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1 Grassmannian varieties

By de�nition, projective spaces parametrize one dimensional subspaces in a�ne
spaces. The Grassmannian varieties are a generalization of the projective
space in the sense that they parametrize higher-dimensional subspaces.

Let V be an n-dimensional complex space. We can set-theoretically de�ne the
Grassmannian G(k, V ) as follows:

G(k, V ) := {U ⊆ V | dim(U) = k}.

This is a coordinate-free de�nition. On the other hand, we can also �x a basis
{v1, · · · , vn} of V and identify V ' Cn. In this situation we have

G(k, n) :− {U ⊆ Cn | dim(U) = k}.

Our goal in this section is to realize Grassmannians as projective varieties, but
let us assume for a while that we have accomplished this objective and let us
try to compute dim(G(k, n)). To do that, let us start by recalling that the
multiplicative group Gm acts on the punctured a�ne space An+1\{0} by scalar
multiplication and Pn is nothing more that the orbit space of this action 1, in
other words

Pn = (An+1\{0})
/
Gm.

Following our preliminary discussion, it is natural to think in generalize the
preceding presentation of Pn for Grassmannian varieties. Every k-dimensional
subspace of Cn is spanned by k vectors. So, we can look at the space of all
k-tuples of linearly independent vectors, which we think of as the rows of k×n-
matrices. The group GLk acts on this space by left multiplication and two
k× n-matrices have the same row span if and only if they are in the same orbit
under this group action. This means that we can identify

G(k, n) = M rank k
k×n

/
GLk.

Let us look a little deeper at the actionÖ
λ1,1 · · · λ1,k

...
. . .

...
λk,1 · · · λk,k

èÖ
a1,1 · · · a1,k

...
. . .

...
ak,1 · · · an,k

è
If the �rst k× k-minor of the matrix of the right is non-zero, the orbit contains
a unique element of the formá

1 0 · · · 0 b1,1 · · · b1,n−k
0 1 · · · 0 b2,1 · · · b2,n−k
...

...
...

...
0 0 · · · 1 bk,1 · · · bk,n−k

ë
.

1In order to soft the notation we let implicit the fact that we are in fact considering the
space of k-points.
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Conversely, we can always obtain a matrix of rank k for any k× (n−k)-matrix.
In other words, the row span of matrices of the preceding form are in bijection
with an a�ne space Ak(n−k). This result involves a choice coming from the
assumption that the �rst k×k-minor is non-zero. In general, we have to permute
columns �rst. So, we see in this way that the Grassmannian G(k, n) is covered
by
(
n
k

)
a�ne spaces Ak(n−k). In particular, if the Grassmanian is a variety, it

must be of dimension k(n− k).

1.1 Grassmannians and the Plücker embedding

Let V be a �nite dimensional complex vector space, say of dimension n. We
know that P(V ) is the set of all the lines in V that pass through the origin. We
also have the following presentation. Given that V is �nite dimensional, we can
use the canonical identi�cation V =−→ V ∗ to associate to every hyperplane in V
a unique line through the origin in V ∗ and P(V )

=−→ P(V ∗) tells us that P(V )
can be also considered as the set of n− 1 dimensional subspaces of V .

Let us �x now basis B := {v1, ..., vn} of V . This �xes coordinates over P(V ) and
we can identify

P(V ) ' P(Cn) = Pn−1.

In particular, every k-dimensional subspace of V '−→ Cn can be identi�ed (via
projectivization) with a k − 1 dimensional subspaces of Pn−1.

The preceding description of the Grassmannian in terms of matrices is very
convenient to understand it as a set; unfortunately, it is not very useful for our
goal of �nding a structure of projective variety. Instead, it is better to employ
some multilinear algebra.

Exterior Algebra 1.1.1. The exterior algebra
∧
V is the residue class ring of

the non-commutative tensor algebra

T (V ) :=
⊕
d≥0

V ⊗d

modulo the ideal generated by all the tensor of the form v ⊗ v, for v ∈ V . The
residue class of a basic tensor w1 ⊗ · · · ⊗ wd is denoted by w1 ∧ · · · ∧ wk. The
exterior algebra inherits the grading of the tensor algebra

∧
V =

⊕
d≥0

d∧
V

where
∧d

V is the spanned by all the vectors of the forms w1 ∧ · · · ∧ wd. In
particular,

∧1
V = V and

∧0
V = C. We recall for the reader that the wedge

product is associative, bilinear, antisymmetric and for every permutation σ ∈ Sk
we have

w1 ∧ · · · ∧ wk = sgn(σ)(wσ(1) ∧ · · · ∧ wσ(k)).

In particular, if w express w1, · · · , wk in terms of the basis B, then using anti-
symmetry and bilinearity we can expand every multivector in

∧
V in terms of
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this basis. In other words(
n∑
i=1

ai,1vi

)
∧ · · · ∧

(
n∑
i=1

ai,kvi

)

=
∑

1≤i1<···<ik≤n

det

Ö
ai1,1 · · · ai1,k
...

. . .
...

aik,1 · · · aik,k

è
vi1 ∧ · · · ∧ vik

for k ≤ n. In particular, we see that every multivector w1 ∧ · · · ∧n in
∧n

V is
a multiple of v1 ∧ · · · ∧ vn, with the coe�cient given by the determinant of the
change of basis matrix from {w1, · · · , wn} to B.

Let us de�ne a map

i : G(k, V )→ P(

k∧
V ).

Given a subspace W ∈ G(k, V ) and a basis BW = {w1, · · · , wk} of W we let
i(W ) be the composite

W →
k∧
V → P(

k∧
V ).

Clearly, di�erent choices of basis for W give di�erent wedge products in
∧k

V ,
but by we have just stated, this map is unique up to scalar multiplication, hence
is well-de�ned on P(

∧k
V ).

Proposition 1.1.2. i is injective.

Proof. Let us build a left inverse p : P(
∧k

V ) → G(k, V ) of i. For every [ω] ∈
P(
∧k

V ) let

p([ω]) := {v ∈ V | v ∧ ω = 0 ∈
k+1∧

V }.

It is clear that p is well-de�ned 2. We want to proof that p ◦ i(W ) = W . Let
BW := {w1, · · · , wk} be a basis of W in such a way that i(W ) = [w1 ∧ · · · ∧wk].
Then for every w ∈W it is clear that w∧w1 ∧ · · · ∧wk = 0 and W ⊆ p ◦ i(W ).

On the other hand, let us take v ∈ p ◦ i(W ) and let us complete BW to a basis
BW ∪ {wk+1, ..., wn} of V . Then writing v =

∑n
i=1 aiwi, we have(

n∑
i=1

aiwi

)
∧ w1 · · · ∧ wk = 0.

After distributing and using antisymmetry we see that ai = 0 for all i > k and
therefore v =

∑k
i=1 aiwi ∈W .

Remark 1.1.3. Given that the set {vi1 ∧ · · · ∧ vik | 1 ≤ i1 < · · · < ik ≤ n}
forms a basis for

∧k
V , we have that P(

∧k
V )

'−→ P(nk)−1, and i identi�es the

Grassmannian with a subset of the projective space P(nk)−1.

2Actually, it is an easy exercise to prove that dim({v ∈ V | v ∧ ω = 0 ∈
∧k+1 V }) = k

5



De�nition 1.1.4. Let ω ∈
∧k

V . We say that ω is totally decomposable if we
can write ω = v1 ∧ · · · ∧ vk where v1, · · · , vk are linearly independent in V .

Let us denote by Dω the set of all v ∈ V dividing ω ∈
∧k

V , this is

Dω := {v ∈ V | ∃φ ∈
k−1∧

V such that ω = v ∧ φ} = {v ∈ V | v ∧ ω = 0} (1)

the second equality is an easy exercise.

Proposition 1.1.5. A multivector ω ∈
∧k

V is totally decomposable if and only
if dim(Dω) = k.

Proof. Let us �rst suppose that ω is totally decomposable, say ω = v1∧· · ·∧vk.
Using the relation (1), we can see that v1, · · · , vk are k linearly independent
elements of Dω. Let us see that they generate Dω. In fact, if we extend this set
to a basis of V , say {v1, · · · , vk, vk+1, · · · , vn} and we take v =

∑n
i=1 aivi, then

we mus have

0 = v ∧ ω =

(
n∑
i=0

aivi

)
∧ vi ∧ · · · ∧ vk.

All the i-th terms i ≤ k will vanish after distributing, so all ai = 0 for k <
i ≤ n, and v must be a linear combination of the {v1, · · · , vk}. This shows that
dim(Dω) = k. On the other hand, let us suppose now that dim(Dω) = k and
let v1, · · · , vk be a basis. Extending this set to a basis of V we get the following
equation for every 1 ≤ j ≤ k

0 = vj ∧

Ü ∑
ik=(i1,··· ,ik)

1≤i1<···<ik≤k

aikvik

ê
︸ ︷︷ ︸

∈Dω

=
∑

ik=(i1,··· ,ik)
1≤i1<···<ik≤k

aik(vj ∧ vik).

This equations show that if j 6∈ {ik} := {i1, · · · , ik} for all ik, we must have
aik = 0. In particular, all the aik = 0 for which {ik} 6= {1, · · · , k}. this shows
that ω = av1 ∧ · · · ∧ vk for some scalar a, and thus, ω is decomposable.

Corollary 1.1.6. Let ω ∈
∧k

V . the space Dω has dimension ≤ k, with equality
occurring if and only if ω is totally decomposable.

Proof. Let us pick a basis v1, · · · , vs of Dω and extend to a basis of V . As
before,

ω =
∑

ik=(i1,··· ,ik)
1≤i1<···<ik≤k

aikvik .

For j ∈ {1, · · · , n} we �nd

ω ∧ vj =
∑

ik=(i1,··· ,ik)
1≤i1<···<ik≤k

aikvik ∧ vj =
∑

j 6∈ik=(i1,··· ,ik)
1≤i1<···<ik≤k

aikvik ∧ vj .
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Now, for j ≤ s, we have vj ∈ Dω and the equation ω∧vj = 0 shows that aik = 0

for every ik such that j 6∈ ik. In other words, all ik with aik 6= 0 must contain
{1, · · · , s}, but if s > k, there is not such ik of length k, contradicting the fact
that ω 6= 0. Finally, if ω is totally decomposable, we are under the hypothesis
of the preceding proposition.

In the sequel we will be considering the map

ϕ :

k∧
V → Hom

(
V,

k+1∧
V

)
ω 7→ ϕω : v 7→ ϕω(v) := v ∧ ω

(2)

Lemma 1.1.7. [ω] ∈ P(
∧k

V ) lies in the image of the Grassmannian under the
Plücker embedding if and only if ω is totally decomposable.

Proof. If ω is totally decomposable ω = v1 ∧ · · · ∧ vk, then the subspace of
V spanned by {v1, · · · , vk} is k-dimensional, hence is some W ∈ G(k, V ) an
i(W ) = [ω]. Conversely, let us suppose [ω] = i(W ) for some W ∈ G(k, V ).
Choosing a basis {u1, · · · , uk} for W , we know that [ω] = [u1 ∧ · · · ∧ uk], and so
ω is totally decomposable as λu1 ∧ · · · ∧ uk for some λ ∈ C.

Theorem 1.1.8. G(k, V ) is a projective variety.

Proof. We want to proof that i(G(k, V )) ⊆ P(
∧k

V ) is the locus of a set of
homogeneous polynomials. To do that, let us consider the linear map ϕ. Fixing
a basis of V , for every ω ∈

∧k
V , the linear map ϕω ∈ Hom(V,

∧k+1
V ) can

be seen as an n×
(
n
k+1

)
matrix A(ω) where the entries are functions in ω, and

linearity of ϕ shows that these functions are homogeneous of degree 1. By
proposition 1.1.5 and lemma 1.1.7 a particular [ω′] lies in i(G(k, V )) if and only
if ϕω′ has rank n− k. In particular, all of its (n− k + 1)× (n− k + 1) minors
vanish 3. This implies that ω′ is the zero locus of the (n− k + 1)× (n− k + 1)
minors of the matrix ϕω′ .

We will end this section by given a description of the Plücker embedding in
coordinates.

As before, let ik = (i1, · · · , ik) be such that 1 ≤ i1 < · · · < ik ≤ n. Given a
subspace W ∈ G(k, V ), we want to explicitly �nd the coordinate ik(W ). This
is, the ik-th coordinate of the image of the Grassmannian under the Plücker
embedding. To do that, let us choose a basis {w1, ..., wk} of W . Writing every
wj = a1jv1 + · · ·+ anjvn (the basis {v1, · · · , vn} of V being �xed before) we get
an n × k matrix MW := (aij). The j-th column of MW keeps the coordinates
of wj . Then

w1 ∧ · · · ∧ wk =
∑

ik=(i1,··· ,ik)
1≤i1<···<ik≤n

∑
σ∈Sk

sign(σ)ai1,σ(1) · · · aik,σ(k)vi1 ∧ · · · ∧ vik .

3Here we are using the following easy result coming from linear algebra. The rank of a
matrix M ∈Mn×m(C) is the largest integer r such that some r × r minor does not vanish.
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This can be written as follows

w1 ∧ · · · ∧ wk =
∑

ik=(i1,··· ,ik)
1≤i1<···<ik≤n

det

Ö
ai1,1 · · · ai1,k
...

. . .
...

aik,1 · · · aik,k

è
vi1 ∧ · · · ∧ vik

which means that the ik-th coordinate for i(W ) is ik(W ) := det(MW,ik
), where

MW,ik
is the k × k-matrix formed from the i1, · · · , ik-th rows of MW .

Remark 1.1.9. A priori, the preceding construction depends of the chosen basis
for W . But again, a di�erent basis will be mapped to a multiple of w1 ∧ · · · ∧wk
which are identi�ed in P(

∧k
V ) = P(nk)−1.

The relations between these minor correspond to equations ofG(k, V ) in P(
∧k

V ),
and are called Plücker relations [33].

Example 1.1.10. (i) The Plücker embedding of G(1, V ) simply maps a lin-
ear subspace W := span(a1v1 + · · · anvn) to the point (a1 : · · · : an) ∈
P(
∧1

V ) = P(V ) = Pn−1. Hence G(1, n) = Pn−1 (as expected).

(ii) Let us suppose that dim(V ) = 3 and let us consider the subspace W :=
Gen(v1 + v2, v1 + v3) ∈ G(2, V ). Since

(v1 + v2) ∧ (v1 + v3) = −v1 ∧ v2 + v1 ∧ v3 + v2 ∧ v3

the Plücker coordinates of W in P(
∧2

V ) = P(3
2)−1 = P2 are given by the

vector (−1 : 1 : 1). Alternatively, under the preceding notation we have

MW =

Ñ
1 1
1 0
0 1

é
and (−1 : 1 : 1) keeps the three 2× 2 minors of this matrix.

(iii) ([82]) Let us suppose know that dim(V ) = 4. Then P(V )
'−→ P3. The

Plücker coordinates are the 2× 2 minors

pij := det

Å
xi yi
xj yj

ã
= xiyj − xjyi

of the matrix

M =

Ü
x0 y0

x1 y1

x2 y2

x3 y3

ê
whose columns are two distinct point in P3. In this case, the Plücker
embedding is de�ned by

i : G(2, V ) → P5

W 7→ (p01 : p02 : p03 : p23 : p31 : p12).
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Let us show that the Plücker coordinates of a line W (in P3) satis�es the
quadratic Plücker relation

0 = p01p23 + p02p31 + p03p12.

This is a direct computation

p01p23 + p02p31 + p03p12

=

∣∣∣∣x0 y0

x1 y1

∣∣∣∣ ∣∣∣∣x2 y2

x3 y3

∣∣∣∣+

∣∣∣∣x0 y0

x2 y2

∣∣∣∣ ∣∣∣∣x3 y3

x1 y1

∣∣∣∣+

∣∣∣∣x0 y0

x3 y3

∣∣∣∣ ∣∣∣∣x1 y1

x2 y2

∣∣∣∣
= p01

∣∣∣∣x2 y2

x3 y3

∣∣∣∣− p02

∣∣∣∣x1 y1

x3 y3

∣∣∣∣+ p03

∣∣∣∣x1 y1

x2 y2

∣∣∣∣
= x0(y1p23 − y2p13 + y3p12)− y0(x1p23 − x2p13 + x3p12)

= x0

∣∣∣∣∣∣
x1 y1 y1

x2 y2 y2

x3 y3 y3

∣∣∣∣∣∣− y0

∣∣∣∣∣∣
x1 x1 y1

x2 x2 y2

x3 x3 y3

∣∣∣∣∣∣
= 0.

In particular, if we seeG(2, V ) as a (closed) subset of P5, we haveG(2, V ) ⊆
V (p01p23 + p02p31 + p03p12). On the other hand, Let us take (q01 : q02 :
q03 : q23 : q31 : q12) ∈ P5. Without loss of generality, we can assume that
q01 is nonzero and the matrix

M =

Ü
q01 0
0 q01

−q12 q02

q31 q03

ê
has clearly rank 2, so its columns are distinct points de�ning a line W .
The key point now is that, when the coordinates qij satis�es the quadratic
Plücker relation, they are the coordinates of W . To see this, let us �rst
normalize q01 to 1. We have therefore pij = qij , except for

p23 = −q03q12 − q02q31.

But, by hypothesis we know that (q01 = 1) q23 + q02q31 + q03q12 = 0 and
then p23 = q23. This shows that

G(2, V ) = G(2, 4) = V (p01p23 + p02p31 + p03p12) ⊆ P5

is the Plücker quadratic.

1.2 Flag varieties

De�nition 1.2.1. Let V be a �nite dimensional complex vector space. A �ag
in V is a strictly increasing sequence of vector subspaces:

{0} ( V1 ( V2 ( · · · ( Vl ( V.

The signature of the �ag is de�ned to be the sequence (dim(V1), · · · , dim(Vl)).
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Now, let us take a1, · · · , al, n be sequence of integers such that 0 < a1 < · · · <
al < n. We put

F(a1, · · · , al;n) := {{0} ( V1 ( V2 ( · · · ( Vl ( V | dim(Vi) = ai}.

Remark 1.2.2. If l = 1, then F(a1;n) = G(a1, n) is a projective variety.

As in the case of the Grassmannian variety, we want to prove that F(a1, · · · , al;n)
has also the structure of a projective variety.

Proposition 1.2.3. F(a1, · · · , al;n) is a Zariski closed subset of G(a1, n)×· · ·×
G(al, n).

Proof. We already know this for l = 1. For any 1 ≤ i < j ≤ l, let πij be the
restriction to F(a1, · · · , al;n) of the projection G(a1, n)× · · · ×G(al, n). Then

F(a1, · · · , al;n) =
⋂

1≤i<j≤n

π−1
ij (F(ai, aj ;n))

So, it is enough to prove the proposition for l = 2. To do that we will follow
the same philosophy followed in 1.1. Let r < s and (U,W ) ∈ G(r, V )×G(s, V ).
Let us take {u1, · · · , ur} and {w1, · · · , ws} basis of U and W , respectively, and
let us de�ne u := u1 ∧ · · · ∧r and w = w1 ∧ · · · ∧s. As in theorem 1.1, we can
consider the map

ϕ⊕ ϕ :=
∧r

V ⊕
∧s

V → Hom
Ä
V,
∧r+1

V ⊕
∧s+1

V
ä

(v1, v2) 7→ ϕv1 ⊕ ϕv2 := v1 ∧ (•)⊕ v2 ∧ (•).

The reasoning given in proposition 1.1.2 tells us that ker(ϕu ⊕ ϕw) = U ∩W
(this is also a consequence of the fact that u and w are totally decomposable).
So rank(ϕu ⊕ ϕw) = n− dim(U ∩W ) ≥ n− r. this means

U ⊂W ⇔ rank(ϕu ⊕ ϕw) = n− r.

This means that the (n−r+1)× (n−r+1)-minors give polynomials conditions
for F(r, s;n).

Example 1.2.4. Let V be a four dimensional complex vector space with basis
{v1, · · · , v4}. Let (U = Gen(u),W = Gen(w1, w2)) ∈ F(1, 2; 4). Let us suppose

u =
∑4
i=1 aiv1 and w1 ∧ w2 =

∑4
i<j bijvi ∧ vj. So

u ∧ w1 ∧ w2 =

4∑
i<j<k

(aibjk − ajbik + akbij)vi ∧ vj ∧ vk

and therefore U ⊂W ⇔ u ∧ w1∧2 = 0. So

F(1, 2; 4) ' V (X1X2,3 −X2X13 +X3X12, · · · ) ⊂ P9.

