible to
prove that the canonical map

D(Go,K) ®D(QK,PO) M — D(G, K) ®D(9K7P) M
is an isomorphism of D(Gg, K)-modules ([72, Lemma 6.1 (i)]).

We have introduced the preceding information because we pretend to prove that
we have a canonical isomorphism of D(Gy, K)-modules

li
D(Go, K) @p(gre.py M ~ (IndG(W')°), (122)

which in particular implies that D(Go, K)®p(g,,py)M is a coadmissible D(Go, K)-
module (in fact strongly coadmissible). By using the previous remark and the
isomorphism (121), we only need to exhibit a canonical isomorphism of D(G, K)-
modules

D(G, K) ®D(QK,P) M ~ (D(G,K) ®D(P,K) W) /D(G,K)O,

which we construct as follows (this is exactly as in [54, Proposition 3.7]). We
start by considering the canonical map

LM = (U(QK)®U(pK)W) /D — (D(G, K) ®D(P,K) W) /D(G,K)D

and we point out that if this map is in fact D(gx, P)-linear, then we can define
a homomorphism of D(G, K)-modules

D : D(G,K) ®D(QK),PM — (D(G,K) ®D(P,K) W) /D(G,K)O

by extending the relation® ®(§ @ w) := 6i(w), for w € W. It turns out that this
map is in fact an isomorphism of D(G, K)-modules whose inverse ¥ is given
by ¥((§ ® w) + D(G,K)d) =6 ® (w+0). The D(gk, P)-linearity of ¢ follows
from the fact that the U(px )-action on W is compatible as a subalgebra of both
U(gx) and D(P, K). This clearly implies that the natural map

U(QK) ®U(pK) W — D(G,K) ®D(P,K) W

is D(gk, P)-linear and so is ¢.

48This has been explained by Stefano Morra in his talk. The interested reader can also find
a discussion about this decomposition in [20, 3.5].

Po(Bm) =e(6® 3 swi) = (X 65 @wi) = 3 8350(wi) = 3 6e(35wi) = 6e(m), the last
equality by D(gx, P)-linearity.
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All in all, we can pass to define the functor F§ ([54, 4.1]). For M € ngg, we
have constructed a coadmissible’®® D(G, K)-module in (122). This motivates

the definition of the functor
FE: OFE Repi (G)

alg

M e FEOD) = (DG K) opgem M) ()

Proposition 7.2.3. The functor FS is exact.

Remark 7.2.4. We will follow the arguments given by Matthias Strauch in
his talk, which in turn are inspired by the appendix B in [1]. These arguments
introduce interesting relations between the algebra of locally analytic distribu-
tions and Kohlhaase’s ring of distributions supported in a closed subset. The
interested reader can also find an alternative proof of the proposition 7.2.3 in
[54, Proposition 4.2].

To explain the ideas given by Matthias Strauch, we will need the following
notions introduced in [1, B.5, B.6, B.7 and B.8]. Let us denote by D(G, K)p the
Kohlhaase’s ring of distributions supported in P [45, 1.2.1 - 1.2.6]. This
can be considered as the topological closure of D(gk, P) inside D(G, K) [45,
Lemma 1.2.10].5! In particular, D(Gg, K)p, is Fréchet. The same constructions
apply for the maximal compact open subgroup Gy C G, and we want to prove
that, in this case, D(Gy, K)p, is a Fréchet-Stein algebra, where Py := P N Gj.
To do that, let us consider the Fréchet-Stein structure

D(GOaK): I&H D’I‘(GO7K)

re(1/p,1)NpQ

of the distribution algebra D(Gy, K) constructed in [70, Theorem 5.1], and
let us denote by D, (Go, K)p, the closure of D(Gy, K)p, inside D, (Go, K). If
31, ,34 is an L-basis of g and

|B]—00
U (gr) = { Z s@ﬁ | s € K and ||35215||T = O}
BeNd

where || - ||, is the so-called r-norm |70, Section 4|, it is proved in [45, Theo-
rem 1.4.2 and corollary 1.4.3] (see also [67, Theorem 2.3]) that there exists a
cofinal system (which we fix from now on) defining the Fréchet-Stein structure
of D(Gy, K), such that U,(gx) is noetherian and D, (Go, K)p, is a finitely free
Ur(gx)-module. In other words D, (G, K)p, is noetherian. Furthermore, it is
not so hard to prove, by using the results cited before ([45, 1.4.2 and 1.4.3]),
that D,(Gg, K) is finite free as a right module over D, (Gg, K)p,-module, cf.
[1, Lemma B.5.2]. From these facts Agrawal-Strauch conclude that D(Gy, K)p,
is a Fréchet-Stein algebra by comparing the transition morphisms via the
commutative diagram