De�nition 1.2.5. A �ag variety of the form F(1, · · · , n−1;n) is called a com-
plete �ag variety.

Let us consider the group of C-points GLn,C(C) of the algebraic group GLn,C
(de�nition below) and let us �x the standard basis {e1, · · · , en} of V = Cn. We
have a full �ag

F := 0 ( Ce1 ( · · · ( Ce1 ⊕ · · · ⊕ Cen−1 ( Cn ∈ F(1, · · · , n− 1;n) (3)
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Proposition 1.2.6. GLn,C(C) acts transitively on complete �ag varieties.

Proof. Let {Ui} and {Wi} in F(1, · · · , n− 1;n). Choosing basis {ui} and {wi}
such that for every 1 ≤ j ≤ n the sets {ui}i≤j and {wi}i≤j de�ne basis of Uj
and Wj , respectively, we can therefore de�ne A ∈ GLn,C(C) by A · ui = wi.

From the preceding preposition, we can conclude that any �ag G ∈ F(1, · · · , n−
1;n) has the form

G = g · F := 0 ( Cg · e1 ( · · · ( Cg · e1 ⊕ · · · ⊕ Cg · en−1 ( Cn

for some g ∈ GLn,C(C). Under this action, the stabilizerB(C) := StabGLn,C(C)(F)
is the (Borel) subgroup of upper triangular matrices in GLn,C(C) This reasoning
tells us that the surjective orbit map

oF : GLn,C(C) → F(1, · · · , n− 1;n)
g 7→ g · F

descends to the orbit space GLn,C(C)/B(C) and gives a (geometric) bijection

GLn,C(C)/B(C) = F(1, · · · , n− 1;n).

In particular for n = 2, we have

GL2,C(C)

¡Å
∗ ∗
0 ∗

ã
= F(1; 2) = G(1, 2) = P1(C). (4)

In what fallows we propose to give a sense to the quotient GLn,C(C)/B(C) and
to prove that this has the structure of a projective variety.

1.3 The functor of points

Let SchC be the category of schemes over C. We start by recalling to the reader
that we can apply the Yoneda embedding [47, III, section 2, �rst lemma]

Schopp
C → Fun(SchC,Set)

to regard a C-scheme X as its functor of points

hX : C-alg→ Set.

We want to determine how we can use this information to think about quo-
tients of algebraic groups. A �rst essay in how to de�ne quotients (under this
perspective) is to de�ne the following functor

GLn,C/B : C-Alg → Set
R 7→ GLn,C(R)/B(R),

where B is the subgroup of GLn,C consisting in upper triangular matrices. Let
us remark that this (naive) de�nition is independent of C and we can consider
the same objects based over Z. Under this approach, it is natural to expect
(exactly as in (4)) that for every Z-algebra R we will have

GL2,Z(R)/B(R)
=−→ P1(R).

11



Unfortunately, this is not the case. For example, the reader can take n = 2 and
R = Z[

√
−5] to realize that

GLn,Z(Z[
√
−5])/B(Z[

√
−5])→ P1(Z[

√
−5]) (5)

is not surjective. This example shows that our naive de�nition needs some
re�nement in order to get the expected scheme (i.e. P1 regarded as a functor of
points).

De�nition 1.3.1. Let V be a complex vector space of �nite dimension n. For
each sequence of integers a := a1 < · · · al ≤ n, we de�ne the associated �ag
variety to be the functor

F(a) : C-Alg → Set
R 7→ F(a)(R)

where

F(a)(R)

:= {R-submods V1 ( · · · ( Vl = V ⊗C R, each Vi an R-submod. of rank ai} .

If a = n = (1, · · · , n− 1, n) we will say that F(n) is the full �ag variety. We
can observe that

GLn,Z(C)/B(C) → F(n)(C)
g 7→ g · F

is an isomorphism. However, based on our previous example, we can see that this
does not hold for general R. The problem arrives from a functorial perspective
and is that the naive quotient presheaf

A�Schopp
C → Set

R 7→ GLn,Z(R)/B(R)

is not a sheaf.

1.4 Brie�y categorical introduction to the sheaf theory

Let us �x for a moment a topological space X. A presheaf on X is a functor

P : (OpenX)opp → Set

and a sheaf is a presheaf P that satis�es a glueing condition. This is, if
{Ui → U}i∈I is covering in OpenX then the natural map P(U)→

∏
i∈I P(Ui)

represents the equalizer of the following diagram∏
i∈I
P(Ui)→→

∏
(i,j)∈I2

P(Ui ×U Uj).

The maps given by the canonical projections Ui×UUj → Ui and Ui×UUj → Uj .

We can de�ne a similar notion of sheaf on the category of topological spaces,
Top. A presheaf on Top is functor

P : Topopp → Set

and a sheaf on Top is a presheaf P satisfying glueing conditions with respect
to coverings families of open immersions.
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Example 1.4.1. For all objects X ∈ Top, the presheaf

hX : Topopp → Set
Y 7→ Hom(Y,X)

is a sheaf. This is called the representable sheaf.4

If we replace the category Top with the category A�SchZ, in this setting a
presheaf is a functor

A�SchZ → Set.

Example 1.4.2. The functor

A�SchZ → Set
R 7→ GLn,Z(R)/B(R)

(6)

is a presheaf.

The key point to replay the de�nitions on Top is to decide decide what kind
of covers and glueing conditions we should impose to get a notion of a sheaf.
There is all a gamma of options to do this. For instance, étale topology, fpqc
topology, Zariski topology or fppf topology. 5 We will work with the last one.

In this setting, covers are jointly surjective families

d⋃
i=1

Spec(Ri)→ Spec(R)

with each R→ Ri a �nitely presented algebra and such that R1 × · · · ×Rd is a
faithfully �at R-module (equivalently, and using the hypothesis that the family
is already jointly surjective, each Ri is a �at R-module).

De�nition 1.4.3. A sheaf for the fppf topology 6 is a presheaf

F : A�SchoppZ → Set

satisfying the following properties:

(i) (Local condition) F(
∏d
i=1Ri) =

∏d
i=1 F(Ri),

(ii) (Glueing condition) For all full faithful �at morphism R→ R′, the canon-
ical map F(R′)→ F(R) represents the equalizer in Set of the diagram

F(R′)→→F(R′ ⊗R R′).

given that the map (5) is not surjective the presheaf (6) is not a sheaf for the fppf
topology. This example suggest that the correct notion of quotients of algebraic
groups in our categorical setting is that GLn,Z/B should be the shea��cation of
the presheaf (6). We will show at the end of the section 2 that this approach
coincides with the classical de�nition of a quotient space (de�nition 2.3.2).

4We warm to the reader that for a general site C (in the sense of [76, Sites, de�nition 6.2])
the contravariant functor hX is not necessarily a sheaf.

5" Fidèlement plat de présentation �nie ".
6This is called a faisceau in [39].
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2 Linear algebraic groups

Through this subsection k will always denote an algebraically closed �eld (the
reader can always suppose k = C). In this section we propose to introduce
(linear) algebraic groups together with their main properties. References for
this section are [14, 35, 75].

2.1 Initial de�nitions and basic properties

De�nition 2.1.1. A linear algebraic group is an a�ne k-variety G equipped
with a group structure such that the group operations

µ : G×Spec(k) G → G
(g, h) 7→ (gh),

ι : G → G
g 7→ g−1

are morphisms of varieties.

Let us give some examples.

Example 2.1.2. (i) The additive group Ga = (k,+). This is the locus of
the zero polynomial and we have k[Ga] = k[T ].

(ii) The multiplicative group Gm = (k∗,×). As an algebraic variety, we
can identify it with

{(x, y) ∈ k2 | xy = 1}

which is clearly a closed subset of k2, being the zero set of the polynomial
T1T2 − 1. Moreover k[Gm] = k[T1, T2]/(T1T2 − 1) = k[T, T−1] and the
coponentwise multiplication and the inversion are given by polynomials,
so Gm is a linear algebraic group.

(iii) The general linear algebraic group GLn is also a linear algebraic
group. one way to check this is identifying Mn×n(k) with kn

2

, then we
can identify GLn with

{(A, y) ∈ kn
2

× k | det(A) · y = 1} (7)

via A 7→ (A, det(A−1)). Using Laplace expansion and the fact that det is
in particular a polynomial expression, we have that GLn is a closed subset
of kn

2+1 and an algebraic variety. Finally, the expression (7) helps us to
calculate the ring of regular functions as follows:

k[GLn] = k[Tij , Y | 1 ≤ i, j ≤ n]/(det(Tij). · Y − 1)

= k[Tij , Y | 1 ≤ i, j ≤ n][det(Tij)−1].

(iv) The special linear group SLn := {A ∈ GLn | det(A) = 1} is a closed
subgroup of GLn and it is therefore a linear algebraic group. By de�nition,
its ring of regular functions is

k[SLn] = k[Tij , Y | 1 ≤ i, j ≤ n]/(det(Tij)− 1).
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(v) The following are also closed subgroups of GLn and therefore linear alge-
braic groups.

(a) The group of invertible upper triangular matrices

B = {(aij) ∈ GLn | aij = 0 for i > j}.

(b) The group of upper triangular matrices with 1's on the diagonal

U = {(aij) ∈ GLn | aij = 0 for i > j and aii = 1}.

(c) The group of invertible diagonal matrix

D = {(aij) ∈ GLn | aij = 0 for i 6= j}.

In this particular case, we have

k[D] = k[T±1
1 , · · ·T±1

n ] = k[T±1
1 ]⊗k · · · ⊗k k[T±1

n ]

= k[Gm]×Spec(k) · · · ×Spec(k) k[Gm].

Now, in order to de�ne a category, let us consider the maps between them. To
do that, we need to preserve both the geometrical structure and the algebraic
structure (or group structure of algebraic groups).

De�nition 2.1.3. Let G1 and G2 be linear algebraic groups. A map ϕ : G1 →
G2 is a morphism of algebraic groups if it is a group homomorphism and a
morphism of a�ne varieties.

In the category that we just introduce, which we will denote by AlgGpsk, we
would like to recover some important properties of the algebraic structure of the
objects. In particular we want this category closed under images and kernels.
We need the following results.

Lemma 2.1.4. Let U1, U2 be two dense opens subsets of an algebraic group G.
Then G = U · V .

Proof. Let us take x ∈ G. By de�nition and hypothesis, we know that ι−1(U1) =
U−1

1 and µ(x, ι(U1)) = xU−1
1 are also open dense 7 subsets ofG. Therefore, given

that U2 is also dense, we must have xU−1
1 ∩ U2 6= ∅ and x ∈ U1 · U2.

We recall for the reader that a subset U of a topological spaceX is called locally
closed if U is open in U . We also recall that U is called constructible if it is
a �nite union of locally closed subsets. Every morphism of algebraic varieties
maps constructible sets to constructible sets [76, Morphism of Schemes, section
22, theorem 22.3]. Moreover, if Y is a constructible set of a variety X, then
it contains an open dense subset of X [76, Topology, constructible sets, lemma
15.15].

Proposition 2.1.5. Let H be a subgroup of G. Then:

(i) H is a subgroup of G.
7It is clear that µ(x, •) (multiplication by x) is an homeomorphism.
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(ii) If H is constructible, then H = H.

Proof. Let us start with (i). Topologically speaking, we have the following
equalities H−1

= H−1 = H, and (as in the proof of the preceding proposition)
for x ∈ H, we have xH = xH = H. Therefore H ·H ⊆ H. Moreover, for x ∈ H,
we have Hx ⊆ H, and so Hx ⊆ Hx ⊆ H. We can conclude that H is closed
under inverses and multiplication, so H is a subgroup of G.

Let us proof now (ii). If H is constructible, then it contains an open dense
subset U of H. After (i), we know that H is a linear algebraic group, so by the
preceding lemma, we can conclude that H = U · U ⊂ H ·H = H.

Corollary 2.1.6. Let ϕ : G1 → G2 be a morphism of algebraic groups. Then
ker(ϕ) and ϕ(G1) are closed and therefore linear algebraic groups.

Proof. ker(ϕ) = ϕ−1(e) (identity element of the trivial subgroup of G2 which
is in particular closed) and ϕ(G1) is a constructible subgroup of G2, so it must
be closed by the preceding proposition.

Let see now how the algebraic structure of linear algebraic groups allows us
to study its geometrical structure. More exactly, let us see what the algebraic
structure can say about the components (connected and irreducible) of a linear
algebraic group. We recall for the reader that an a�ne variety X can always
be written as ∪di=1Xi, where Xi are maximal irreductible subsets, called ir-
reducible components of X [29, Part I, proposition 1.5]. Here irreducible
means that Xi can not be written as a union of non-empty closed subsets. It is
clear that an irreducible variety is connected and it is a topological fact that a
morphism of varieties maps irreducible subsets to irreducible subsets, and if X
and Y are irreducible then X × Y is irreducible.

Proposition 2.1.7. Let G be a linear algebraic group.

(i) The irreducible components of G are pairwise disjoint, and so are the
connected components of G.

(ii) The irreducible component G◦ containing the identity is a closed normal
subgroup of �nite index.

(iii) Any closed subgroup of G of �nite index contains G◦.

Proof. Let X1 and X2 be irreducible components of G. Let us suppose that
X1 ∩ X2 6= 0 and pick g ∈ X1 ∩ X2. Given that multiplication by g−1 is an
isomorphism of varieties, we know that g−1Xi are also irreducible components,
and we have 1 ∈ g−1X1 ∩ g−1X2.

Now, given that X1 ×X2 is irreducible in G×G, it follows that µ(X1 ×X2) =
X1 ·X2 is irreducible in G. Moreover, we have X1 ⊆ X1 ×X2 since 1 ∈ X2 and
therefore, by maximality, we get X1 = X1 ·X2. Similarly X1 = X ·X2 = X2.

On the other hand, we already know that (G◦)−1 is an irreducible component
of G. As it contains 1, it must be G◦ by (i). Similarly we can show that for
every h ∈ G◦, we have hG◦ = G◦. In particular, if g, h ∈ G◦, then gh ∈ G◦
and therefore G◦ is a subgroup. Moreover, for every g ∈ G◦, conjugation by
g is an isomorphism of varieties, so gGg−1 is again an irreducible component
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containing 1, and so it equals G◦. Thus G◦ is a normal subgroup. Let us prove
[G,G◦] < ∞. To do that, let us consider an irreducible component X of G
and let us pick g ∈ X. As before, we can show that X = gG◦ and so all the
irreducible components of G are cosets of G◦, since there are only �nitely many
irreducible components of G, G◦ must have �nite index.

Let us �nally prove the third part. Let H ⊆ G be a closed subgroup of �nite
index. Then H◦ ⊆ G◦ ⊆ G and we have [G,H◦] = [G : H][H,H◦], which is �nite
by (ii). Hence, we can write G◦ = tgH◦, a �nite disjunction union of cosets of
H◦. Since G◦ is connected, it follows that G◦ = H◦ ≤ H.

Corollary 2.1.8. Let ϕ : G1 → G2 be a morphism of linear algebraic groups,
then φ(G◦1) = φ(G1)◦.

Proof. By corollary 2.1.6, we know that ϕ(G◦) is closed, connected, contains
1 and has �nite index in ϕ(G). The result follows by (iii) in the previous
theorem.

It is an easy exercise to see that an a�ne variety X is irreducible if and only if
its ring of regular functions is an integral domain.

Example 2.1.9. The preceding discussion tells us that Ga, Gm and in general
GLn are connected linear algebraic groups. Moreover, D is connected since it is
a direct product of connected algebraic groups (n-copies of Gm).

It is also true that B and U are connected. To show this, we need the following
result whose proof is founded in [35, Proposition 7.5].

Proposition 2.1.10. Let G be a linear algebraic group and fi : Yi → G, i ∈ I,
a family of morphisms from irreducible varieties, such that 1 ∈ Xi := im(fi)
for all i ∈ I. Then H = 〈Xi | i ∈ I〉 is a closed, connected subgroup of G. in
particular, if G is generated by a family of closed connected subgroups, then it
is connected.

From linear algebra, we know that SLn is generated by subgroups

Hij = {(akl) ∈ GLn | akk = 1 and akl = 0 for (k, l) 6= (i, j)} (i 6= j).

Similarly, U is generated by the subgroups Hij with i < j. These subgroups are
all isomorphic to Ga, which is connected. Therefore, the preceding proposition
gives us that SLn and U are connected. Similarly, one can show that B is
connected.

Proposition 2.1.11. Let H,K be subgroups of a linear algebraic group G, with
K closed and connected. Then [H,K] is closed and connected.

Proof. For h ∈ H, de�ne ϕh : K → H by g 7→ [h, g]. This de�nes a morphism
being a composition of multiplication and inversion. Also, for all h ∈ H, we
have ϕh(1) = 1. Hence

[H,K] =< ϕh(K) | h ∈ H >

is closed and connected by the preceding proposition.
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The preceding proposition tells us that closed subgroups are well-behaved under
commutators. In particular, If G is a connected linear algebraic groups, then
its derived subgroup G(1) = [G,G] is a closed connected subgroup. Inductively,
we see that its n-th derived subgroup is a closed and connected subgroup.

De�nition 2.1.12. Let G be a linear algebraic group. We de�ne G(0) = G and
G(i) = [G(i−1,G(i−1)] for i ≥ 1. We obtain the derived series of G:

G = G(0) ≥ G(1) ≥ · · ·

We say that G is solvable if G(d) = 1 for some d. The smallest such d is called
the derived length of G.

Similarly, we can de�ne C(0)G = G and CiG = [Ci−1G,G] for i ≥ 1. We then
de�ne G to be nilpotent if CnG = 1 for some n.

Example 2.1.13. Our �rst example of solvable groups are Ga, Gm and D
because they are all abelian. Actually we have B(1) = U and

C(m)U = {(aij) ∈ U | aij = 0 for 0 < i− j ≤ m}

and so U is nilpotent, and thus solvable.8

De�nition 2.1.14. For an irreducible variety X, we de�ne dim(X) to be the
maximal length of a chain of primes ideals in k[X]. In general for a reducible
variety X, we de�ne

dim(X) := max{dim(Xi) | 1 ≤ i ≤ d},

where the Xi are the irreducible components of X.

Example 2.1.15. For a linear algebraic group G, we have dim(G) = dim(G◦).
Since the components of G are the cosets of G◦, which are all isomorphic to G◦.

Proposition 2.1.16. Let ϕ : G1 → G2 be a morphism of linear algebraic
groups. Then

dim ϕ(G1) + dim ker(ϕ) = dim (G1)

Proof. First of all, every �ber ϕ−1(g) is a coset of ker(ϕ), and thus has the same
dimension (= dim ker(ϕ)). On the other hand, we have

dim (G2) = dim (G2)◦ = dim (ϕ(G1))◦ = dim (ϕ(G◦1)).

All in all, the identity dim ϕ−1(g) = dim (G◦1) − dim (ϕ(G◦1)) [29, Part III,
proposition 9.5] gives us the result.

Let us use the previous proposition to calculate the dimension of some algebraic
groups.

8Clearly G(i) ⊆ CiG, so nilpotent implies solvable. The opposite is not true! For example,
we can consider the group of nilpotent matrix

N = {(aij) | aij = 0 for i ≥ j}.

Then B(n) = 0 and CiB = N for all i ≥ 0. In particular, B is solvable but not nilpotent.
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Example 2.1.17. (i) dim (Ga) = dim (Gm) = 1, because k[Ga] = k[T ] and
k[Gm] = k[T ][T−1]. By induction we have dim(D) = n for all n.

(ii) Let R be an a�ne k-algebra.9 By [5, Theorem 5.6.7] we have

Krull dim(R) = tr degkFrac(R).

Since the �eld of fractions of

k[Tij | 1 ≤ i, j ≤ n][det(Tij)−1] = k(Tij | 1 ≤ i, j ≤ n)

we have

dim(GLn) = Krull dim(k[GLn]) = tr degk(k(GLn)) = n2.

(iii) Applying the previous examples and corollary 2.1.16 to the surjection

det : GLn → Gm.

we can see that dim(SLn) = n2 − 1.

2.2 Tori, unipotent and connected solvable groups

Let V be a �nite dimensional k-vector space. We call an endomorphism x ∈
End(V ) semi-simple if the roots of its minimal polynomial are all distinct.
As k is by assumption algebraically closed, then the preceding de�nition is
equivalently of saying that x is semi-simple if and only if x is diagonalizable.
An endomorphism x is called nilpotent if there exists a positive integer n
such that xn = 0. We have the following well known fact called the additive
Jordan decomposition. The reader can �nd its proof in [34, Chapter II, 4.3]
(cf. proposition 3.8.8 below).

Theorem 2.2.1. If α ∈ End(V ), then there exist xs, xn ∈ End(V ) such that xs
is semi-simple, xn is nilpotent and α = xs + xn. Moreover, xsxn = xnxs. In
particular, xs and xn are both polynomials in α with constant coe�cient equals
to zero.

De�nition 2.2.2. An endomorphism u ∈ End(V ) is unipotent if u − 1 is
nilpotent.

We also have a multiplicative version of the Jordan decomposition.

Proposition 2.2.3. For g ∈ GL(V ), there exists xs, xu ∈ GL(V ) such that
g = xsxu = xuxs, where xu is unipotent and xs semisimple.

Proof. From the additive decomposition, we can write g = xs + xn. Since g is
invertible, so is xs and we may de�ne xu = 1 + x−1

s xn. As xn is nilpotent and
xsxn = xnxs, we have xu − 1 = x−1

s xn is nilpotent. Therefore xu is unipotent
and xsxu = xs + xn = g.

We can transfer this de�nition to an arbitrary linear algebraic group [35, The-
orem 15.3].

9An integral domain which is also a �nite-dimensional algebra over k.
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Theorem 2.2.4. Let G be a linear algebraic group.

(i) For any embedding ι of G in to some GL(V ) and for any g ∈ G, there exist
unique gs, gn ∈ G such that g = gugs = gsgu, where ι(gs) is semisimple
and ι(gu) is unipotent.

(ii) The decomposition g = gugs is independent of the chosen embedding.

(iii) Let ϕ : G1 → G2 be a morphism of linear algebraic groups. Then ϕ(gs) =
ϕ(g)s and ϕ(gu) = ϕ(g)u.

Given a linear algebraic group G, each h ∈ G gives rise to a morphism G→ G
given by g 7→ gh, which induces a k[G]-algebra homomorphism

ρh : k[G] → k[G]
f 7→ ρh(f)(g) := f(gh).

(8)

This de�ned a G-action on k[G].

Proposition 2.2.5. Let G be a linear algebraic group and V a �nite dimensional
subspace of k[G]. There exists a �nite dimensional G-invariant subspace X
containing V . In particular, k[G] is a union of �nite dimensional subspaces.

Proof. We can suppose V = k · v is a one-dimensional subspace. By de�nition,
the multiplication morphism µ : G×Spec(k) G→ G gives rise to a co-morphism
µ∗ = k[G]→ k[G×Spec(k) G] = k[G]⊗k k[G]. We can write

µ∗(v) =
∑
i∈I

fi ⊗ gi

so ρh(v) =
∑
i∈I

gi(h)fi. Hence the �nite dimensional subspace generated by

{fi | i ∈ I} contains ρh(v) for all h ∈ G. It follows that the subspace X
generated by {ρh(v) | h ∈ G} is contained in it and so is �nite dimensional. it
is clearly G-invariant and it contains V .

Let G be a linear algebraic group. We write Gu := {g ∈ G | g is unipotent}
and Gs = {g ∈ G | g is semisimple} for the subsets of unipotent and semisimple
elements of G. If G = Gu we then say that G is a unipotent group.

Remark 2.2.6. Gu is a closed subset since the set of unipotent polynomials
elements of GLn is closed, given by the polynomial (T − 1)n.

Example 2.2.7. By de�nition, we have U is unipotent and more generally
subgroups of U turn out to be unipotent subgroups of GLn. Moreover, for

G = B we have Gu = U. We can also note that Ga ' U =

Å
1 ∗
0 1

ã
is a

unipotent group. Of course, the unicity in the Jordan decomposition tells us
that G = Gs for G = Gm or more generally for D.

Theorem 2.2.8. Let G be a unipotent subgroup of GL(V ) for some non-zero
�nite dimensional vector space V . Then G has a common eigenvector in V .
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Proof. Let us identify V with kn where n = dim(V ). We use induction on n.
The result is clear if n = 1, so let us assume dim(V ) > 1. Suppose that V has
a proper non-zero subspace W stable under G. Then by choosing appropriate
bases, we may assume that

G ≤
ßÅ
∗ ∗
0 ∗

ã
.

™
More speci�cally, every element g ∈ G can be written in the formÅ

φ(g) ∗
0 ψ(g)

ã
where φ : G→ GL(W ) is the canonical, and ψ(g) : G→ GL(V/W ). Now ψ(G)
is also unipotent, so by induction hypothesis there exists a common eigenvector
v ∈ W ⊂ V for G. Therefore we may assume that V is an irreducible G-
module. We need the following theorem of Burnside: if R is a subalgebra of
End(V ) which acts irreducibly on V , then R = End(V ). Now, the assumption
that G is unipotent implies Tr(x) = Tr(1) = dim(V ) for all x ∈ G. Writing x
as 1 + n with n nilpotent, we have for all y ∈ G

Tr(y) = Tr(xy) = Tr(y + ny) = Tr(y) + Tr(ny).

Therefore Tr(ny) = 0. Now, the k-llinear combinations of the elements of
G must also satisfy this. These form a subalgebra R of End(V ), which acts
irreducibly on V since G does. Burnside's theorem then implies that for all
y ∈ End(V ) and for all x = 1 +n ∈ G, Tr(ny) = 0. Taking y to be the standard
unit matrices Eij , we see that we must have n = 0. Hence G = 1 and since V
is irreducible, dim(V ) = 1, a contradiction.

Corollary 2.2.9. If G ≤ GLn is a unipotent subgroup, then G is conjugate to
a subgroup U. Since U is nilpotent, it fallows that G is nilpotent and therefore
soluble.

Proof. The preceding theorem gives us a common eigenvector v ∈ V = kn. Let
V1 = k · v. Then G acts on V/V1 and the image of G in GL(V/V1) is clearly
unipotent. Induction on dim(V ) allows us to construct a basis V with respect
to which elements of G are represented by upper triangular matrices. Since they
are also unipotent, it follows that these matrices are in U.

2.2.1 Connected solvable groups

We wish to stablish a similar result to theorem 2.2.8 for connected solvable
groups. This is analogue of Lie's theorem for Lie algebras, except that Lie's
theorem only holds in characteristic zero while we don't make any assumption
on char(k).

Lemma 2.2.10. Let M ⊂ GLn be a commutating set of matrices. Then M is
triagonalisable10.

Proof. The reader can �nd the proof of the lemma in [35, Proposition 15.4].
10We can �nd a basis with respect to which all elements of M are represented by upper

triangular matrices.
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Theorem 2.2.11 (Lie-Kolchin). Let G be a connected solvable group of GL(V ),
with V 6= 0 �nite dimensional. Then G has a common eigenvector in V , i.e. V
has a G-stable one-dimensional subspace.

Proof. Let us star by remarking that if G is solvable then its closure G is a also
solvable. So we can suppose that G is closed. We will argue by induction on
dim(V ) and on the derived length d of G.

If n = 1 the result is trivial. Let us suppose n > 1 and d = 1. By de�nition G is
commutative and the result follows from the preceding lemma. Let us assume
d > 1 and let us suppose that there is a proper subspace W ( V which is
stabilised by G. By choosing an appropriate basis, we way write any g ∈ G of
the form Å

ϕ(g) ∗
0 ψ(g)

ã
where ϕ : G → GL(W ) is the canonical restriction morphism and ψ : G →
GL(V/W ). Now, ϕ(G) is connected and solvable and acts on W . Given that
dim(W ) < dim(V ), hypothesis induction gives us v ∈ W such that v is a
common eigenvector of G. Now, we only need to consider the case when G acts
irreducible on V .

Let G(1) = [G,G]. This is closed and connected by proposition 2.1.10 and
obviously solvable with derived length d − 1. By induction hypothesis there is
a common eigenvector v ∈ V for G(1). Since G(1) is a normal subgroup of G,
we have that gv is also a common eigenvector of G(1). Let W be the non-zero
subspace of V spanned by the common eigenvectors of G(1). By the above W
is G-invariant. Since G acts irreducible on V , it follows that W = V . Hence
V has a basis consisting of common eigenvectors of G(1). In particular, the
elements of G(1) are diagonal matrices with respect to this basis, and so G(i) is
commutative.

Now, for �xed h ∈ G(1), all conjugates ghg1, for g ∈ G are in G(1), and hence
diagonal with the same eigenvalues as h. This implies that we only have �nitely
many possibles for ghg−1. In particular, the image of the morphism g 7→ ghg−1

is �nite by the above discussion, and connected since G is connected since G
is connected. We must have GhG−1 = h, i.e h ∈ Z(G). So G(1) ⊆ Z(G).
Now, every element of Z(G) commutes with G in this action on V . By Schur's
lemma they are represented by scalar multiples of the identity. This implies that
elements of G(1) have determinant 1. Therefore there are only many possibilities
for the element of G(1). Given that G(1) is connected it follows that G(1) = 1
and so G is commutative, contradicting d > 1.

An analogous reasoning to the one given in the proof of corollary 2.2.9, but
using the preceding theorem, gives us the

Corollary 2.2.12. Let G be a connected, solvable subgroup of GLn. Then G is
conjugated to a subgroup of B.

22



2.2.2 Borel subgroups

Let us study now connected solvable subgroups of a linear algebraic group G.

De�nition 2.2.13. A subgroup B ⊆ G is called a Borel subgroup if it a maximal
closed, connected, solvable subgroup.

Example 2.2.14. From corollary 2.2.12, we see that a connected solvable sub-
group of GLn is conjugated to a subgroup of B. Along this section we have
showed that B is a closed connected solvable subgroup of GLn. In particular,
this implies that B is a Borel subgroup of GLn. Moreover, if B is a Borel sub-
group of GLn, then it is conjugated to a subgroup of B. By maximality, this
conjugate must be equal to the whole B. Thus all Borel subgroups of GLn are
conjugated.

2.2.3 Actions of algebraic groups

De�nition 2.2.15. Let G be a linear algebraic group, and let X be a variety.
We say that X is a G-space if there is a group action

G×Spec(k) X → X

of G on X which is also a morphism of varieties. If the action of G on X is
transitive, X is said to be homogeneous.

Example 2.2.16. (i) G is itself a G-space via conjugation.

(ii) Let V be a �nite dimensional k-vector space. A rational representation
of G is a morphism ϕ : G→ GL(V ). In this situation V is a G-space via
the action

G×Spec(k) V = Adim(V )
k → Adim(V )

k

(g, v) 7→ ϕ(g)v

(iii) The associated projective space P(V ) is also a G-space via the action

G×Spec(k) P(V ) → P(V )
(g,< v >) 7→ < ϕ(g)v >

Proposition 2.2.17. Let X be a G-space. For every x ∈ G the stabiliser

Gx := {g ∈ G | g · x = x}

is a closed subgroup of G.

Proof. Be de�nition, the map

ϕx : G → X
g 7→ g · x

is a morphism of varieties and so Gx = ϕ−1({x}) is closed.

Proposition 2.2.18. Let X be a G-space.

(i) Every orbit G · x is open in its closure.
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(ii) Orbits of minimal dimension are closed.

Proof. By de�nition, the obit map

ox : G → X
g 7→ g · x

is a morphism of varieties with image G ·x, which is constructible and therefore,
it contains an open dense subset Y of G · x. Given that

G · x =
⋃
g∈G

g · Y

the result (i) follows.

On the other hand, for every x ∈ X and g ∈ G we have that g · G · x is closed
and contains G · x. Therefore G · x ⊆ g · G · x. Similarly G · x ⊆ g−1 · G · x.
Multiplying by g, we see that G · x = g · G · x. As g was arbitrary, we can
conclude that

G · x =
⋃
g∈G

g ·G · x.

Let us take x ∈ X, such that dim(G ·x) is minimal and let us suppose that G ·x
is not closed. Then

G · x \G · x =
⋃

h∈G·x\G·x

G · h

and for every h ∈ G · x \G · x, we know by (i) that G · h is closed in G · x. But,
if Y ⊆ G · x is an irreducible component intersecting G · x, then(

G · x \G · x
)
∩ Y

is a proper closed subset of Y , thus of strictly smaller dimension. The result
follows from the de�nition of dimension11.

Theorem 2.2.19 (Chevalley). Let H be a closed subgroup. There exists a
rational representation ϕ : G→ GL(V ) and a one-dimensional subspace W ⊆ V
such that

H = {g ∈ G | ϕ(g)W = W}.
11Auxiliary Proposition: Let X be a variety, U a dense open subset and Z = X \ U .

Then dim(Z) < dim(X).

Proof. Let X1, · · · , Xr be the irreducible components of X and let Z1, · · · , Zs be the irre-
ducible component of Z. Since U is dense in X, it has non-empty intersection with each Xi.
Moreover, every Zi is contained in one of the maximal irreducible subset of X, say Xj . We
have Zi ( Xj (because U ∩ Xj 6= ∅). Given that a proper, closed, irreducible subset of an
irreducible variety must be of strictly lower dimension, we can conclude that every component
Z1, · · · , Zs has strictly less dimension than that of some irreducible component of X.

Now to end the proof of the proposition we may take X = G · x and U = G · x.
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Proof. Let I ⊆ k[G] be the ideal of H. Given that k[G] is Noetherian, this ideal
is �nitely generated, say I = (F1 · · · , Fs). By proposition 2.2.5, there exists a
�nite dimensional subspace F of k[G] containing the Fj and a corresponding
morphism

ρ : G→ GL(F )

and E := F ∩ I is H-invariant.

Now, if x ∈ G is such that ρx(E) = E, then we have

ρ(I) = ρx(E)ρx(k[G]) = Ek[G] = I.

In particular, all the functions in I vanish at x, and thus x ∈ H. Therefore we
have

H = {x ∈ G | ρx(E) = E}.

Finally, If d = dim(E), we set V :=
∧d

F , with ϕ : G → GL(V ) the rational
representation induced by the natural G-action. The one-dimensional subspace
W =

∧d
E is ϕ(H)-invariant by construction. Now, assume that ϕ(g)W = W

for some g ∈ G. Let w1, · · · , wd be a basis for E, and v1, · · · , vd bas a basis for
ρg(E). By assumption, we have φ(g)(w1 ∧ · · · ∧ wd) ∈ W , but by hypothesis
it must be a multiple of v1 ∧ · · · ∧ vd. It follows that each vi ∈ E and so
ρg(E) = E.

Corollary 2.2.20. Any linear algebraic group can be embedded as a closed
subgroup of GLn for some n.

Proof. Let us take H = {1}. By the preceding theorem, we get a rational
representation ρ : G→ GL(V ) ' GLdim(V ). Since ker(ρ) ⊆ H, we can conclude
that ρ is injective.

2.3 Topological properties of homogeneous spaces

In section 3 we will give detailed de�nitions of the tangent space. In this part of
the notes we will give quickly review the de�nition and some important prop-
erties. The reader can accept for a moment the facts presented here or he can
take a look to the section sited (cf. [75, Chapter 4].)

Quotient Space 2.3.1. Now let us give the structure of variety to a set of
cosets G/H. Let H ⊂ G be a closed subgroup and V as in the previous theorem.
Let v ∈ P(V ) be the point corresponding to the line < v >⊆ V stabilised by H.
Set

X := G · v ⊆ P(V ),

then X is clearly a homogeneous G-space endowed with a canonical surjective
map

ϕ : G → X
g 7→ g · v (9)
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with �bers the coset of 12 H. This induces a bijection

ϕ : G/H→ X.

Using this bijection we can endow G/H with a structure of variety. Indeed,
given the that X ⊆ P(V ) is a closed subset, it is a projective variety. Also,
as X is an orbit in a G-space, then it is open in its closure and therefore a
quasi-projective variety.

By construction, the natural map π : G→ G/H is a morphism of varieties.

We have the following notions from [14, Section 6]. Given X and Y k-algebraic
varieties, we will say that a morphism (of k-algebraic varieties) ψ : X → Y is a
quotient morphism if

(i) ψ is surjective and open.

(ii) If U ⊆ X is open, then the co-morphism ψ\ induces an isomorphism from
OY (ψ(U)) onto the set of f ∈ OX(U) which are constant on the �bers of
ψ|U .

Let us suppose that X is a G-space in the sense of the de�nition 2.2.15.

De�nition 2.3.2. We say that a morphism of k-algebraic varieties ψ : X → Y
is an orbit map if ψ is a surjective morphism such that the �bers of ψ are the
orbits of G in X. A quotient of X by G is an orbit map which is a quotient
morphism.

Universal mapping property 2.3.3. If π : X → Z is any morphism of k-
algebraic varieties which is constant on the �bers of G, then there is a unique
morphism π′ : Y → Z making commutative the following diagram

X Y

Z.

ψ

π
π′

(10)

Remark 2.3.4. It is possible to show that the morphism ϕ in (9) is a�ne
and that the topology on G/H is the quotient topology obtained from ϕ [35,
Theorem 5.5.5]. Moreover, if π;G → Z is a morphism of algebraic varieties
which is constant on the H orbits. Then π′(gH) = π(g) is well-de�ned and
makes commutative the diagram (10). By [14, Proposition 6.7], to prove that X
is the quotient of G by H we need to prove that ϕ is separable (in the sense of
[14, Section 8]). This is a property that in our case depends of the Lie algebras
13 of G and H, so we will end this discussion in section 3.

12Let x = g̃ · v ∈ X. Then

g ∈ ϕ−1(x)⇔ (g̃−1g) · v = v ⇔ (g̃−1g)· < v >=< v >⇔ g̃−1g ∈ H⇔ g ∈ g̃H

This proves that ϕ−1(x) = g̃H.
13If g and h denote the Lie algebras of G and H, respectively. Then the tangent map Te(ϕ)

will be the natural surjection g → g/h. This surjectivityy property implies that X is the
quotient of G by H [14, Proposition 6.7 (ii)].
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We end this section with the following discussion (cf. [21]). At he end of
subsection 1.3 we have the de�ned the geometric quotient (G/H)† as the
fppf-shea��cation of the presehaf

(Sch/Spec(k))fppf → Set
S 7→ G(S)/H(S).

By theorem A.2.8, we also know that (G/H)† is the algebraic space associated
to the étale equivalence relation

R := G×Spec(k) H → G×Spec(k) G
(g, h) 7→ (g, gh).

(11)

In this case, we have a presentation π : hG → (G/H)†. From a schematic point
of view, the quotient (if it exists!) will represents the functor (G/H)†. In other
words, the geometric quotient lies in the image of the Yoneda's embedding14

(Sch/Spec(k))fppf → AS/Spec(k)
G→ Q 7→ hG → (G/H)†.

We want to prove that the classical quotient in remark 2.3.4 represents the
shea��cation of the presheaf (11), as well, and via the Yoneda's embedding, this
will be the (geometric) quotient in the sense of [24, De�nition 3.1.2].

In section 3 we will show that the tangent map at the identity Teϕ of the
map (9) is surjective. Via G(k)-translation we see that Tgϕ is surjective for all
g ∈ G(k) and therefore by [17, Chapter 2, section 2, proposition 8] ϕ is a smooth
morphism, in particular ϕ is an fppf-morphism and therefore q represents the
(geometric) quotient of G module the �at equivalence relation (cf. [76, Part 2:
Groupoids schemes, commentary just before lemma 39.20.3]).

R′ := G×G/H G→ G×G

In order to math with the scheme-theoretic notion, we need to prove that R = R′

as subshemes of G×G. By smoothness it su�ces to prove that R(k) = R′(k).
Since G(k)/H(k) → (G/k) is a bijection [23, Chapter 3, section 1, 1.15], the
desired equality follows.

A Algebraic spaces

As we have seen in sections 1 and 2, there two possibilities to construct algebraic
quotients in the category of k-schemes Schk, and at the end of section 2 we have
proved that they are actually the same by using the fact the the algebraic space
de�ned by an étale equivalence relation is representable. In this appendix we
propose to give a overlook of the theory of algebraic spaces. We essentially
follow word by word the results exhibited in [76, Part 4: Algebraic spaces].

14(Sch/Spec(k))fppf and AS/Spec(k) are the categories of k-schemes with fppf-coverings
and of algebraic spaces, respectively. Notations are given in the appendix of this section.
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A.1 General properties

Let S be an a�ne scheme. In what follows, we will always denote by (Sch/S)fppf
the big fppf site of S in the sense of [76, Topologies on schemes, de�nition 7.8].
The underlying category have �bre products and �nal object S.

Remark A.1.1. If T ∈ Ob(Sch/S)fppf, then the representable presheaf

hT : (Sch/S)oppfppf → Set

is a sheaf ([76, Algebraic spaces, remark before section 3]).