D, (Gy,K)p, —— D,(Go, K)p,

l l (124)

DT(G07K) e DT/(G(),K).

501 ,et us recall that in the non compact case, admissibility is tested over a open compact
subgroup. In this case Go C G.

51We recall for the reader that the set of Dirac distributions is dense in D(P, K) [69, Lemma
3.1].
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Indeed, the horizontal map on the bottom being flat and both vertical maps
faithfully flat (by the arguments in the previous paragraph), imply that the
morphism on the top is also flat. To see [1, Proposition B.5.3] for more details.

Remark 7.2.5. As we have remarked before, in the noncompact case coad-
missiblity over the distribution algebra can be tested over any open compact
subgroup H C G. By [45, (1.7)] and [1, Corollary B.7.2] the same holds for the
algebra D(G, K)p. The following definition is given in [1, Definition B.7.3].

Definition 7.2.6. A D(G, K)p-module M is coadmissible if M is coadmis-
sible as a module over the Fréchet-Stein algebra D(Gy, K)p,.

Remark 7.2.7. (i) Let M € O;ﬁ‘g. In particular M is a finitely generated
U(gx)-module. We already know that M can be endowed with a structure
of D(gk, P)-module, and with this action it is possible to prove that

D(G,K)p ®p(gr,p) M
is a coadmissible D(G, K) p-module, cf. [74, Lemma 4.3].
(ii) ([74, Lemma 4.6]) For a D(gk, P)-module M, the natural map
Ur(9K) ®u(gic) M = Dr(G, K)p ®p(g,c,p) M
is an isomorphism of left U, (g )-modules.

(iii) (|1, Corollary B.8.2]) If M is a D(gk, P)-module, then we have a canonical
isomorphism

D(G, K)P ®OD(gx,P) M = D(Gy, K) @D(gx,Po) M
of D(Gy, K) p,-modules.

52 Now, let
0—->M —-M-—M"—0 (125)

be an exact sequence in (’)gl’;. By (i) and (iii) in the previous remark and [1,
Proposition 4.1.5], we know that

D(Go,K)pO ®D(9K,Po) (125) (126)

is a sequence of coadmissible modules over the Fréchet-Stein algebra D(Gg, K) p,,
so it is exact if and only if

D (Go, K) Py ®D(Go,K)p, (D(Go, K)p, @p(gye,py) (125))
= U (9K) ®u(qax) (125)

is exact, where we have used (ii) in the previous remark, and r in the cofinal
set that we have fixed. But U, (gk) is flat over U(gk), cf. [74, Theorem 3.13]
and [70, Remark 3.2|, thus U,(gx) ®u(qy) (125) is exact for all . This clearly
says that the functor

D(Go, K)p, @D (g o) (#) : Ol = Cp(a.)p

is exact. Here Cp(g, k), denotes the category of coadmissible D(G, K') p-modules.

52This reasoning is an extract of the proof of the proposition B.8.5 in [1].
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Remark 7.2.8. This fact illustrates one of the motivations of the authors in
[1] to introduce Kohlhaase’ ring of distributions D(G, K)p. With this ring we

somehow have a good algebraic control®® over the modules in the category O} .

Of course, if we now want to deal with the proof of the proposition 7.2.3, the
naive reasoning that we can carry out is to consider a short exact sequence like
in (125) and then tensoring D(Go, K) ®p(G,, k), () the (short exact) sequence
(126). Unfortunately, we don not currently know if D(Gy, K) is right flat over
D(Gy, K)p,, cf. [1, Remark B.6.3]. To deal with this gap, Agrawal-Strauch have
attacked the problem from a topological point of view by introducing Ardakov-
Wadsley notion of c-fatness, [4]. It turns out that this is the right version of
flatness for Fréchet-Stein algebras. Let us recall the definition.