Let us suppose now that F,G : (Sch/S)oppfppf → Set are functors and Φ : F → G
is a transformation of functors. We will say that Φ is representable if for every
object T ∈ (Sch/S)fppf and any a ∈ G(T ) the �ber product hT ×a,G F (in the
sense of [76, Chapter 4: categories, section 8]) is representable. In this case, if
Va represents the previous �ber product, i.e. there exists an isomorphism hVa →
hT ×a,GF , then by Yoneda's embedding, the projection hT → hT ×a,GF → hVa
is represented by a unique morphism of schemes

ξa : T → Va. (12)

A.2 Algebraic spaces and quotient sheaves

De�nition A.2.1. An algebraic space over S is presheaf

X : (Sch/S)oppfppf → Set

with the following properties

(i) The presheaf X is a sheaf.

(ii) The diagonal morphism X→ X× X is representable.

(iii) There exists a scheme T ∈ Ob(Sch/S)fppf) and a map hT → X which is
surjective, and étale (de�nition?).

As the reader probably expects, our �rst example of an algebraic space is the
representable sheaf hT for T ∈ Ob((Sch/S)fppf). In fact, given that (Sch/S)fppf
has �ber products, the diagonal morphism hT → hT×T is clearly representable,
and the identity map hT → hT is surjective étale.

De�nition A.2.2. We will denote by AS/S the category of algebsraic spaces.
A morphism in AS/S is a transformation of functors.

Remark A.2.3. As a consequence of the Yoneda's embedding we have that the
category (SchS)fppf is contained in the category of algebraic spaces AS/S. The
embedding is de�ned via representable sheaves T 7→ hT .

Let us review now how to glue algebraic spaces (cf. [76, Part 4: Algebraic spaces,
lemma 8.3]). We will denote by S(Sch/S)fppf the category of sheaves in the sense
of 1.4. Moreover, if Φ : F → G is a representable morphism of sheaves and P
is a property of morphism of functors, such that P is stable under base change
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and it is fppf local on the base,15 then we will say that Φ has the property
P if the morphism (1.4) has the property P, for all T ∈ Ob(Sch/S)fppf) and
a ∈ G(T ). Finally, we recall for the reader that the coproduct F t G is the
shea��cation of the coproduct sheaf (cf. [76, Part I: Sites, Lemma 10.13]).

Lemma A.2.4. Let X : (Sch/S)oppfppf → Set be a presheaf. We assume

(1) X ∈ S(Sch/S)fppf.

(2) There exists an index set I and subfunctors Xi ⊂ X such that

(a) each Xi ∈ AS/S,
(b) each Xi → X is representable,

(c) each Xi → X is an open immersion,

(d) the map Xi → X is surjective in S(Sch/S)fppf, and

(e) tXi is an algebraic space.

Then X is an algebraic space.

Let us �nd now a presentation of an algebraic space. Let T,R ∈ Sch/S. We
will say that a morphism of schemes j : R → T ×S T is an étale equivalence
relation if j is an equivalence relation and s, t : R → T ×S T ⇒ T are étale
morphisms of schemes. We warm to the reader that in what follows we will
abuse of the notation and we will say that R is an (étale) equivalence relation.

De�nition A.2.5. Let X be an algebraic space. A presentation of X is given
by a scheme T ∈ Sch/S and an étale equivalence relation R on T , and a sur-
jective étale morphism hT → X such that hR ' hT ×X hT .

As e have remarked, the representable presheaves hT , hR : (Sch/S)oppfppf → Set
are sheaves, and the morphism j induces a morphism of sheaves hj : hR →
hT × hT . In particular, for every object U ∈ Ob((Sch/S)fppf) we have an
equivalence relation (•)hR(U)(•) induced by hj(U) : hR(U)→ hT (U)× hT (U).
We get a presheaf

(Sch/S)oppfppf → Set

U 7→ hT (U)
/

(•)hR(U)(•). (13)

The étale shea��cation of (13) will be called the quotient sheaf and denoted
by T/R.

Remark A.2.6. Let k be an algebraic closed �eld and S = Spec(k). Let X be
a smooth algebraic variety and G a linear algebraic group acting on the left on
X. By smoothness, the morphism

(s, t) : G×Spec(k) X → X ×Spec(k) X
(g, x) 7→ (x, g · x)

de�nes an étale equivalence relation. The quotient sheaf will be denoted by X/G.
15Let f : X → Y be a morphism of S-schemes and {Yi → Y } an étale covering of Y . We

say that P is fppf local on the base if we have: f ∈ P if, and only if, Yi ×X Y → Yi ∈ P
(cf. [76, Part 2: Descent, de�nition 35.19.1]).
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We will show that if R is an étale equivalence relation, then T/R is an algebraic
space. The following lemma tells us that this is always the case if T is a�ne
(cf. [76, Part 4: Algebraic space, lemma 10.4]). In the general case, we might
construct a covering of the sheaf T/R by quotient sheaves induced by a�ne
schemes, and then to apply lemma A.2.4 (cf. theorem A.2.8 below).

Let (A�/S)fppf be the category of a�ne S-schemes whose coverings are fppf-
coverings.

Lemma A.2.7. Let T ∈ (A�/S)fppf and j : R→ T×ST be an étale equivalence
relation on T . Then the quotient X :− T/R is an algebraic space.

Theorem A.2.8. Let T ∈ (Sch/S)fppf and j : R→ T ×S T be an étale equiva-
lence relation. Then the quotient T/R is an algebraic space, and hT → T/R is
a presentation of T/R.

Proof. Reduction to the category (A�/S)fppf. We start with the following ob-
servation: let T ′ → T be a surjective étale morphism. In particular, {T ′ → T}
is an fppf-covering, and the restriction R′ of R to T ′ (cf. [76, Part II: Grupoids
Schemes, de�nition 3.3]) induces an isomorphism T ′/R′ ' T/R (cf. [76, Part
II: Grupoids Schemes, lemma 20.6]). By [76, Part 4: Algebraic spaces, lemma
10.1] R′ is an étale relation on T ′, and we may replace T by T ′. Following this
remark we may assume that U =

⋃
Ti, with Ti ∈ (A�/S)fppf.

T/R is an algebraic space. Let us start by considering the restriction Ri of R to
Ti. As we have remarked, the relation Ri is an étale relation on Ti. Moreover, if
Xi := Ti/Ri, then tXi → T/R is surjective. By lemma A.2.7 we know that Xi
is an algebraic space and by [76, Part 4: Algebraic space, lemma 10.3] the map
Xi → T/R is étale and surjective. From lemma [76, Part 4: Algebraic spaces,
lemma 8.4] we see that tXi is an algebraic space, and therefore lemma A.2.4
tells us that T/R is an algebraic space.

hT → T/R is a presentation. This is [76, Part 4: Algebraic spaces, lemma
10.4].

3 The Lie algebra of an algebraic group

In the �rst part of this section we will introduce the Lie algebra of a (linear)
algebraic group. Following the arguments given in [51] we will give several inter-
pretations and we will show that they are all equivalent. In the second part we
will follow [64] to discuss the most important properties of (complex) semisim-
ple Lie algebras, and [19] to introduce Weyl groups and root systems. This part
starts to prepare the "algebraic side" of the Beilinson-Berstein correspondence.
At the end of this section, we sketch the fact that category of semisimple alge-
braic groups in characteristic zero is visible already in the theory of semisimple
Lie algebras.

Through this section k will denote an algebraically closed �eld of characteristic
zero.
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3.1 Terminology and basic properties

As we will explain in this section, the Lie algebra of an algebraic group can be
considered as a linear approximation of the group, and therefore it is endowed
of an algebraic nature. This suggests that the study of the Lie algebras is much
more natural the the study of the group.

De�nition 3.1.1. A Lie algebra over a �eld k is a k-vector space g together
with a k-bilinear map

[•, •] : g× g→ g

called the bracket such that

(i) [x, x] = 0, for all x ∈ g,

(ii) [x, [y, z]] + [y, [x, z]] + [z, [x, y]] = 0, for all x, y, z ∈ g.

Condition (ii) is called Jacobi's identity.

We will denote by Liek the category of k-Lie algebras, whose morphisms are
k-linear maps respecting the respective brackets.

A Lie subalgebra of a Lie algebra g is a k- vectors subspace h such that
[h, h] ⊆ h. A Lie algebra g is said to be abelian if [g, g] = 0. Finally, an ideal
in a Lie algebra g is a k-vector subspace a such that [g, a] ⊆ a.

Remark 3.1.2. The preceding de�nition suggests that a is a left ideal, but it is
clear that [g, a] ⊆ a if and only if [a, g] ⊆ a. In particular, all left (resp. right)
ideals are two-sided ideals.

Even if the following notion will be used later, we want to introduce it here for
further references.

De�nition 3.1.3. Let g be a �nite dimensional Lie algebra.

(i) A representation of g is a vector space V together with a function ρ :
g→ End(V ) such that

ρ([x, y]) = [ρ(x), ρ(y)] = ρ(x)ρ(y)− ρ(y)ρ(x).

(ii) A representation is said to be irreducible if there is no non-trivial, proper
subspace W such that ρ(x)W ⊂W for all x ∈ g.

Example 3.1.4. One of the most important representations of a given (ab-
stract) Lie algebra (g, [•, •]) is the adjoint representation

ad : g → End(g)
x 7→ ad(x) := [x, •].

We have the following examples of Lie algebras (cf. subsection 3.6).

gln: as a k-vector space gln := Mn(k) the space of squared matrices of size n.
The bracket is the usual one de�ned by [A,B] := AB −BA.
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sln: as a k-vector space, it is the subspace of gln consisting of matrices whose
trace is equal to zero. In order to see that this is a Lie subalgebra of gln we
need to show that sln is stable under the bracket. This follows from the identity
Tr(AB) = Tr(BA).

b and n: given that the product of two (strictly) upper diagonal matrices is an
(strictly) upper triangular matrix, the spaces b := {(aij) | aij = 0 for all i > j}
and n := {aij | aij = 0 for all i ≥ j} are in fact Lie subalgebras of gln.

t: the vector space of diagonal matrices is clearly a Lie algebra.

3.2 Functor of points

Let R be a k-algebra and let us consider R[ε] := R[x]/(x2) the ring of dual
numbers. It is clear that R[ε] = R⊕Rε as an R-module, and ε2 = 0. We have
the following sequence

R
i−→ R[ε]

π−→ R

with i(a) = a + ε0 and π(a + εb) = a. We recall for the reader that via the
Yoneda's embedding we are considering our algebraic groups as functors

k-Alg→ Gps.

So, for an algebraic k-group G, the preceding sequence gives us a sequence of
group homomorphisms16

G(R)
i−→ G(R[ε])

π−→ G(R). (14)

We let
g(R) := ker(G(R[ε])

π−→ G(R))

Example 3.2.1. Let G = GLn. For each matrix A ∈ Mn(R), In + εA is an
element of Mn(R[ε]), and (In + εA)(In − εA) = In; therefore In + εA ∈ g(R).
Given that every element of g(R) has this form, we can conclude that the map

Mn(R) → g(R)
A 7→ E(A) =

def
In + εA.

is a bijection. Therefore g(R) = {In + εA | A ∈Mn(R)}.

Example 3.2.2. Let G = GLV where V is a �nite-dimensional vector space
over k. Every element of V (ε)

def
= k[ε]⊗k V can be written uniquely in the form

x+ εy with x, y ∈ V , i.e., V (ε) = V ⊕ εV . For k-linear endomorphism α and β
of V , de�ne α+ εβ to be the map V (ε)→ V (ε) such that

(α+ εβ)(x+ εy) = α(x) + ε(α(y) + β(x)); (15)

by de�nition α+ εβ is a k[ε]-linear map. Now, if we consider

V (ε) =

ßÅ
x
y

ã
| x, y ∈ V

™
,

16We abuse of the notation y we note i and π the group morphisms G(i) and G(π), respec-
tively. Under this convention we have, by functoriality, π ◦ i = idG(R).
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then it is clear that the set of k-linear endomorphism of V (ε) is equal to the set
of 2 × 2 matrices of k-linear endomorphisms of V (multiplication on the left),
and ε acts as

(
0 0
1 0

)
. This means that the k[ε]-linear endomorphisms of V (ε)

are in correspondence with those matrices that commute with
(
0 0
1 0

)
, in other

words, those matrices of the form
(
α 0
β α

)
, which corresponds to the morphisms

(15). This shows that

GLV (k[ε]) = {α+ εβ | α inverstible}

and following the example 3.2.1 we can conclude that

g(k) = {idV + εα | α ∈ End(V )}. (16)

3.3 Description in terms of derivations

De�nition 3.3.1. Let A be a k-algebra and M an A-module. A k-linear map
D : A→M is a k-derivation of A into M if D satis�es the Leibniz rule

D(fg) = f ·D(g) + g ·D(f).

The Leibniz rule implies that D(1) = 0. By k-linearity, this implies that D(c) =
0, for all c ∈ k. Conversely, every additive map A→M satisfying the Leibnitz
rule and zero on k is a k-derivation.

Let α : A→ R[ε] be a k-linear algebra. Let us write

α(f) = α0(f) + εα1(f), α0(f), α1(f) ∈ R

Then α(fg) = α(f)α(g) if and only if

α0(fg) = α0(f)α0(g), α1(fg) = α0(f)α1(g) + α0(g)α1(f).

The �rst condition say that α0 is a k-algebra homomorphism A → R. When
we use α0 to make R into an A-module, the second condition say that α1 is a
k-derivation A→ R.

Let G be an algebraic group and let us consider ε : k[G] → k be the identity
element of G(k). By de�nition, the elements of g(R) are the k-algebra homo-
morphisms k[G]

α−→ R[ε] such that the composite

k[G]
α−→ R[ε]

ε 7→0−−−→ R

is ε, in other words such that α0 = ε. According to the preceding discussion, we
can conclude that

g(R) = {ε+ εD | D is a derivation}. (17)

Let Derk,ε(k[G], R) be the the set of k-derivations k[G]→ R with R regarded as
an k[G]-module though k[G]

ε−→ k → R. Let us also consider I the augmentation
ideal of k[G], de�ned by the exact sequence

0→ I → k[G]
ε−→ k → 0 (18)
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Proposition 3.3.2. There are natural one-to-one correspondences

g(R)↔ Derk,ε(k[G], R)↔ Homk-linear(I/I
2, R).

Proof. The �rst correspondence is by (17). On the other hand, by de�nition,
the Leibnitz rule in this case is

D(fg) = ε(f) ·D(g) + ε(g) ·D(f). (19)

In particulaer, D(fg) = 0 if f, g ∈ I. Moreover, given that ε(c) = c for c ∈ k,
the sequence (18) splits via the canonical decomposition

k[G] = k ⊕ I
f ↔ (ε(f), f − ε(f))

of k[G] as a k-vector space. Under this presentation and given that any deriva-
tion k[G] → R is zero on k, then it is determined by its restriction to I, which
is therefore any k-linear map I → R that is zero on I2.

Let us now de�ne the adjoint map Ad: G(R)→ Aut(g). To do that, we recall
for the reader that we have two maps

i : G(R)→ G(R[ε]) and π : G(R[ε])→ G(R)

such that π ◦ i = idG(R). We de�ne

Ad : G(R) → Aut(g(R))
g 7→ Ad(g)(x) := i(g) · x · i(g)−1.

Here g ∈ G(R) and x ∈ g(R) ⊂ G(R[ε]). We have the following relations: �rst
of all, we have

Ad(g)(x+ x′) = Ad(g)x+ Ad(g)x′

for g ∈ G(R) and x, x′ ∈ g(R). Furthermore, the R-module structure of G(R)
can be de�ned as follows: every element r ∈ R de�nes a homomorphism of
R-algebras

R[ε]
ur−→ R[ε]

a+ εb 7→ a+ εrb

such that π ◦ ur = π and ur ◦ i = i. From the �rst relation we get the following
commutative diagram

G(R[ε]) G(R[ε])

G(R) G(R)

G(ur)

G(π) G(π)

id

and G(ur) de�nes a morphism

r · (•) : g(R) → g(R)
η 7→ r · η := G(ur)(η)

(20)
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By using this action and the relation ur ◦ i = i, we have that

r ·Ad(g)(x) = r ·
(
i(g) · x · i(g)−1

)
= G(ur)(i(g)) ·G(ur)(x) ·G(ur)(i(g)−1)

= i(g) · (r · x) · i(g)−1

= Ad(g)(r · x).

Therefore Ad maps into AutR-linear(g(R)).

Finally, let f : G1 → G2 be a morphism of algebraic groups over k. By functo-
riality, we get the following commutative diagram

G1(R[ε]) G1(R)

G2(R[ε]) G2(R)

π

f f

π

and so f induces a homomorphism

df : g1(R)→ g2(R), (21)

which is natural in R.

3.4 De�nition of the functor Lie

Let Lie be the functor

Lie : AlgGpsk → Vectk
G 7→ g(k) := ker (G(k[ε])→ G(k))

(22)

(the k-structure as in (20)). Using the identi�cation g(R) = g ⊗k R we can
de�ne the adjoint representation of G on the vector space g(k), by using the
map Ad introduced in the previous subsection

Ad : G→ GLg(k). (23)

By applying the functor Lie to (23) and using the relation (16) in example 3.2.2,
we get a k-linear map

ad : g(k)→ End(g(k)).

For x, y ∈ g(k) we set
[x, y] := ad(x)(y). (24)

Lemma 3.4.1. For GLn the construction gives

[A,X] = AX −XA.

Proof. Let us recall that from the example 3.2.1 we know that

Lie(GLn) := gln(k) := {In + εA | A ∈Mn(k)}.

Now, in our context the sequence (14) translates into the sequence

GLn(k)
i−→ GLn(K[ε])

π−→ GLn(k)
A 7→ In + εA

X + εY 7→ X
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and an element i(A) = In + εA ∈ GLn(K[ε]) acts on Mn(k[ε]) as

i(A)(X + εY )i(A)−1 = (In + εA)(X + εY )(In − εA)

= X + εY + ε(AX −XA).

Therefore, if in the example 3.2.2 we take V = Mn(k) we can conclude that
ad(A) = id+ εϕ, where ϕ(X) = AX −XA.

Directly form the de�nition the reader can check that if f : G→ H is a morphism
of algebraic groups, then we have the following commutative diagram

g(k)× g(k) g(k)

h(k)× h(k) h(k).

ad

df×df df

ad

(25)

Theorem 3.4.2. [51, Theorem 3.8] There exists a unique functor Lie

Lie : AlgGpsk → Liek

from the category of algebraic groups over k to the category of Lie algebras such
that:

(i) Lie(G) = g(k) as a k-vector space, and

(ii) the bracket on Lie(GLn) = gln is [X,Y ] = XY − Y X.

Proof. The second part of the theorem follows from lemma 3.4.1. The statement
(i) is just (22), so we only need to prove that the bracket de�ned in (24) endows
Lie(G) with a structure of Lie algebra. To do that, we remark for the reader
that the diagram (25) tells us that the di�erential map df : Lie(G) → Lie(H),
de�ned by a morphism f : G → H of algebraic groups, is compatible with the
two brackets. Since the bracket on Lie(GLn) makes it into a Lie algebra, and by
corollary 2.2.20 very algebraic group can be embedded in GLn, the bracket on
Lie(G) makes into a Lie algebra. This also proves uniqueness in the theorem.

3.5 Tangent spaces

Let us describe now the Lie algebra of an algebraic group as tangent space to
the identity element. We will follow the arguments given in [75].

Let us suppose for a while that X is an a�ne algebraic variety. Let us denote
by k[X] the algebra of regular functions on X and I the ideal of functions
vanishing onX. For every x ∈ X, we will also denote by mx the maximal ideal in
k[X] of functions vanishing at x. Given that k was supposed to be algebraically
closed, we have a canonical identi�cation k[X]/mx = k. In particular, we can
view k as a k[X]-module, denoted by kx, via the evaluation morphism f 7→ f(x).

De�nition 3.5.1. Let X be an a�ne algebraic variety. For every x ∈ X, we
de�ne the tangent space TxX of X at x to be the k-vector space Derk(k[X], kx).
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if ψ : X → Y is a morphism of a�ne algebraic varieties, then the comorphism
map ψ\ : k[Y ]→ k[X] induces a linear map between the tangent spaces

dψx : TxX → Tψ(x)Y
ν 7→ ν ◦ ψ\ (26)

the di�erential of ψ at x. It is clear that if ϕ : Y → Z is a second morphism
of a�ne algebraic varieties, then we have the chain rule

d(ϕ ◦ ψ)x = dϕψ(x) ◦ dψx. (27)

In particular, if ψ is an isomorphism then so is dψx.

Let us see that the information about the tangent space can be read locally. To
do that, let us denote by Ox the local ring of regular function in x. We recall
for the reader that its maximal ideal nx consists of the functions vanishing in x.
As before, we have Ox/nx = k, and we see k as an Ox-module.

Lemma 3.5.2. We have an isomorphism of k-vector spaces α : Derk(Ox, k)
'−→

Derk(k[X], kx).

Proof. We have a canonical algebra homomorphism k[X] → Ox, this maps
induces the morphism α. The inverse is de�ned by di�erentiating a quotient
(cf. [75, Lemma 4.1.5]).

The results that allows us to consider general algebraic varieties is the following.

Proposition 3.5.3. Let x ∈ X and U be an a�ne open subvariety of X. Then
TxU ' TxX.

Proof. By hypothesis, we have OU,x ' OX,x and the proposition follows by
lemma 3.5.2.

De�nition 3.5.4. Let X be an algebraic variety and x ∈ X. We de�ne the
tangent space of X at x by

TxX := lim←−
x∈U

TxX,

where the projective limit is relative to the set of a�ne neighbourhoods of x,
ordered by inclusion.

By proposition 3.5.3 we have TxX ' TxU for every a�ne open neighbourhood U
containing x, and the transition maps in de�nition 3.5.4 are all isomorphisms.
In particular, when dealing with questions concerning tangent spaces we can
consider them locally.

De�nition 3.5.5. We say that X is smooth in x if dimk(TxX) = dim(X).

Let us try now to reinterpret the preceding de�nition in terms of di�erentials.
This will allow us to end the statements in remark 2.3.4.
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Let A be a k-algebra and m : A ⊗k A → A the (co)-product morphism. Let
I := Ker(m) ⊆ A ⊗k A. This ideal is generated by the elements a ⊗ 1 − 1 ⊗ a,
and the quotient algebra A⊗k A/I is isomorphic to A. We de�ne the module
of di�erentials ΩA/k of the k-algebra A by

ΩA/k := I/I2.

As we have remarked, this can be considered as an A-module. Moreover, the
module of di�erentials comes equipped with a k-derivation

dA/k : A → ΩA/k
a 7→ dA/k(a) := (a⊗ 1− 1⊗ a) + I2.

The couple (ΩA/k, dA/k) is universal for k-derivations of A [75, Theorem 4.2.2].
This universality tells us that if X is an irreducible a�ne variety and x ∈ X,
then the tangent space TxX is isomorphic to Hom(Ωk[X]/k, kx). More exactly,
if we put ΩX := Ωk[X]/k, then

Hom(ΩX , kx) → TxX := Derk(k[X], kx)
ϕ 7→ ϕ ◦ dk[X]/k

is an isomorphism. Moreover, following our local description in 3.5.2, if ΩX,x
denotes the localisation at x (the stalk at x of the associated sheaf Ω̃X), then
we have

TxX ' Homk(ΩX,x, k) (28)

We have the following basic result about smooth points [17, Chapter 2, section
2, proposition 11].

Proposition 3.5.6. Let X be an irreducible variety of dimension d. If x is a
smooth point of X, there exists an a�ne open neighbourhood U of x such that
ΩU is a free k[U ]-module with a basis {dg1, · · · , dgd}, for suitable gi ∈ k[U ].

As a consequence of the preceding discussion, we see that if X is an a�ne
algebraic variety such that ΩX is a free k[X]-module, then by (28) we can
conclude that X is smooth.

Let us suppose now that X,Y are irreducible varieties. A morphism ϕ : X → Y
is called dominant if ϕ(X) is dense in Y . This property implies that we have
an injective map of quotient �elds k(Y ) → k(X). We say that ϕ is separable
if this extension is separably generated.17 The main result to keep in mind is
the following [75, Chapter 4, theorem 4.3.6].

Proposition 3.5.7. Let ϕ : X → Y be a morphism of irreducible varieties.

(i) If x is a smooth point of X such that ϕ(x) is a smooth point of X and
dϕx is surjective, then ϕ is dominant and separable.

17Let F := k(Y )(x1, · · · , xl). The transcendence degree trdegk(Y )F of F over k(Y ) is the
maximal of the number of xi that are algebraically independent over k(Y ). If trdegk(Y )F = l
we say that F is purely transcendental. We say that k(X) is separably generated over
k(Y ) if there exists a purely transcendental extension F over k(Y ), contained in k(X), such
that k(X) is separably algebraic over F .
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(ii) If ϕ is dominant and separable, then the points x ∈ X satisfying (i) is a
non-empty open subset of X.

The preceding proposition implies the following important properties for
homogeneous spaces (de�nition 2.2.15).

Theorem 3.5.8. Let G be a connected algebraic group.

(i) Let X be a homogeneous space for G. Then X is irreducible and smooth.

(ii) Let ϕ : X → Y be a G-equivariant morphism of homogeneous spaces.
Then ϕ is separable if, and only if, the di�erential dϕx is surjective for
some x ∈ X.

(iii) Let ϕ : G → G′ be a surjective morphism of algebraic groups.Then ϕ is
separable if, and only if, the di�erential dϕe is surjective.

Proof. We follow word by word the proof given in [75, Chapter 4, theorem 4.3.7].
Let us prove (i). To do that, we consider X a homogeneous space and x ∈ X.
By hypothesis, the orbit map ox : G→ X is surjective, and therefore as G is in
particular irreducible (proposition 2.1.7), we can conclude that X is irreducible.
On the other hand, for every g ∈ G the map

µg : X → X
x 7→ µg(x) := g · x

is clearly an isomorphism. By functoriality, (27), the di�erential (dµg)x is an
isomorphism. The �rst part of the theorem follows from proposition 3.5.6 and
transitivity of the action. The second part of the theorem clearly follows from
the proposition 3.5.7 because ϕ is surjective being a G-equivariant morphism be-
tween homogeneous spaces. the �nal part of the theorem is an easy consequence
of (ii) (cf. remark below).

Remark 3.5.9. Without say it, we have used the following easy observation.
If dϕx is surjective for some x, then dϕx is surjective for all x ∈ X.

Let us recall now that in proposition 2.2.5 we have showed that G acts (on the
left) on k[G] locally �nitely via the morphisms ρh in (8). The same argument
proves that the right G-action

λh : k[G] → k[G]
f 7→ (λhf)(g) := f(h−1g).

We consider the space of left invariant derivations of G, which is de�ned by

L(G) := {D ∈ Derk(k[G], k[G]) | D ◦ λh = λh ◦ D, for all h ∈ G}.

This is a Lie algebra under the bracket operation [D1, D2] := D1 ◦ D2−D2 ◦ D1.
In a suggestive way we let

g := TeG
be the tangent space to G at the identity e. We recall for the reader that g can
be considered as the space of point derivations g = Derk(OG ,e, k). Given that
every derivation D de�ned on k[G] can be extended to a derivation of the local
ring OG, e via the quotient rule, we can de�ne a k-linear map

L(G) → g
D 7→ f 7→ (Df)(e)

(29)
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Theorem 3.5.10. The map (29) is an isomorphism of k-vector spaces. In
particular dimk(L(G)) = dim(G).

Proof. We let to reader to verify that the convolution

g → L(G)
δ 7→ (f ∗ δ)(h) := δ(λh−1f)

is well-de�ned. This means that f 7→ f ∗ δ is a left-invariant derivation. Let us
verify that this is the inverse of the map (29). To do that, we take D ∈ L(G)
and we consider δ the derivation f 7→ (Df)(e). We have

(f ∗ δ)(h) = δ(λh−1f) = (Dλh−1f)(e) = (λh−1Df)(e) = (Df)(x).

On the other hand, if δ is a point derivation at e. Then (f∗δ)(e) = δ(λef) = δ(f)
and the derivation f 7→ (f ∗ δ)(e) is just δ.

Via the preceding isomorphism, we can endow the tangent space g := TeG with
a structure of Lie algebra. We have the following relations

g(k) = Derk,ε(k[G], k) = TeG = L(G) (30)

By uniqueness and functoriality, the Lie algebra structures on g(k), (24), and
L(G) coincide. This gives us several interpretations of the Lie algebra of an
algebraic group, all of them equivalent.

Before getting some examples let us end the discussion about homogeneous
spaces started in the previous section. We recall for the reader that we want
to prove that (9) is a quotient map in the sense of the de�nition 2.3.2. To do
that we rephrase theorem 3.5.8 as follows ([14, II, proposition 6.7]). Let X be
a G-space.

Proposition 3.5.11. Let x ∈ X and let us consider the orbit map ox : G →
G · x. Then G · x is a smooth variety de�ned over k and locally closed in
X. Moreover ox is an orbit map for the action of G · x on G. The following
conditions are equivalent:

(i) ox is a quotient of G by Gx.

(ii) ox is separable, i.e. the tangent map deox : g→ Tx(G · x) is surjective.

Remark 3.5.12. In theorem 3.5.8 we use connectedness of G to prove that X
is irreducible. We do not have this hypothesis in the preceding proposition.

At the moment, we have proved that X := G/H is a smooth quasi-projective
variety (theorem 3.5.8 and 2.3.1). The canonical map (9) ϕ : G → G/H is
by construction a morphism of algebraic varieties. Moreover, we recall for the
reader that X has been also de�ned as a G-orbit space G · v̄, where v̄ ∈ P(V ) is
the line stabilised by H, and V is the vector space in theorem 2.2.19. Under this
regard, the canonical map ϕ coincides with the orbit map ov̄ and Gv̄ = H. So,
to prove that ϕ is a quotient map, we need to prove that deϕ is surjective. To
do that, let us bring back again the notation coming from the proof of theorem
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2.2.19. By using proposition 2.2.5 we could �nd a rational representation ρ :
G→ GL(F ) which contains an H-invariant subspace E, such that

H =

ß
g ∈ G | g ·

dim(E)∧
E =

dim(E)∧
E

™
Let us denote by W :=

∧dim(E)
E and V :=

∧dim(E)
F . Let ψ : G→ GL(V ) be

the rational representations induced by the G-action on F . Using (21) and the
same reasoning given at the end of proposition 2.2.5, we see that if h := Lie(H),
then18

h = {ζ ∈ g | dψ(ζ)(W ) ⊆W}

All in all, let ov̄ : G → G · v̄ (here v̄ := [W ] ∈ P(V )) be the orbit map, and
let us consider the di�erential deov̄. Let vi ∈ W , and let us remark that if γ :
V \{0} → P(V ) is the projection, and ov : G→ G·v is de�ned by ov(g) := ϕ(g)v,
then ϕ = γ ◦ ov. In particular, by functoriality we have deϕ = dvγ(deov). If we
identify TvV with V , the map dvγ : TvV → Tγ(v)P(V ) is the projection from V
with respect to k·v, this tells us that ker(deϕ) = (deov)

−1(k·v) = Stabg(W ) = h.
Let us see that this implies that deϕ is surjective. On the one hand we have

dim(h) = dim(H) = dim(G)− dim(G · v̄) = dim(G)− dim(Tv̄G · v̄), (31)

and on the other hand

dim(ker(deϕ)) = dim(G)− dim(im(deϕ)). (32)

From (31), (32), and the fact that ker(deϕ) = h, we can conclude that deϕ is
surjective.

3.6 Examples

Let us use the relations (30) to compute the Lie algebras of the (linear) algebraic
group studied in section 2. We recall for the reader that every connected, linear
algebraic group is smooth by theorem 3.5.8. Using again the relation (30) we
have that

dim(G) = dimk(g),

and therefore, we can use the Lie algebra to compute the dimension of the group.

GLn: By example 3.2.1 we know that as k-vector space, the Lie algebra gln
of GLn equals the k-vectors space Mn(k) of squared matrices of size n. By
lemma 3.4.1, the structure of Lie algebra of gln is given by the usual bracket
[A,B] = AB −BA.

SLn: By de�nition

Lie(SLn) = {I + εMn(k[ε]) | det(I + εA) = 1}

Expanding det(I + εA) as a sum of polynomials in the variable ε, we easily
�gure out that the only non-zero term is

n∏
i=1

(1 + εaii) = 1 + ε

n∑
i=1

aii

18We have dψ : g → End(F ). We abuse of the notation denoting again dψ the canonical
extension g→ End(V ).
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(terms including at least two o�-diagonal entries are zero because ε2 = 0).
Hence

det(I + εA) = 1 + εTr(A)

and therefore Lie(SLn) = sln = {A ∈ gln | Tr(A) = 0}.

The group of invertible upper triangular matrices B: By de�nition

Lie(B) = {I + εA ∈Mn(k[ε]) | aij = 0 for all i > j}.

So Lie(B) = b is the Lie algebra of upper triangular matrices.

The unipotent group U: This is the group of upper triangular matrices having
all the diagonal terms equal to 1. So, by de�nition we have

Lie(U) = {I + εA ∈Mn(k[ε]) | aij = 0 for all i > j, and 1 + εaii = 1}.

This implies that Lie(U) = n the Lie algebra of strictly upper triangular matri-
ces.

The group of invertible diagonal matrices T: being sure that at this point
the reader has understood the philosophy behind the computations, we can say
that it is clear that Lie(T) = t, the Lie algebra of diagonal matrices.

3.7 Solvable and nilpotent Lie algebras

In this sebsection we will review the classical theory of solvable and Lie algebras.
The main references are [63, 64]. We start with the following notions.

Let g be a k-Lie algebra. We put C(g)1 := [g, g], and inductively we de�ne
C(g)n := [g, C(g)n−1] to be the lower central series of g. On the other hand, we
can also put C(g)1 := [g, g], and inductively de�ne C(g)n := [C(g)n−1, C(g)n−1]
the upper central series.

De�nition 3.7.1. We say that g is nilpotent if the lower central series van-
ishes, i.e. there exists a positive integer n such that C(g)n = 0. We say that g
is solvable if the upper central series vanishes.

Let us recall that in subsection 3.4 we have introduced the relation [x, y] =
ad(x)(x), with ad : g→ End(g) is the adjoint representation.19 The reader can
easily verify that the following conditions are equivalent:

(i) There exists n ∈ Z>0, such that C(g)n+1 = 0.

(ii) For all x0, · · · , xn ∈ g, we have

[x0, [x1, [· · · , xn] · · · ]] = ad(x0)ad(x1) · · · ad(xn−1)(xn) = 0.

(iii) There exists a descending series of ideals

g ⊇ a0 ⊇ · · · ⊇ an = 0

such that [g, ai] ⊆ ai+1, for all 0 ≥ i ≥ n− 1.
19If g := Lie(G) is the Lie algebra of an algebraic group, then this relation is established in

(24).
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Example 3.7.2. Let V be an n dimensional k-vector space, and let

F := 0 ( V1 ( · · · ( Vn−1 ( V

be a full �ag. Let n(F) be the subset of the Lie algebra g := End(V ) consisting
of those endomorphisms x ∈ g, such that x · Vi ⊂ Vi−1. It is clear that n(F) is
stable under the bracket of g and therefore is a Lie subalgebra. Moreover, using
(ii) in the preceding discussion we see that n(F) is a nilpotent Lie algebra with
C(n(F))n−1 = 0

We intend to prove the following theorem (the reader will easily realize that the
necessary conditions follows immediately from (ii) in the previous discussion).

Theorem 3.7.3 (Engel's theorem). A Lie algebra g is nilpotent if and only if
ad(x) is nilpotent for each x ∈ g.

We will �rst prove an End(V )-version of the preceding theorem20 and then we
will use canonical isomorphism theorems to extend the proof to the general
case. We prepare the route to prove the su�cient condition with the following
discussion.

Let us �x a vector space V and a Lie algebra g such that g ⊆ End(V ).

Eigenvalues of nilpotent elements. Let V be a �nite dimensional k-vector
space. Let us prove that zero is the only eigenvalue of each nilpotent element
φ ∈ End(V ). To do that we start by remarking that zero is an eigenvalue of
φ because is not invertible. On the other hand, if λ is an eigenvalue of φ with
eigenvector v ∈ V , then 0 = φk(v) = λkv, so λ = 0 because char(k) = 0.

ad-nilpotency. Let us suppose that g consists of nilpotent endomorphisms of
V , and let us prove that for all x ∈ g, the endomorphism ad(x) ∈ End(g) is also
nilpotent. In fact, if n ∈ N is such that xn = 0, then for all y ∈ g we have

ad2n(x)(y) =

2n∑
i=0

rix
iyx2n−i.

Now all what we have to remark is that in each term in the sum there are at
least n factors of x on one of the sides of y, so the whole sum is equal to zero.

Proposition 3.7.4. Let g ⊆ End(V ) be a Lie algebra of nilpotent endomor-
phisms of V . There exists a vector v ∈ V such that x · v = 0 for all x ∈ g.

Proof. We will proceed by induction on the dimension of g. If dim(g) = 1,
then g is clearly abelian, but also it consists of scalar multiples of a nilpotent
endomorphism φ ∈ End(V ). Given that zero is the only eigenvalue of φ, there
exists a non-zero vector v ∈ V such that φ(v) = 0. Let us suppose now that
dim(g) > 1, and let us consider the following situation.

20By Ado's theorem: every �nite-dimensional abstract Lie algebra is isomorphic to a
concrete Lie algebra over a �nite dimensional vector space (vector spaces of linear transfor-
mations). We can see that it su�ces to prove Engel's theorem for the End(V )-version. We
prefer to prove Engel's theorem with out using Ado's theorem because, except for some special
cases, this theorem is surprisingly tricky to prove. We will discuss the semi-simple case in the
appendix of this section by using Tannaka duality, but a concrete prove can be founded in
[78].
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Maximal proper subalgebras of nilpotent algebras. Before continuing the
proof, we want to construct an ideal a ⊂ g of co-dimension 1. In fact, we show
that we can take any maximal proper sub-algebra. Let a be such an algebra.
So ad(a) preserves a and ada induces an a-action by nilpotent endomorphisms
on the quotient vector space g/a. By inductive hypothesis, we can �nd a vector
ȳ ∈ g/a such that ad(x)(ȳ) = 0 ∈ g/a for every x ∈ a. If y ∈ g is a pre-image
of ȳ, then ad(x)(y) ∈ a for all x ∈ a. This clearly implies that a is an ideal
of the algebra Span(a, y) of co-dimension 1. However, as we declared a to be
a maximal proper sub-algebra, we necessarily have Span(a, y) = g. We can go
back to the proof of the proposition.

Let as take an ideal a ⊂ g with co-dimension 1. Applying the inductive hypoth-
esis to a, we can �nd v ∈ V such that x · v = 0 for all x ∈ a. Let W be the
subspace of all vectors with this property and y ∈ g\a. Let us also take w ∈W ,
x ∈ a, and let us analyse the following relation:

xy · w = yx · w + [x, y] · w.

First of all, we know that yx ·w = 0 by de�nition of W . Moreover, given that a
is an ideal we have [x, y] ∈ a and therefore [x, y] ·w = 0. We have xy ·w = 0 for
any x ∈ a and we can conclude that y · w ∈ W . This tells us that y preserves
W . However, we know that y acts nilpotently and we can �nd v ∈W such that
y · w = 0. As we have remarked Span(a, y) = g and we have that x · v = 0 for
any x ∈ g.

Corollary 3.7.5 (Engel's theorem End(V )-version). Let g ⊂ End(V ) be a con-
crete Lie algebra of nilpotent endomorphisms of V . There exists a basis of V
such that each element is strictly upper triangular.

Proof. We proceed by induction on dim(V ). If dim(V ) = 1, then dim(g) is either
0 or 1. In both cases the matrices with respect to any basis are all zero because
they are nilpotent 1× 1-matrices. Now, let us assume that the corollary is true
for any vector space of dimension less or equal that n − 1, and let us suppose
that dim(V ) = n. By theorem 3.7.4, there exists a vector v ∈ V such that
x · v = 0 for all x ∈ g. Applying inductive hypothesis to the n− 1- dimensional
space V/Span(v), we can �nd a basis v̄1, · · · , v̄n−1 for V/Span(v) such that all x
are strictly upper triangular. Taking the pre-images of those vectors, together
with v, we get a basis for V , such that all x are strictly upper triangular.

Before giving the proof of the theorem 3.7.3, let us give one remark more that
will be used in the proof of the theorem. Let

z(g) := {x ∈ g | [x, y] = 0 for all y ∈ g}

be the center of the Lie algebra g. This is clearly an abelian ideal of g. We
claim that if g/z(g) is nilpotent, then so in g. The bracket is de�ned by

[•, •] : g/z(g)× g/z(g) → g/z(g)
(x+ z(g), y + z(g)) 7→ [x, y] + z(g).