Definition 7.2.9. Let ¢ : A — B be a continuous morphism of Fréchet-Stein
algebras. There exists a right-ezact functor B @ (e) from coadmissible left A-
modules to coadmisisble left B-modules [4, Section 7]. We say that B is right
c-flat if this functor is exact, and right faithfully c-flat if this functor is
faithfully ezxact.

Remark 7.2.10. Under the notation of the previous definition, if M is a finitely
presented A-module, then B ®4 M = B®4 M.

Now, by construction (see for example the diagram (124)) we know that the
inclusion D(Gy, K)p, — D(Gy, K) is a continuous morphism of Fréchet-Stein
algebras whose transition maps D,.(Go, K)p, — D;(Go, K) are right faith fully
flat (paragraph right before the diagram (124)). From this fact, it is not hard to
see that D(Go, K)p, — D(Go, K) is right faithfully c-flat, cf. [1, Lemma B.6.1]
for more details.

All in all, we can finally give the proof of the proposition 7.2.3.

Proof of the proposition 7.2.3. Let us recall that for M € (’)g{; we have

FE(M) = (D(G, K) @p(gre.ry M)

Furthermore, given that (e)” induces an equivalence of categories
e % Repid™(@)

between the category of admissible locally analytic G-representations and the
category Cq of coadmissible D(G, K)-modules, cf. [70, Theorem 6.3], we only
need to prove, using (iii) in the remark 7.2.7, that D(Go, K)®p(qg,,p,) (®) defines
an exact functor between (92{; and Cg. But this functor equals the composition
of the functors

K D(GO’K)PO ®D(9K‘PO)(’) D(GO’K)®%<G01K)PO (®)
Oalg CD(G’K)P CG'

The exactness now follows from c-flatness of D(Gy, K) over D(Gy, K)p,, the
reasoning given after the remark 7.2.7 and the remark 7.2.10. O

53Shishir Agrawal has indicated to me that we don’t have a good algebraic control over the
ring D(gx, P), so they required a good algebraic property from the modules over this ring,
namely, finitely presented D(gg, P)-modules. A good source of examples of such a modules

are those D(gx, P)-modules arising form the category Og{;, cf. [1, Proposition 4.1.5].
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Remark 7.2.11. The reasoning given in the proof of the proposition 7.2.3 gives
a second motivation to introduce the ring D(G, K)p. From a topological point
of view, we have a good knowledge of the morphism D(G,K)p — D(G, K), in
the sense it is faithfully c-flat.

7.3 Extending the functor 75

The goal of this subsection will be to extend the functor defined in (123) in
order to obtained the announced bi-functor in (115). We will follow word by
word the arguments and definitions given in [54, 4.4]. To start with, let us first
recall the definition of a smooth representation and an admissible smooth
representation, cf. [72, Section 2]. We will give the definition for the group
G, but we warm the reader that in this subsection we will be interested in
L p-representations.

First of all, we say that a K-vector space V' is a smooth representation of G,
if V' is endowed with a K-linear G-action such that the stabilizer of each vector
in V is open in G. Furthermore, we say that V is an admissible smooth
representation if, for any compact open subgroup H C G, the vector space
VH of H-invariants vectors in V is finite dimensional.

Remark 7.3.1. Let V be an admissible smooth G-representations. Given that
the unit element in G has a countable fundamental system of open compact
neighbourhoods {H,, },cn, we have

V = lig V.
neN

This implies that V is of compact type, being the countable locally convex
inductive limit of the finite dimensional spaces V».

From now on, we will assume that V' is a smooth admissible representation of
the Levi subgroup Lp C P, and we regard it as a representation of P. We
will always consider on V' the finest locally convex topology exhibited in the
previous remark.

Let M € Og{; and write it as a quotient of a generalized Verma module
0= U(gk) @upx)y W — M — 0.