By hypothesis, there exists n ∈ N such that C(g/z(g))n = 0. We have a well-
de�ned surjection C(g)n → C(g/z(g))n which tells us that C(g)n ⊆ z(g). Then
C(g)n+1 = [g, C(g)n] ⊂ [z(g), g] = 0.

44



We can �nally give the proof of Engel's theorem.

Proof of theorem 3.7.3. We start the proof of the theorem by recalling for the
reader that by ad-nilpotency the Lie algebra κ := ad(g) is a nilpotent Lie
subalgebra of End(g). By corollary 3.7.5 we can conclude that κ is nilpotent.
Moreover, we have ker(ad) = z(g) and therefore

g/z(g) → κ
x+ z(g) 7→ ad(x)

is an isomorphism of Lie algebras. We can conclude that g/z(g) is nilpotent and
in the light of the previous discussion we can conclude that g is nilpotent.

Example 3.7.6. The Lie algebra n = Lie(U) is nilpotent.

In the example 3.7.2 we have seen that every fully �ag F in a vector space V
de�nes a nilpotent Lie sub-algebra n(F) of End(V ). Let us prove that every
nilpotent Lie sub-algebra of End(V ) is contained in a nilpotent Lie algebra n(F).

Corollary 3.7.7. Let V be a �nite dimensional vector space and g a Lie sub-
algebra of End(V ) consisting of nilpotent endomorphisms. Then there is a fully
�ag F such that g ⊆ n(F).

Proof. We will proceed by induction on the �ag. To de�ne V1 ) {0} we use
proposition 3.7.4 to obtain v ∈ V such that x · v = 0 for all x ∈ g. We take
V1 := Span(v). Let us suppose that we have de�ned 0 ( V1 ( · · · ( Vn−2 such
that dim(Vi) = i and x · Vi ⊂ Vi−1 for all 1 ≤ i ≤ n − 2. By construction,
we will have a morphism of Lie algebras ι : g → End(V/Vn−1) and g/ker(ι)
can be considered as nilpotent Lie subalgebra of End(V/Vn−1). By proposition
3.7.4 we can �nd v̄n−1 ∈ V/Vn−2 such that x̄ · v̄n−1 = 0 in V/Vn−2 for all
x̄ ∈ g/ker(ι). Taking a lift vn−1 ∈ V of v̄n−1, making Vn−1 := Span(Vn−2, vn−1)
and considering the full �ag F = (Vi), we end the proof of the corollary because
g ⊆ n(F).

Example 3.7.8. If F denotes the canonical �ag variety (3) in V = kn. Then
Lie(U) = n = n(F).

We want to derive now similar result to the corollary 3.7.5 for solvable Lie
algebras. We start with the following examples.

Example 3.7.9. (i) For every n ∈ Z>0 we have C(g)n ⊂ C(g)n. Therefore,
every nilpotent algebra is solvable.

(ii) It follows immediately from the de�nitions that every subalgebra and every
quotient of a solvable Lie algebra is a solvable Lie algebra. In particular,
every extension of solvable algebras is solvable. In fact, if

0→ h→ e
p−→ g→ 0

is an extension of e, then it is easy to see that p(C(e)n) = C(g)n = 0.
Therefore, if C(g)n = 0 and C(h)l = 0, by exactness we have C(e)n ⊆ h
and C(e)n+l = C(C(e)n)l ⊂ C(h)l = 0.
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(iii) Let F = (Vi) be a full �ag of a vector space V , and let b(F) be the
subalgebra of End(V ) consisting of terms x ∈ End(V ) such that x ·Vi ⊂ Vi
for all i. The algebra b(F) is solvable. In fact, it is possible to construct a
basis of V such that b(F) consists of upper triangular matrices. We also
remark for the reader that the Engel's theorem implies that b(F) is not
nilpotent.

Theorem 3.7.10. Let g ⊂ End(V ) be a concrete solvable Lie algebra. There is
a vector v ∈ V such that v is an eigenvector for all x ∈ g.

Proof. We will proceed by induction on g as we have done in proposition 3.7.4.
If dim(g) = 1, then g consists of scalar multiples of a non-zero single element
y. Given that k is algebraically closed, it contains a root of the characteristic
polynomial of y and therefore we can take and eigenvector v ∈ V which will be
an eigenvector for every x ∈ g. Let us suppose now that dim(g) ≥ 2 and that
the theorem is true for every solvable concrete Lie algebra of dimension at least
dim(g)− 1.

Construction of an ideal of co-dimension 1. Let us consider C(g)1 :=
[g, g] 6= g. Given that g is solvable C(g)1 is a proper ideal and therefore we
can consider the quotient Lie algebra ḡ := g/C(g)1. Given that ḡ is an abelian
algebra (in particular nilpotent) the reasoning given in proposition 3.7.4 gives
us an ideal ā with co-dimension 1. The pre-image a of ā in g will also be an
ideal of co-dimension 1. Let us go back to the proof of the theorem.

By inductive hypothesis, there exists a vector v ∈ V which is an eigenvector of
every element of a. Given x ∈ a we will denote by λx the eigenvalue of v. We
have the weight space

Vλx := {v ∈ V | x · v = λxv for all x ∈ a}.

As in the proof of proposition 3.7.4 we will show that for some y ∈ g \ a, the
weight space Vλx . In other words, y · Vλx ⊂ Vλx . Let x ∈ a, w ∈ Vλx and
y ∈ g \ a. As before, we want to analyse the expression

xy · w = y · x+ [x, y] · w = λxy · w + λ[x,y]w. (33)

If the second term in the sum on the right were zero then it would be immediately
that y ·w ∈ Vλx . This is less obvious that in 3.7.4. We will verify this by proving
�rst that λ[x,y] = 0 . Let us consider the subspace

U := Span(w, y · w, · · · , yk · w, · · · ).

It is clear that y · U ⊂ U . We want to see, via induction, that a · U ⊂ U .

a-invariance of U . By de�nition x · w ∈ U and by (33) we see that xy · w ∈
Span(y · w,w) ⊂ U . Let us suppose that xyk−1 · w ∈ U (for any x ∈ a). We
have

xyk · w = yxyk−1 · w + [x, y]yk−1 · w.

We have assumed that xyk−1 · w ∈ U and given that a is an ideal, we can
conclude, by inductive hypothesis, that the sum on the right lies in U .
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a acts upper triangular on U .Let us see that the action of xina is upper
triangular on U with respect to the basis w, y · w, · · · . To do this, we will use
induction to prove that xyk ·w is a linear combination of yi ·w for i ≤ k. First of
all, by de�nition x ·w = λxw. Let us suppose that xyk−1 ·w =

∑k−1
i=1 a

(x)
i yi ·w.

We have

xyk · w = yxyk−1 · w + [x, y]yk−1 · w

=

(
k−1∑
i=0

a
(x)
i yi+1 · w

)
+

(
k−1∑
i=0

a
([x,y])
i yi · w

)

= a
([x,y])
0 w +

k∑
i=1

(a
(x)
i−1 + a

([x,y])
i )yi · w,

and we can see that xyk· ∈ Span(w, · · · , yk · w). We can �nally end the proof
of the theorem.

We have just proved that Tr(x|U ) = λxdim(U). Moreover, as a is an ideal, we
know that [x, y] ∈ a (we recall for the reader that x ∈ a and y ∈ g\a), which acts
on U as a commutator and therefore has trace zero. But given that dim(U) 6= 0,
we necessarily have λ[x,y] = 0. This completes the proof of the theorem.

Corollary 3.7.11 (Lie's theorem). Let g ⊂ EndV ) be a concrete solvable Lie
algebra. There is a basis of V , such that the matrix of the action of every
element of g, with respect to this basis, is an upper triangular matrix.

We let the proof of the preceding corollary as an easy exercise to the reader. The
idea is to follow the same lines of reasoning that in corollary 3.7.5, together with
the following fact that extensions of solvable Lie algebras are solvable (example
3.7.9 (ii)).

Example 3.7.12. It is clear that C(b)1 = [b, b] = n. So C(b)1 is nilpotent and
therefore solvable. This immediately implies that b is solvable.21

Exactly as we have reasoned in corollary 3.7.7 we can use Lie's theorem to prove

Corollary 3.7.13. Let g ⊂ End(V ) be concrete solvable Lie algebra. There is
a �ag F of V such that g ⊂ b(F).

Example 3.7.14. If F denotes the canonical �ag (3) in V = kn, then Lie(B) =
b = b(F).

We end this subsection with the following important result.

De�nition 3.7.15. Let V be a �nite-dimensional vector space, and let us take
x, y ∈ End(V ). We de�ne the Killing form BV to be

BV (•, •) : End(V )× End(V ) → k
(x, y) 7→ BV (x, y) := Tr(xy).

21Using the examples 3.7.14 and 3.7.9 (iii) we see that b is not nilpotent. We can also see
this directly from C(b)n = [b, C(b)n−1] = [b, n] = n.
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If g ⊆ End(V ) is a concrete Lie algebra, we will omit the subscript g when
referring to the bilinear form

B(x, y) := Bg(ad(x), ad(y)).

In this case we will denote by g⊥ the orthogonal complement of g taken with
respect to B(•, •).

We intend to prove a criterion of solvability involving the killing form. We will
need the following technical lemma whose proof can be found in [34, Chapter
II, lemma 4.3].

Lemma 3.7.16. Let V be a �nite dimensional vector space, and U and W two
subspaces of End(V ). Let us consider the subset L of End(V ) de�ned by

L := {l ∈ End(V ) | [l, U ] ⊂W},

and let us suppose that x ∈ L is such that for every l ∈ T , we have Tr(xl) = 0.
Then x is nilpotent.

Theorem 3.7.17 (Cartan's criterion). Let g ⊂ End(V ) be a Lie algebra. Then
g is solvable if and only if C(g)1 ⊂ g⊥.

Proof. By corollary 3.7.13 there exists a �ag F such that g ⊆ b(F). This implies
C(g)1 ⊂ C(b(F))1 = n(F). In particular, for x ∈ g and y ∈ C(g)1 the product
xy ∈ n(F) and therefore B(x, y) = Tr(xy) = 0, i.e. C(g)1 ⊂ g⊥.

Let us suppose now that C(g) ⊂ g⊥, and let us consider the set L in the previous
lemma with U = g and W = C(g)1. Let l ∈ L and x =

∑
i=0[yi, zi] ∈ C(g)1. We

have
Tr(lx) =

∑
i

Tr(l [yi, zi]) =
∑
i

Tr([l, yi], zi) = 0 (34)

because [l, yi] ∈ C(g)1 and by hypothesis C(g)1 ⊂ g⊥. So x is nilpotent. By
corollary 3.7.5 we can conclude that C(g)1 is nilpotent and therefore g is solvable.

Corollary 3.7.18. Let g be a Lie algebra such that for the Killing form B(•, •)
we have C(g)1 ⊂ g⊥. Then g is solvable.

Proof. Let us consider the adjoint representation ad : g → End(g). By
theorem 3.7.17 we know that ad(g) is solvable. Moreover, given that ker(ad) =
z(g), then ker(ad) is abelian and therefore solvable. This implies that g is
solvable being an extension of ad(g) by ker(ad).

3.8 Semi-simple Lie algebras

The Lie algebra sl2 is an important example of semi-simple Lie algebras (and
even stronger, of simple Lie algebras). The study of its representations form
the basis of the theory of representations of �nite dimensional Lie algebras. In
this subsection we intend to introduce the most general facts about semi-simple
Lie algebras and we will work out sl2 as an example. In fact, at the end of
this subsection we will classify the irreducible representations of sl2.22 We will
follow [79, 63].

22Later, we will classify this representations by using twisted di�erential operators.
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De�nition 3.8.1. Let g be a �nite dimensional non-abelian Lie algebra.

(i) We say that g is simple if it has no non-trivial proper ideals.

(ii) We say that g is semi-simple if it has no non-trivial abelian ideals.

Let us recall that
sl2 = {A ∈M2×2(k) | Tr(A) = 0}.

A k-basis is given by the matrices

h =

Å
1 0
0 −1

ã
, e =

Å
0 1
0 0

ã
, and f =

Å
0 0
1 0

ã
.

The reader can easily check the following relations

[h, e] = 2e, [h, f ] = −2f and [e, f ] = h. (35)

Lemma 3.8.2. The Lie algebra sl2 is a simple Lie algebra.

Proof. Let us take a a non-zero ideal of sl2. Let z = γ1e+γ2f+γ3h be a non-zero
element of a. Using the relation (35) we see that x := [h, [h, z]] = 4γ1e+ 4γ2f .
As z ∈ a and a is an ideal, we must have x ∈ a. Therefore z − 1

4x = γ3h ∈ h.
We analyse two cases.

γ3 6= 0 We immediately have h ∈ a and the relations (35) implies that 1
2 [h, e] =

e ∈ a. On the same fashion f ∈ a. We have proved a = sl2.

γ3 = 0 We have [e, z] = γ2h ∈ a and [f, z] = γ1h ∈ a. Given that z 6= 0, we can
conclude that h ∈ a and we can proceed as in the previous case.

We have proved that a = sl2.

Lemma 3.8.3. A Lie algebra g is semi-simple if and only if g has no non-trivial
solvable ideals.

Proof. Let us start assuming that g is semi-simple, and let us take a a non-
trivial solvable ideal. By de�nition, the upper central series of a vanishes, i.e,
there exists n ∈ Z>0 such that C(a)n = [C(a)n−1, C(a),n−1] = 0. This implies
that C(a)n−1 is a non-trivial ideal, which is a contradiction. The converse is
immediate.

If a1 and a2 are solvable ideals of g, then the canonical isomorphism of Lie
algebras (this is a easy exercise)

a1 + a2

a1
' a2

a1 ∩ a2

tells us that a1 + a2 is also solvable. Therefore, there is a largest solvable ideal
r of g. We will call this ideal the radical of g. In light of the preceding lemma
we can say that g is semi-simple if its radical r is zero.

We have the following result from Cartan's Criterion (theorem 3.7.17).

Proposition 3.8.4. A Lie algebra g is semi-simple if and only if the Killing
form B(•, •) is non-degenerate.
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Proof. The same reasoning given in (3.7) tells us that

s := {x ∈ g | B(x, y) = 0 for all y ∈ g}

is an ideal. The assertions of the theorem lie on s. Let us suppose that g is semi-
simple. Given that C(s)1 ⊂ s⊥ (by de�nition) corollary 3.7.18 we can conclude
that s is solvable in g, but given that g is semi-simple then s must be trivial by
lemma 3.8.3.

Let us suppose now that s = 0 and let us take an abelian ideal a of g. Let x ∈ a
and y ∈ g. We set φ := ad(x) ◦ ad(y). Given that a is an abelian ideal φ(g) ⊂ a
and φ(a) = 0. This means that φ2(a) = 0 and φ is nilpotent. Since cher(k) = 0,
we can conclude that Tr(φ) = Tr(ad(x) ◦ ad(y)) = B(x, y) = 0. This tells us
that x ∈ s, so s = 0. This completes the proof of the proposition.

Let us organise the preceding results as follows. The following assertion are
equivalent:

(i) The Lie algebra g is semi-simple.

(ii) The radical r vanishes.

(iii) The Killing form B(•, •) is non-degenerated.

In what follows we will use the notation C(g) := C(g)1 := [g, g].

Corollary 3.8.5. If g is semi-simple, then C(g) = g.

Proof. We have g = C(g) ⊕ C(g)⊥. Let x ∈ C(g) and let y, z ∈ g. By (3.7),
we know that B([x, y], z) = B(x, [y, z]) = 0. Given that in our case the Killing
form is non-degenerate we have [x, y] = 0. This means that y ∈ z(g), which is a
solvable ideal and therefore, by semi-simplicity, z(g) = 0. We can conclude that
C(g)⊥ = 0 and C(g) = g.

As we have stated in the introduction of this subsection, we aim to study repre-
sentations of semi-simple Lie algebras. The following digression about gener-
alized eigenspaces and generalized weight spaces will be particular im-
portant. We will always suppose that V is a �nite-dimensional k-vector space.

De�nition 3.8.6. Let ϑ ∈ End(V ) and λ ∈ k. The subspace

V[λ](ϑ) := {v ∈ V | (ϑ− λI)Nv = 0 for somme integer N = N(v)}

is called a generalized eigenspace of ϑ with eigenvalue λ.

It is clear that the usual eigenspace Vλ(ϑ) := (ker(ϑ− λI) of ϑ with eigenvalue
λ is a subspace of Vλ.

Example 3.8.7. By Engel's theorem (3.7.5) or the discussion about eigenvalues
of nilpotent endomorphisms (page 43) we see that if ϑ is nilpotent, then V = V[0].

We recall for the reader that we have assumed that k is algebraically closed of
zero characteristic.
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Proposition 3.8.8. Let ϑ ∈ End(V ). Let λ1, · · · , λs be all the eigenvalues of
ϑ and n1, · · · , ns be their multiplicities. We have the generalized eigenspace
decomposition:

V =

s⊕
i=1

V[λi](ϑ)

where dim(V[λi](ϑ)) = ni.

Proof. Using Jordan canonical form in some basis e1, · · · , en, we have that the
matrix of ϑ is of the form

ϑ =

á
Jλ1

Jλ2

. . .
Jλn

ë
,

where Jλi is an ni×ni matrix with λi on the diagonal, 0 or 1 in each entry just
above the diagonal, and zero elsewhere. Let

V[λi](ϑ) = Span(e1, · · · , en1
), V[λ2](ϑ) = Span(en1+1, · · · , en1+n2

), · · · ,

so that Jλi acts on V[λi](ϑ), in other words V[λi](ϑ) are ϑ-invariant and ϑ|V[λi]
(ϑ) =

λiIni + ni, with ni nilpotent.

De�nition 3.8.9. Let g be a Lie algebra and ρ : g → End(V ) a (�nite-
dimensional) representation, and λ ∈ g∗ := Hom(g, k) be a linear functional
on g. The generalized weight space of g in V attached to λ is

V g
λ := {v ∈ V | (ρ(x)− λ(x)I)Nv = 0 for some N = N(x), for all x ∈ g}

=
⋂
x∈g

V[λ(x)](ρ(x))

Let us �x x ∈ g. From the preceding theorem we have the following decompo-
sitions

V =
⊕
γ∈k

V[γ](ρ(x)),

For instance, if we consider the adjoint representation, we have

g =
⊕
γ∈k

g[γ](ρ(x)),

where

g[γ](ρ(x)) := {y ∈ g | (ad(x)− γI)Ny = 0 for some N ∈ N}.

We have the following important result [79, Lemma 19.3.8].

Proposition 3.8.10. Let ρ : g → End(V ) be a representation of the Lie al-
gebra g. For every x ∈ g, we have the relation ρ(g[γ1](ρ(x)))V[γ2](ρ(x)) ⊂
V[γ1+γ2](ρ(x)).
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Theorem 3.8.11. Let g be a Lie algebra and ρ : g→ End(V ) a representation.
Let h be a nilpotent subalgebra of g. Then the following equalities hold

V =
⊕
λ∈h∗

V h
λ (36a)

ρ(ghα)V h
λ ⊆ V

h
λ+α. (36b)

Proof. We analyse the following cases.

Case 1. For each t ∈ h, ρ(t) has only one eigenvalue. Given that h is
nilpotent, and therefore solvable, we can use Lie's theorem (theorem 3.7.10) to
�nd de�ne a weight λ ∈ h∗ such that λ(t) will be the eigenvalue of ρ(t) and
V = V g

λ .

Case 2. For some t0 ∈ h, ρ(t0) has at least two distinct eigenvalue. Given
that h is nilpotent, we have seen that ad(t) is also nilpotent for all t ∈ h. Thus
h ⊂ g[0](ρ(t)), for any t ∈ h. By the preceding proposition ρ(h)V[γ](ρ(x)) ⊂
V[γ](ρ(x)). Proposition 3.8.8 tells us that V can be written as a direct sum of
the generalized spaces of t0 and we have seen that each V[γ](ρ(t0)) is invariant
under the action of h. In other words, V[γ](ρ(t0)) is also a representation of h
such that dim(V[γ](ρ(t0))) < dim(V ). We may apply an inductive argument on
dim(V ) to stablish the �rst equality of the theorem.

Let us stablish the inclusion ρ(ghα)V h
λ ⊆ V

h
λ+α. To do that, let us take α, λ ∈ h∗,

and x ∈ ghα, i.e. we are considering x ∈ g[α(t)](ρ(t)) for all t ∈ h. By the preced-
ing proposition ρ(x)Vα(t)(ρ(t)) ⊂ V[λ(t)+α(t)](ρ(t)) for all t ∈ h. We can conclude
that if we take v ∈

⋂
t∈t V[λ(t)](ρ(t)), then ρ(x)v ∈

⋂
t∈h V[λ(t)+α(t)](ρ(x)). Given

that
⋂
t∈t V[λ(t)](ρ(t)) = V h

λ , by de�nition of a generalized weight space, we have
the inclusion.

3.9 Cartan subalgebras

We start this subsection with the following de�nition which is a consequence of
Jacobi identity.

De�nition 3.9.1. Let h be a Lie subalgebra of a Lie algebra g. Then

Ng(h) := {x ∈ g | [x, h] ⊂ h}

is a subalgebra of g, called the normalizer of h.

Remark 3.9.2. By de�nition h ⊂ Ng(h) and the normalizer of h is the maximal
subalgebra containing h.

Lemma 3.9.3. Let us suppose that g us a nilpotent Lie algebra. Let h ⊂ g be
a Lie subalgebra, such that h ( g. Then h ( Ng(h).

Proof. Let us start by considering the lower central series

g ⊃ C(g)1 ⊃ · · · ⊃ C(g)n = 0.

The last equation follow by nilpotency. Let us take k ∈ N to be the maximal
positive integer such that C(g) * h. Clearly 1 < k < n and, by the choice made
on k, we have [C(g)k, h] ⊂ C(g)k+1 ⊂ h. In other words, C(g)k+1 ⊂ Ng(h) and
therefore h ( Ng(h).
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De�nition 3.9.4. Let g be a Lie algebra. We say that a Lie subalgebra h ⊂ g
is a Cartan subalgebra if it satis�es the following two conditions:

(i) h is a nilpotent algebra.

(ii) h is itself normalizing. In other words Ng(h) = h.

Remark 3.9.5. Lemma 3.9.3 tells us that any Cartan subalgebra of g is in fact
a maximal nilpotent subalgebra. In particular g is a Cartan subalgebra in itself
if and only if g is a nilpotent Lie algebra.

Let us recall that we have denoted by t the abelian Lie subalgebra of gln = Mn(k)
consisting of diagonal matrices. An easy calculation shows that Ngln(t) = t, and
therefore t is Cartan subalgebra of gln. In fact, we have the following general
fact.

Proposition 3.9.6. Let g ⊂ Mn(k) be a concrete Lie algebra which contains
a diagonal matrix d = (d1, · · · , dn) with di 6= dj, for all i 6= j. Let h := g ∩ t.
Then h is a Cartan subalgebra.

Proof. Let us check that h satis�es the conditions in de�nition 3.9.4. We remark
for the reader that h ⊂ t is abelian and therefore nilpotent. Let us take now
y ∈ g such that [y, h] ⊂ h. In particular [y, t] ∈ h for all t ∈ h. Given that

[y, t] =

 n∑
k=1

akekk,

n∑
i,j=1

bijeij

 =

n∑
i,j=1

(ai − aj)bijeij ,

we see that [y, t] ∈ h if and only if bij = 0 for all i 6= j. In other words b ∈ h.

Example 3.9.7. Let us consider V = kn and {ei}1≤i≤n the canonical base.
Let us de�ne the following full �ags F = (Vi)1≤i≤n and F ′ = (V ′i )1≤i≤n, by

Vi := Span(e1, · · · , ei) and V ′i := Span{en, · · · en+1−i}

We have seen in the example 3.7.14 that the subspace b(F) of matrices stabilising
the �ag F is the Lie algebra of upper triangular matrices, and an easy calculation
shows that b(F ′) = t is the Lie algebra of diagonal matrices. This implies
that diag(F ,F ′) := b(F) ∩ b(F ′) = t is a Cartan subalgebra. Furthermore,
we have remarked in example 3.7.8 that the space n(F) of matrices x such that
x·Vi ⊂ Vi−1 is the nilpotent Lie subalgebra of strictly upper triangular matrices.
As before, an easy calculation shows that n′ := n(F ′) is the nilpotent Lie algebra
of strictly lower triangular matrices. We have

gln = n⊕ diag(F ,F ′)⊕ n′

= n⊕ t⊕ n′.

We also want to remark that b = b(F) = n⊕ t.
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3.9.1 Conjugancy of Cartan subalgebras

In the preceding subsection we have introduced Cartan subalgebras. In this
subsection we aim to prove we essentially have a unique Cartan subalgebra
by proving that they are all conjugated. In the literature this results is called
Chevalley's theorem on conjugacy of Cartan subalgebras. To prove this
theorem we give �rst some properties about the Killing form and the weigh
space decomposition.

Let g be a �nite dimensional Lie algebra, and let us consider the characteristic
polynomial

Px(λ) := detg(ad(x)−λ) = (−λ)dim(g)+pdim(g)−1(x)(−λ)dim(g)−1+· · ·+det(ad(x))

of ad(x) for some x ∈ g. We can even see that the constant term of Px(λ) is
zero because ad(a)(a) = [a, a] = 0. For any 1 ≤ j ≤ dim(g), it is known that pj
is a homogeneous polynomial on g of degree dim(g)− j.

De�nition 3.9.8. We de�ne the rank of g as the smallest integer r such that
pr is not identically zero. An element x ∈ g is called regular if pr(x) 6= 0. The
nonzero polynomial pr(x) of degree dim(g)− r is called the discriminant of g.

From now on, we will denote by rk(g) the positive integer r introduced in the
previous de�nition.

Proposition 3.9.9. Let g be a Lie algebra, the set greg of regular elements is a
connected, dense open subset of g.23

Proof. First of all, if C is the closed subset of g de�ned by the vanishing of the
polynomial prk(g). By de�nition greg = g\C, in other words greg is open. Finally,
given that C has non empty interior, we can conclude that greg is dense.

We recall for the reader that for any x ∈ g we have the following properties:

(i) g is the direct sum of the g[γ](ad(x)),

(ii) we have [gγ1(ad(x)), g[γ2](ad(x))] ⊂ g[γ+γ2](ad(x)).

(iii) From (ii), we can conclude that g[0](ad(x)) is a Lie subalgebra.

We have two easy exercises.

Lemma 3.9.10. For every x ∈ g, we have dim(g[0](ad(x))) ≥ rk(g). The
equality is satis�ed id x is regular.

Lemma 3.9.11. Let h be a Cartan subalgebra of g and suppose that there is a
regular element x ∈ g such that x ∈ h. Then h = g[0](ad(x)).

We end this subsection with the following discussion. Let h be a nilpotent Lie
subalgebra of a semi-simple Lie algebra g (we recall for the reader that this is
equivalent of saying that B(•, •) is non-degenerated). We �x x ∈ greg. By [79,
Lemma 19.8.5 (iii)], we have that g[0](ad(x)) is the unique Cartan subalgebra of
g containing x. In particular, g has Cartan subalgebras. Moreover, we have seen
in the proof of the theorem 3.8.11 that h ⊂ g[0](ad(t)) for every t ∈ h, therefore
h is a Cartan subalgebra if and only if h = gh0 ([79, Theorem 19.8.6 (ii)]).

23Here we �x a base of g and we identify g ' kdim. We recall for the reader that we are
allowed to �x a basis because the induced Zariski topology doesn't depend of this basis if we
identify g with S(g∗) (the symmetric algebra of the algebraic dual of g).
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From now on and until the end of this subsection, we will suppose that h is a
Cartan subalgebra.The preceding discussion and theorem 3.8.11 tell us that
if h is a Cartan Lie subalgebra then g admits the decomposition

g =
⊕

λ∈Λ⊂h∗\{0}

h⊕ ghλ, (37)

where Λ ⊂ h∗ \ {0} is the set of roots, consisting of those weights λ ∈ h∗

such that ghλ 6= 0. Furthermore, for λ, ν ∈ Λ, and x ∈ ghλ, y ∈ ghν , then by
[ghλ, g

h
ν ] ⊂ ghλ+ν we have

(ad(x) ◦ ad(y))N (ghν) ⊂ ghλ+Nν .

As λ 6= 0 and char(k) 6= 0, the set {λ + Nν | N ∈ Z>0} is an in�nity set
of distinct functionals. Given that there are only �nitely many non-zero root
spaces ghλ, there exists N such that (ad(x)◦ad(y))N (ghν) = 0. In other words, for
λ ∈ Λ∪{0}, the restriction of the Killing form B(•, •)|gh

λ×g
h
−λ

is non-degenerated

(here we uses the hypothesis of g being semi-simple). Now, Engel's theorem and
a classical inductive argument on dim(g), as we have already done in the notes,
proves that for every λ ∈ Λ, there exists a basis of ghλ such that for any x, y ∈ h
the matrix of ad(x) ◦ ad(y)|gh

λ
with respects to this basis is upper triangular

with unique eigenvalue λ(x)λ(y) (cf. [79, Proposition 19.3.9 (iii) and theorem
19.8.6]).The root decomposition (37) and the preceding statement imply that
for x, y ∈ h, we have the relation

B(x, y) =
∑
λ∈Λ

dim(ghλ)λ(x)λ(y). (38)

Let us �nally prove that Cartan subalgebras are commutative. Let λ ∈ Λ, and
x, y ∈ h. Since [x, ghλ] ⊂ ghλ, [y, ghλ] ⊂ ghλ (second part of theorem 3.8.11), and

(ad[x, y]) |gh
λ

=
î
ad(x)]|gh

λ
, ad(y)|gh

λ

ó
,

we see that the trace of (ad[x, y]) |gh
λ
is zero. But, by (38), we know that this

trace is equal to dim(ghλ)λ([x, y]) and so λ([x, y]) = 0. We recall for the reader
that we want to prove that h is commutative. In other words, for every x, y ∈ h
the bracket [x, y] = 0, and that we have proved that λ([x, y]) = 0 for every
λ ∈ Λ. We will achieve our objective if we prove that Λ generates h∗ as a
vector space, but this is clear because B(•, •)|h×h is non degenerated and h is a
re�exive vector space (being �nite-dimensional). Let us clarify this argument.
Let us suppose by contradiction that the root space Λ does not generates h∗,
and let us extend Λ to a basis {αj} of h∗. By re�exivity h∗∗ ' h we can choose a
dual basis {tj} of h, and by assumption, we can choose j such that αj is not one
of the simple roots. In other words, we have �nd a non-zero vector t := tj ∈ h
such that λ(t) = 0 for every λ ∈ Λ. By (38) this implies that [t, h] = {0} and
by non-degeneracy we must have t = 0, which is a contradiction.

Summing up, we have proved the following facts. Let g be a semi-simple Lie
algebra and h a Cartan subalgebra.
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(i) Root decomposition: g =
⊕

λ∈Λ ghλ. Under the hypothesis of h being a
Cartan subalgebra this decomposition is true without the semi-simplicity
hypothesis.

(ii) The elements of Λ span the vector space h∗.

(iii) The Lie algebra h is abelian.

Just one more tool before giving proving conjugacy.

De�nition 3.9.12. Let φ ∈ Enf(V ) be a nilpotent operator. We de�ne the
exponential form by

exp(φ) := I + φ+
1

2!
φ2 +

1

3!
φ3 + · · ·+ 1

n!
φn + · · · .

Given that φ is nilpotent this sum is �nite.

The following facts are classical easy exercises for the reader [25, Chapter 1
(1.1.12)].

Lemma 3.9.13. (i) If φ1 and φ2 are commutating nilpotent operators, we
have the relation exp(φ1 +φ2) = exp(φ1)exp(φ2). In particular, exp(φ1) is
always an invertible operator by exp(φ1)exp(−φ1) = I.

(ii) Let D be a nilpotent (inner) derivation of g, i.e. for all x, yg we have
the relation

D([x, y]) = [D(x), y] + [x,D(y)].

Then exp(D) is an automorphism of g.

Let g be a �nite-dimensional Lie algebra. Is straightforward to see that using
Jacobi identity the map ad(x) is an (inner) derivation of g. In what follows, we
will denote by G the subgroup of the group of automorphisms of g generated by
automorphisms of the form exp(x) for x ∈ g and such that ad(x) is nilpotent
(properties of this group are discussed in detail in [59, Chapter 7]).

Theorem 3.9.14 (Chevalley's theorem). Let g be a Lie algebra and G as in the
preceding paragraph. Then any to Cartan subalgebras h1 and h2 are conjugated
by G, i.e. there exists σ ∈ G such that σ(h1) = h2.

Proof. Let h be a Cartan subalgebra. We start by recalling that we have a
generalized root space decomposition

g =
⊕

λ∈Λ∪{0}

ghλ,

with gh0 = h. The reasoning that we have given in page 55 to prove that the
restriction of the Killing form B(•, •) on ghλ × gh−λ is non-degenerated, proves
that for any λ ∈ Λ and x ∈ ghλ, the endomorphism ad(x) is nilpotent.24

24In page 55 we use semi-simplicity to conclude the non degeneracy, the reader will realize
that to prove nilpotence this hypothesis is not necessary. Nilpotence of h will be important
here.
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Existence of Zariski open subsets: we want to prove that there is a Zariski
open subset of g consisting of images of elements of h under the action of the
group G. Let us suppose Λ ∪ {0} = {λi}1≤i≤k and let us take {bj}mj=1 a basis
for ⊕λig

h
λi
, consisting of a union of basis for each ghλi (we are counting gh0 = h).

We have the following map

f : g → g
x = h+

∑m
j=1 γjbj 7→ f(x) := exp(γ1ad(b1)) · · · exp(γmad(bm))(h).

The map f is well de�ned because each morphism ad(bj) is nilpotent by the
result of the �rst paragraph. It is also possible to prove that f is a polynomial
map. By [51, Lemma 8.18] or [18, Appendix I, proposition 3 and 4] we will
�nd the Zariski open subset in question if we �nd a vector x ∈ g such that
the di�erential dxf is nonsingular. In other words, the map f is surjective by
proposition 3.5.7. Let us try to compute the di�erential at any arbitrary point
x ∈ g, evaluated at a point h+ b = t+

∑
j γjbj . We have

df |t=x(h+ b) =
d

dt

∣∣∣∣
t=0

[f(x+ t(h+ b))]

=
d

dt

∣∣∣∣
t=0

[exp(tγ1ad(b1)) · · · exp(tγmad(bm))(x+ th)] .

So, to compute this derivative, it su�ces to expand the function to those mono-
mials of �rst order in t. We �nd

df |t=x(h+ b) =
d

dt

∣∣∣∣
t=0

Ñ m∏
j=1

(I + tγjad(bj))

é
(x+ th)


=

d

dt

∣∣∣∣
t=0

(x+ th) +

m∑
j=1

tγj(ad(bj))(x)


= h+

m∑
j=1

γj [bj , x]

= h+ [b, x].

Thus the linear operator df |t=x restricts to the identity on h and −ad(x) on
⊕ighλi . On each space ghλi , the only eigenvalue of −ad(x) is −λi(x). Therefore
if we �nd h ∈ h such that λi(h) 6= 0 for each i, then df|t=h will act invertible on
each generalized root space and so it will be a nonsingular operator of g.

Given that the functionals λi ∈ h∗ are nonzero, for every i we can �nd hi ∈ h
such that λi(hi) 6= 0. We have an identi�cation

A|Λ|k → Span({λi})
(γi) 7→ h :=

∑
i γihi.

For each i, the condition λi(h) 6= 0 de�nes a nonempty Zariski open subset. The
intersection of these subsets gives us the desired h. All in all, we can apply [51,
Lemma 8.18], to �nd a nonempty Zariski open subset U(h) of the image f(g) of
f . By de�nition U(h) consists of points of the form σ(h) for some σ ∈ G and
h ∈ h. We remark for the reader that the arguments just presented hold for any
Cartan subalgebra of g.
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Let us take two Cartan subalgebras h1 and h2. As we have pointed out, there
exist two Zariski open subsets U(h1) and U(h2). Moreover, by de�nition, the
subset greg of regular elements is also a nonempty Zariski open subset, and
the intersection U(h1) ∩ gregU(h2) is nonempty. In other words, there exists
a regular element x ∈ g, vectors hi ∈ hi, and automorphisms σi ∈ G such
that σ1(h1) = x = σ2(h2). By de�nition h1 = σ−1(x) is also regular, and
lemma 3.9.11 tells us that h = g[0](ad(h1)). Analogously h2 = g[0](ad(h2)). If
σ := σ−1

2 σ1 ∈ G, we have

σ(h1) = σ(g[0](ad(h1))) = g[0](ad(σ(h1))) = g[0](ad(h2)) = h2.

3.10 Complete irreducibility

Our next objective will be to classify complex semi-simple Lie algebras and to
study their representations. In order to introduce these concepts we propose to
treat �rst the case of g = sl2. The arguments in this sebsection follow word
by word the ones given in [63]. We start with the following important theorem
which can be stated for a general semisimple Lie algebra g.

Theorem 3.10.1. Complete irreducibility Let ρ : g → End(V ) be a rep-
resentation of semisimple Lie algebra g, and let us suppose that W ⊂ V is a
subrepresentation. Then there exists a subrepresentation W ′ that is complemen-
tary to W .

Proof. We start by remarking that given that g is semisimple, we know that
g ' ρ(g). So ρ(g) is semisimple and therefore the restriction of the Killing form
κV (•, •) to ρ(g) is non degenerated.

From the previous paragraph, we can take µ1, · · · , µr being a basis for ρ(g), and
µ∨1 , · · · , µ∨r a basis with respect to the Killing form. This allows us to consider
K ∈ End(V ) de�ned by:

K(v) :=

r∑
i=1

µi(µ
∨
i (v)).

Its trace is calculated as follows:

Tr(K) =

r∑
i=1

Tr(µi ◦ µ∨i ) =

r∑
i=1

κ(µi, µ
∨
i ) = r = dim(ρ(g)).

For the second equality we have used the identi�cation ρ(g) ' ρ(g)∨ via the
Killing form. Now, given that W is preserved by ρ(g), we see that K preserves
W . We will consider the following cases.

W is irreducible of co-dimension 1. By applying Shur's lemma [26, Lemma
1.7], we have that K is multiplication by a scalar onW , which must be non-zero
because Tr(K) > 0. Given that W is of co-dimension 1, we can conclude that
V = W ⊕Ker(K) as g-modules.
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W is of co-dimension 1 but not irreducible. Let us deal with this case
by using induction on the dimension of V , being the case dim(V ) = 1 trivial.
Now, for the inductive step, we use the fact that W is not irreducible to take
W0 ⊆W a non trivial subrepresentation of W . By the inductive hypothesis, we
can �nd W0 ⊂W1 ⊂W such that V/W0 = W/W0 ⊕W1/W0. Given that W1 is
also a representation which contains W0 as a subrepresentation. So, using again
the inductive hypothesis, we can �nd U ⊂ W1 such that W1 = W0 ⊕ U , and a
dimensional argument allows us to conclude that that V = W ⊕ U .

W does not have co-dimension 1. Passing to a quotient space, if necessary,
we can suppose that W is irreducible. Let us consider the restriction map

res : Homk(V,W )→ Homk(W,W ).

An easy calculation shows that res is even a morphism of g-modules, ifHomk(V,W )
is endowed with the g-structure

(xf)(v) := xf(v)− f(xv),

and Homk(W,W ) is clearly a g-submodule. Now, let us consider the g-submodule
Homg(W,W ) of Homk(W,W ) of g-morphisms. This is

Homg(W,W ) := {f ∈ Homk(W,W ) | f(xw) = xf(w) for all x ∈ g}.

By the Schur's lemma, rest−1(Homg(W,W )) consists of those g-morphisms
V →W whose restriction to W is equal to multiplication by a scalar on W . So,
if h : V →W is the identity on W but zero elsewhere, then

f̃(v) :=

ß
f(v) if v ∈ V \W,
0 if v ∈W

clearly lies in Ker(rest) and f = f̃ + ah, for some scalar a ∈ k. This imme-
diately implies that Ker(res) is a g-submodule of rest−1(Homg(W,W )) with co-
dimension one, and one of the previous cases implies that rest−1(Homg(W,W )) =
U ⊕ Ker(rest), for some U ⊂ rest−1(Homg(W,W )). Given that W is irre-
ducible, the Schur's lemma also implies that res is surjective (we have already
use this in the prove!), and therefore it maps U surjectively onto Homg(W,W ).
In particular, we can �nd ν ∈ U , such that rest(ν) = Id; which implies that
Ker(ν) ∩W = 0. Moreover, g-acts on U by zero because U is one-dimensional.
In other words

0 = (xν)(v) := x(ν(v))− ν(xv),

and we can conclude that Ker(ν) is a g-submodule of V . Let us �nally prove
that V = W ⊕ Ker(ν). To do that, we may extend a basis {w1, · · · , ws} of W
to a basis {w1, · · · , ws, w′s+1, · · · , w′r} of V , and to prove that ν(w′i) = 0 for
s + 1 ≤ i ≤ r. In fact, by construction, h(w′i) = 0 for all s + 1 ≤ i ≤ r and
therefore ν(w′i) = 0. This ends the proof of the theorem.