We have®
W' @k V =lim W @x V",
neN
where {N,, }nen runs through a countable fundamental system of open compact
subgroups of P. Equipped with the diagonal action W/ ® V is a locally analytic
representation. By using the paring (-,-)can(g,v) defined in the subsection 7.2,
we can consider

FS(M,V) :=IndS(W @ V')?
={f €IndZ(W' @K V) | V3 €0, (3, f)cw(a,v) =0}

54Given that W is finite-dimensional, the injective tensor products WRk-V=W®Q®g,V
coincide, and we can just write W’ @ V.
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Remark 7.3.2. Strictly speaking we should have written F$ (M, W, V) instead
of F§(M, V), because it could depend of the chosen P-representation W. In [54,
Proposition 4.5] the authors prove that if W; C W5 are two finite-dimensional
U (g )-representations which generates M as a U(gx )-module, then there exists
a canonical isomorphism

]:Ig(M7W2aV) ";’.Fg(M7W17V)

We can henceforth identify all representations ]-'g(M ,W,V) and to write just
FS(M,V).
Proposition 7.3.3. ([54, Proposition 4.7]) FS(-,-) is a bi-functor

(’)Z;;xRep?’adm(Lp) —  Rep'2(@)
(M, V) = FR(M,V),

which is contravariant in M and covariant in V.

Proof. Let o : My — M, be a morphism in (921’; and g : V3 — V5 be a

morphism in Rep?’adm(Lp). Let us choose W; C M; a finite-dimensional
U(px)-submodule which generates M; as a U(gx)-module. Then let us choose
Wy C Ms a finite-dimensional U(pg)-submodule which generates My as a
U(gx)-module and which contains «(W3). We have the following commuta-
tive diagram

0 —— 0 —— U(gr) Quippe W1 —— My —— 0

| | J

0 —— 0 —— U(gk) Qupe W1 —— My —— 0

This shows that the map
Ind3(W; @k V1) = Ind3 (W] @k Va)
induced by o’ ® 8 maps fg(Mg, V1) into ]-'g(Ml, Va). O

Proposition 7.3.4. (i) For all M € Ogl};, and for all smooth admissible Lp-

representation V, the G-representation fg(M, V') is admissible.
(ii) If V is of finite length, then FS(M,V) is strongly admissible.

Proof. The first item follows from [54, Lemma 2.4 (i)] and [70, Proposition
6.4 (iii)]. The second item follows from [54, Lemma 2.4 (ii)] and [69, Lemma
3.5]. O

The reader can find the proof of the following proposition in [54, Proposition

4.9].

Proposition 7.3.5. (i) The bi-functor FS(-,-) is ezact in both arguments.
(ii) If P C Q are parabolic subgroups, qx = Lie(Q), and M € OI% | then

alg?

FE(M,V) = F§ (M, Ind3(V)).
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Remark 7.3.6. (i) It is clear that if ¥ denotes the trivial L p-representation,
then
FE (M) = FE (M)

for all M € OPX

alg®

(i) Let us recall the category OF, [55], whose objects consist of those pairs
M = (M,7), where M is an object of*> OP% and 7 : P — Endg(M)*
is a locally finite-dimensional locally analytic representation on M which
lifts the Lie algebra representation of px on M. As we have remarked,
any object M € OF can be endowed with a structure of D(ggx, P)-module
which allows us to consider

flg;(M) = (D(Ga K) ®D(gx,P) M)/'

This is an extension of the functor (123) to the category OF, in the sense
of the following commutative diagram

OPK OP

alg

Fg FE
Rept (G)

where we have used the fully faithful embedding (118).

8 Local properties of the functor ]—“g

In this section we will review the main ideas introduced by S. Orlik in his talk.
We will consider the aspects of faithfulness, projective and injective objects and
we will compute some Ext-groups. The main reference for this section is [57].

8.1 Jacquet functors

Let us recall the Levi decomposition P = LpUp. For any locally analytic
P-representation, we let V(Up) be the subspace generated by the expressions
uv — v, with u € Up, v € V and let V(Up) be its topological closure which is a
P-stable subspace of V. We will denote by

Ho(Up,V) =V, =V/V(Up)

the corresponding naive Jacquet module,® which is the largest Hausdorff quo-
tient of V' on which Up acts trivially. Furthermore, since V(Up) is a closed
subspace of V, the quotient Ho(Up, V) is of compact type. Moreover, the orbit
maps P — Ho(Up,V) are clearly locally analytic since they are induced via
the locally analytic orbit maps P — V, cf. [57, Lemma 4.1]. In other words,
Ho(Up,V) has a canonical structure of a locally analytic P-representation.

55We remark for the reader that the motivation in considering the full subcategory OZ{;
was to have a control over the root decomposition of certain objects in OPK | that allowed us
to lift the algebraic Tx-action to a P-action.

56The interested reader can take a look to the notes of Gabriel Dospinescu "A review of

Emerton’s Jacquet functors”.
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Now, by the very definition, we know that V' is a K-Fréchet space endowed
with a continuous P-action. We let

Ho(Up,V) = {U/ eV’ ‘ UP"U/:U/} QV/

Being a closed subspace Hy(Up, V') inherits the structure of a K-Fréchet space
equipped with a P-action, as well. More exactly, we have the following topo-
logical isomorphism ([57, Lemma 4.2])

Ho(UP, V) >~ (Ho(UP, V))/ .
of P-representations.

Finally, if M is a gx-representation, then we can consider the subspace H®(up, M)
of vectors killed by up, and the quotient Ho(up, M) = M/upM. Both are
U (px)-modules.

We will need the following technical result whose proof can be founded in [57,
Proposition 4.20].

Proposition 8.1.1. Let M = U(gx) Qu(pe) W € OF be a generalized Verma
module. Then o

Ho(Up, F§(M)) = H° (up, w(M))',
where w(-) denotes the forgetful functor (117).
Remark 8.1.2. ([57, Remark 4.22]) The same statement holds true for objects
M € OF of the shape M = U(gx) Qu(pr) W where W is a finite-dimensional

locally analytic P-representation. In particular, it holds if W is a finite dimen-
sional algebraic representation of the levi factor Lp.

8.2 Functorial properties

In the first part of this subsection, we want to discuss whether the functors F§
are faithful resp. fully faithful. More exactly, we want to prove that the functor

FE: O — Repg(G)

M FS(M,K¥)
is fully faithful.
Theorem 8.2.1. ([57, Theorem 5.1]) Let M, M, € (’)Zl’;. Then the map
Homor (M, My) —  Homg(F§(M,), Fg (M)
f = FE()
is bijective.
As S. Orlik did in his presentation, we will prove the preceding theorem in
the special case when M, € (921’; and M, is the generalized Verma module
M, = U(gk) Qu(px) Z, where Z is a finite-dimensional locally analytic Lp-
representation. We remark for the reader that in this particular case we do
not have a set of differential equations in the sense that ® = 0 (in (119)) and

therefore
FE (M) = ndF(Z)), (127)

and Up acts trivially on Z.
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Proof of the theorem 8.2.1. The authors have divided this proof into several
steps. We will give the proof in the particular case when M; is the general-
ized Verma module of the preceding paragraph and Ms € ng;- The interested
reader can find a complete proof in [57, Theorem 5.1].

By proposition 8.1.1 we have Ho(Up, FS(Ms)) = H°(u,, M3). From this fact
we have the following identities
Homg (F§ (Mz), F§ (My)) = Homp(Fg (Mz), Z')

=Homp,, (Ho(Up, F§ (Ms)),Z')

= Homp(1,, k) (Z, H (up, M2))

= Hompp k) (Z, M2)

= I{OIIID(QI{711:>)(]\417 Mg)
The first relation follows from (127) and Frobenius reciprocity, the second one
uses the fact that Z is a representation of the Levi factor Lp and by definition
Up acts trivially on Ho(Up, FS(Ms)). The third relation is the well-known

Schneider-Teitelbaum equivalence of categories [70, Theorem 6.3]. The fourth
one has already explained and the last one is just by definition of Mj. O

Remark 8.2.2. The following example given by S. orlik in his talk shows that
the functor obtained by fixing M and letting vary V is not fully faithful.

Example 8.2.3. Let us take G = GL2(Q,), B = P the Borel subgroup of
upper triangular matrices, M = ¥ and V = x a character of the diagonal torus,
such that the induced representation splits

V i=ind§(x) = Vi & Va.
By the Schur’s lemma is known that
dim(Homp(V,V)) =1,

but
dim(Homg (F§ (M, V), F§(M,V))) = 2.
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