Corollary 3.10.2. A semisimple Lie algebra is a direct sum of simple Lie
algebras.

Remark 3.10.3. Theorem 3.10.1 tells us that to classify the representations
of sl2 (and in general of any complex semisimple Lie algebra), we only need to
identify the irreducible representations, because the other representations will be
direct sums of these.
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3.10.1 Invariance of the Jordan canonical form

Let us recall that in the theorem 2.2.1 we have introduced the Jordan canon-
ical form for the Lie algebra End(V ). In this subsection we aim to prove the
following important fact which will be used in the classi�cation of the representa-
tions of sl2,C. Thoughts this subsection g will denote a (realisable25) semisimple
Lie algebra. We recall for the reader that this means that g ⊆ End(W ), for some
complex �nite-dimensional vector space W . Theorem 2.2.1 tells us that for ev-
ery x ∈ g there exists a semisimple xs ∈ End(W ) and a nilpotent xn ∈ End(W )
such that x = xs + xn in End(W ). Let us see that this decomposition occurs in
fact in g.

Lemma 3.10.4. Let g ⊆ End(W ) be a Lie algebra. If g is semisimple, then for
any x ∈ g, we have xs, xn ∈ g as well.

Proof. Given that g is supposed to be semisimple, corollary 3.8.5 tells that
g = [g, g]. In particular, every x ∈ g is a commutator and therefore has zero
trace. In other words, if

sl(W ) := {ϕ ∈ End(W ) | Tr(ϕ) = 0},

then g ⊂ sl(W ). Moreover, by de�nition of xs and xn, we know that if x ∈ g
has zero trace, then xs, xn have zero trace as well. So xs, xn ∈ sl(W ).

Let us suppose for a while that W is not irreducible and for any subrepresenta-
tion U ⊂W we consider

sU := {ϕ ∈ End(W ) | ϕ(U) ⊆ U and Tr(ϕ|U ) = 0}.

The discussion given at the beginning of the proof tells us that g ⊆ sU , and also
if x ∈ sU then xs, xn ∈ sU . On the other hand, It is also possible to prove that
p(x)g ⊆ g for any polynomial p(t) ∈ C[t]. In particular, by theorem 2.2.1, we
can conclude that xsg ⊆ g and xng ⊆ g. In other words xs and xn are elements
of the normalizer n = {ϕ ∈ End(V ) | [ϕ, g] ⊆ g}. Let us consider the Lie
algebra

g′ :=

Ñ ⋂
U⊆V

sU

é
∩ n.

By de�nition of the normalizer, we know that g is an ideal in g′ ⊆ n. Therefore,
by theorem 3.10.1, there exists a subalgebra l ⊆ g′ such that g′ = g ⊕ l. Since
xs, xn ∈ g′ by the �rst part of the theorem, we will get the result if we prove
that g′ = g. In other words, let us see that l = 0. Let ϕ ∈ l and U ⊆ V be
an irreducible representation. By our de�nition of g′ we know that ϕ ∈ sU ,
which implies that ϕ preserves U , and by the Schur's lemma we have that ϕ|U
is multiplication by a scalar γ, but this scalar must be equal to zero because
Tr(ϕ|U ) = 0. This completes the proof of the lemma.

Theorem 3.10.5. Let ρ : g → End(V ) be a representation of a (realisable)
semisimple Lie algebra g. If x = xs + xn is the Jordan canonical form of x ∈ g,
then ρ(xs) + ρ(xn) is the Jordan canonical form of ρ(x).

25In fact, by semisimplicity, we know know that the adjoint representation ad embeds g in
End(g).
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Proof. The idea of the proof consists in proving that ρ(xs) is semisimple and
ρ(xn) is nilpotent. This facts and the uniqueness in the Jordan decomposition
give us ρ(x)s = ρ(xs) and ρ(x)n = ρ(xn).

Let us start by considering the special case when g is simple. In this case ρ
induces and isomorphism g ' ρ(g) and therefore ρ(xs) is semisimple and ρ(xn) is
nilpotent. On the other hand, if g is semisimple, then by theorem 3.10.1 we have
g can be decomposed as a direct sum of simple Lie algebra g = g1⊕g2⊕· · ·⊕gk.
So

ρ(g) = ρ(g1)⊕ ρ(g2)⊕ · · · ⊕ ρ(gk)

where every ρ(gi) must be a simple algebra in ρ(g). This clearly implies that
ρ(xs) is semisimple and ρ(xn) is nilpotent.

3.11 Irreducible representations of sl2,C

In this section we will classify the representations of sl2,C. In light of the theorem
3.10.1 and given that sl2,C is in particular semisimple, it is enough to concentrate
our e�ort in classifying its irreducible representations ρ : sl2,C → End(V ). To
do that, let us start by recalling that

sl2,C = e⊕ h⊕ f

where e, h and f are the 1-dimensional vector spaces spanned by the matrices

e =

Å
0 1
0 0

ã
, h =

Å
1 0
0 −1

ã
and f =

Å
0 0
1 0

ã
.

Moreover, we have the following relations

[h, e] = 2e, [h, f ] = −2f and [e, f ] = h.

Now, by theorem 3.10.5 we know that ρ(h) is diagonalizable and we can order
the distinct eigenvalues λ1, · · · , λk of h by their real part in a non-decreasing
way.26 We will denote by Wλ the eigenspace corresponding to λ. In particular
Wλ = 0 if λ is not an eigenvalue of h.

Lemma 3.11.1. For every 1 ≤ i ≤ k, we have eWλi ⊆ Wλi+2. In particular
eWλk−1

= eWλk = 0.

Proof. Let v ∈Wλi . The lemma clearly follows from the relations

[h, e]v = 2ev

hev − ehv = 2ev

hev − λiev = 2ev

hev = (λi + 2)ev

26For the sake of the discussion we will drop ρ from the notation. We will warm the reader
if a confusion is possible.
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The previous lemma indicates us the action of e on the eigenspaces of h. The
reader might expect that f sends Wλi into Wλi−2. This being the case, let us
reference it as a lemma whose proof almost follows the same relations given in
the preceding lemma.

Lemma 3.11.2. For every i, we have fWλi ⊂ Wλi−2. In particular, there
exists N ∈ N such that FNv = 0 for all v ∈ V .
Proof. The �rst part of the lemma has been already sketched. From this and
given that V = ⊕Wλi we conclude the second part of the lemma.

Now that we have understood how e and f act on the eigenspaces of h, we need
to study the relations between these eigenspaces and to specify the values of the
λ1, · · · , λk. To do that, we start by enunciating the following technical result.
The interested reader can �nd a very explicit proof in [63, Lemma 4.2.1]. We
will also remark that in the proof of the lemma the author shows the following
relation which we will use later

efk = fk−1(h− 2(k − 1)). (39)

Lemma 3.11.3. Let v ∈ ker(e). There exists a polynomial pk(t) such that
ekfkv = pk(h)v. Moreover

pk(h) =

k∏
j=1

j(h− (j − 1)I2),

where I2 is the identity matrix of order 2.

Let us use the previous information to specify the eigenspaces Wλi . To do that,
we introduce �rst the following notation.

De�nition 3.11.4. Let Nλi be the minimal positive integer such that fNλiWλi =
0. We set

Sλi := Wλi + fWλi + · · ·+ fNλi−1Wλi .

By lemma 3.11.2 this is a subset of

Wλi +Wλi−2 + · · ·+Wλi−2(Nλi−1).

Lemma 3.11.5. If λk is an eigenvalue of maximal real value, then Sλk = V .

Proof. The idea is to prove that Sλk is a sl2,C-submodule of V which implies
that Sλk = V by irreducibility of V .

It is clear that Sλk is preserved under the action of f , and given that f iWλk ⊆
Wλk we can conclude

hf iWλk = (λk − 2i)f iWλk = f iWλk .

This proves that h preserves Sλk . Let us �nally show that eSλk ⊂ Sλk . This
follows from the relation (39) given that we have

eSλk = e(Wλk + fWλk + · · ·+ fNλk−1Wλk)

= eWλk + efWλk + · · ·+ efNλk−1Wλk

= 0 + hWλk + f(h− 2)Wλk + · · ·+ fNλk−2(h− 2(Nλk − 2))Wλk

⊆Wλk + fWλk + · · ·+ fNλk−2Wλk

⊆ Sλk
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This ends the proof of the lemma.

Finally by de�nition of Sλk and the previous lemma, we can conclude

Corollary 3.11.6. The h eigenspacesWλi are preciselyWλk , fWλk , · · · , fNλk−1Wλk .
In particular, the only eigenvalue of h are λk, λk − 2, · · · , λk − 2(k − 1).

Lemma 3.11.7. If Wλi is a non-zero eigenspace of h, then dim(Wλi) = 1.

Proof. Let us start by proving that dim(Wλk) = 1. Let 0 6= v ∈ Wλk . The
subspace U := Span(v) + · · · + fNλk−1Span(v) is a sl2,C-submodule of V and
therefore U = V . This implies that Wλk = Span(v).

Finally, by corollary 3.11.6 we know that for any i there exists j such that
Wλi = f jWλk . This proves the statement for the general case.

From corollary 3.11.6 if we know λk then we know all the eigenvalues of h. The
preceding lemma also tells us that all the eigenvalues are di�erent and so there
are n distinct eigenvalues given by λk, λk − 2, · · · , λk − 2(n− 1). Let us give an
explicit description of λk.

Lemma 3.11.8. If dim(V ) = n then λk = n− 1.

Proof. Given the h ∈ sl2,C and the Jordan canonical form is preserved, we have
that Tr(h) =

∑n
i=0 λi = 0. The preceding description of the eigenvalues of h,

gives us

0 = λk + λk − · · ·+ λk − 2(n− 1)

= nλk − 2n(n− 1)/2

= λk − (n− 1).

Theorem 3.11.9. There exists only one isomorphic class of n-dimensional
representations of sl2,C.

Proof. If v ∈Wλk , then v, fv, · · · fn−1v is a basis for V consisting of eigenvectors
of h. Under this basis h is a diagonal matrix with eigenvalues n−1, n−3, · · · , 1−
n and f is the matrix of ones below the diagonal and zeros elsewhere.

On the other hand, from the relation (39) we know that

ef iv = f i−1(h− 2(i− 1))v = f i−1((n− 1)− 2(i− 1)v) = (n− 2i)f i−1v.

This means that e acts via the matrix with values n− 2, n− 4, · · · , 2−n on the
line directly above the diagonal and zeros elsewhere. We conclude that given
the dimension of the representation we can derive the action of e, f, h, up to a
change of basis.
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3.12 Root systems

This chapter is dedicated to the study and classi�cation of the root systems.
We will principally follow [35] and [64].

De�nition 3.12.1. Let V be a �nite dimensional (real) vector space and α ∈ V
a non-zero vector. A symmetry with vector α is an automorphism s ∈ Aut(V )
such that

(i) s(α) = −α.

(ii) The set H := {ν ∈ V | s(ν) = ν} is an hyperplane of V .

Using the notation 〈ϕ, v〉 := ϕ(ν), for ϕ ∈ V ∨ and ν ∈ V , we have the following
easy facts:

(i) V = H ⊕ Rα.

(ii) There is a unique element α∨ ∈ V ∨ such that 〈α∨, H〉 = 0 and 〈α∨, α〉 = 2.
In this case

s(ν) = ν − 〈α∨, ν〉α.

(iii) If 〈α∨, α〉 = 2, then the map s de�ned by s(ν) = ν−〈α∨, ν〉α is a symmetry
with vector α.

Lemma 3.12.2. Let α ∈ V \ {0} and ∆ be a �nite subset such that V =
SpanR(∆). Then there exists at most one symmetry with vector α leaving ∆
invariant.

Proof. Let us suppose that there exists two symmetries s and s′. Let us consider
ϕ := s ◦ s′ and observe that u(∆) = ∆; this implies that u is a permutation of
R and therefore, there exists n ∈ Z>0 such that (u|∆)n = id∆. By hypothesis,
we have un = id, so we will prove that u = id if we show that all the eigenvalues
of u are 1; this follows from the fact that by hypothesis u induces the identity
on the quotient V/Rα.

De�nition 3.12.3. Let V be a real vector space. A subset ∆ ⊆ V \ {0} of
a vector space V is called a root system in V if ∆ satis�es the following
conditions:

(i) for each α ∈ ∆, there exists a symmetry sα with vector α leaving ∆
invariant,

(ii) for each α and β in ∆, we have 〈α∨, β〉 ∈ Z.

If ∆ satis�es the preceding conditions, then the dimension of V is called the
rank of the system and the elements α ∈ R are called the roots of the
system. The element α∨ is called the dual root of α.

De�nition 3.12.4. A root system ∆ is called reduced if the intersection of ∆
with Rα for α ∈ ∆ is the set {α,−α}.

Remark 3.12.5. If ∆ is a non reduced root system and α ∈ ∆ is a vector
satisfying |∆ ∩ Rα| ≥ 2, then

∆ ∩ Rα = {±α,±2α} or ∆ ∩ Rα{±α,±1

2
α}
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Example 3.12.6. (i) The only reduced root system of rank 1 is {±α}. This
is a root system of type A1.

(ii) There is only one non reduced root system of rank 2. In light on the
preceding remark, this must be given by {±2α,±α}.

(iii) We have the following root systems of rank 2:

• Root system of type A1 ×A1. This is given by

∆ = {±α,±β} with α = (1, 0) and β = (0, 1).

• Root systems of type A2. This is given by

∆ = {±α,±β,±(α+ β)} with α = (1, 0) and β = (−1

2
,

√
3

2
).

• Root systems of type B2 = C2. This is given by

∆ = {±α,±β±(α+β),±(2α+β)} with α = (1, 0) and β = (−1, 1).

• Root systems of type G2. This is given by

∆ = {±α,±β,±(α+ β),±(2α+ β),±(3α+ β),±(3α+ 2β)}

with

α = (1, 0) and β = (
−3

2
,

√
3

2
).

The Weyl group 3.12.7. Trough this section V will denote a real-vector
space and ∆ a root system in V . We will denote by Aut(∆) the group of
automorphisms in GL(V ) preserving ∆.

De�nition 3.12.8. The Weyl group of ∆ is the subgroup of Aut(∆) generated
by the symmetries sα for α ∈ ∆. This is denoted by W (∆).

In order to compute root systems it will be important to construct a bilinear
form invariant under the action of the Weyl group. To do that, we can �x any
positive bilinear form B on V and to construct a new form by

(u, v) :=
1

|W (∆)|
∑

w∈W (∆)

B(w(u), w(v)).

It is clear that (•, •) is a positive de�nite symmetric bilinear form invariant
under the action of the Weyl group. In particular, V has the structure of an
Euclidean space. Moreover, by identifying V with its dual under the preceding
bilinear form, it sis possible to see that

α∨ =
2α

(α, α)
. (40)

In other words,

sα(v) = v − 2
(α, v)

(α, α)
α.
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Remark 3.12.9. Let ∆∨ denote the set of all duals roots α∨. Then

• The set ∆∨ is a root system.

• We have the following dual relations (α∨)∨ = α and (∆∨)∨ = ∆.

The root system ∆∨ is called the dual root system. Furthermore the isomor-
phism

ϕ : GL(V ) → GL(V ∨)
u 7→ tu−1

restricts to an isomorphism between W (∆) and W (∆∨) because tsα = sα∨ .

Let us now try to understand the position of the vectors α and β given in the
preceding examples. In the next proposition θ will denote the angle between α
and β.

Proposition 3.12.10. If α and β are non colinear, then we have the following
4 possibilities:

• 〈α∨, β〉 = 〈β∨, α〉 = 0 and θ = π/2;

• 〈α∨, β〉 = 〈β∨, α〉 = −1 and θ = 2π/3;

• 〈α∨, β〉 = −2, 〈β∨, α〉 = −1 and θ = 3π/4;

• 〈α∨, β〉 = −3, 〈β∨, α〉 = −1 and θ = 5π/6.

Proof. Using the identi�cation (40) and the well-known formula for the cosinus,
we have

2
|β|
|α|

cos(θ) = 〈β∨, α∨〉.

Multiplying for the analogous expression for β, we have

4cos2(θ) = 〈α∨, β〉〈β∨, α〉.

The proposition follows after remarking that 〈α∨, β〉〈β∨, α〉 ∈ Z.

Remark 3.12.11. In the preceding proposition we excluded the positive values
of 〈α∨, β〉 and 〈β∨, α〉. This because is practice α and β are supposed to be
simple roots and in this case these values are negative.

Basis and systems of simple roots 3.12.12. In practice, it is usual to study
an important subset of the root system instead of the whole system. This subset
encodes all the information of the roots.

De�nition 3.12.13. A subset S of ∆ is called a base of ∆ if the following
conditions are satis�ed:

(i) S is a basis for V ;

(ii) every root β ∈ ∆ can be written as a linear combination of elements in S
with only positive coe�cients, or only negative coe�cients.
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3.13 The Bernstein-Gelfand-Gelfand category O

B Tensor categories and Tannaka duality

Coming soon!

4 Algebraic D-modules

In the last century, the language of di�erential operators has been of relevant
importance in the theory of partial di�erential equations and in the theory of
representations. In this last �eld, the strength of the geometric methods that the
theory of di�erential operators has given to the mathematician, it has allowed
to achieve important results as the kazhdan lusztig conjecture [32, chapter 12]
and the classi�cation of simple modules over the �rst Weyl algebra (example
4.15.3).

One of the most pleasant properties of the sheaf of di�erential operators is
that over a smooth complex algebraic variety, it has noetherian sections over
a�ne open subsets. In fact, if X is a curve27, then the global sections of the
sheaf of di�erential operators form a (left and right) noetherian C-algebra ([74]).
The question is therefore to know the structure of globally de�ned di�erential
operators, when X is singular. In fact, Malgrange asks in [48] whether this
C-algebra need be �nitely generated and noetherian, question that has been
answered by I.N. Berstein, I.M. Gel'fands and S.I Gel'fands in [10]. They have
shown that if X denotes the surface de�ned by the equation x3 + y3 + z3 = 0,
then the ring D(X) of (regular) di�erential operators on X is not noetherian.
This is one of the reasons to consider smooth complex algebraic varieties. As
we have seen, the �ag varieties are examples of such a varieties.

Another good reason to consider smooth algebraic varieties is that the de�nition
that we will give for the sheaf of di�erential operators makes sense if the
structure sheaf O gives rise to a family of local regular rings. In this case,
the ring of di�erential operators is generated by O and T . However, this is
not always true. the interested reader can �nd an example in [22, Chapter 3,
exercise 3.8].

Remark 4.0.1. Later, we will use the theorem of Kashiwara's equivalence (the-
orem 4.9.1), to give an adequate de�nition for the category of D-modules when
the variety is singular.

Throughout this section X will denote an irreducible smooth algebraic variety
of dimension dX over the complex �eld C with OX the structural sheaf. We
will denote by TX the tangent sheaf (whose sections are called vector �elds)
and which is de�ned over an arbitrary open subset U ⊆ X by

TX(U) := {θ ∈ EndCOX(U)|θ(fg) = θ(f)g + fθ(g) (f, g ∈ OX(U))}.

On the other hand, we know that the diagonal morphism

∆ : X → X ×Spec(C) X

27Irreducible a�ne algebraic curve over C.
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is a closed embedding and therefore we can de�ne the cotangent sheaf of X
by Ω1

X := ∆∗(I/I2), where I is the ideal sheaf of ∆(X). Moreover, in our case
Ω1
X is a locally free sheaf of rank dX .

Finally, we have a derivation d : OX → Ω1
X , which satis�es d(fg) = d(f)g+fd(g)

, for f, g ∈ OX , and gives rise to an isomorphism HomOX (Ω1
X ,OX) ' TX given

by composition with d (the last reasoning is just the global version of [49] section
25 and the local description of d given in [29] remark 8.9.2). Locally, if we take
a point p ∈ X, then TX,p is given by (28).

4.1 Basic de�nitions

Let us start with the following theorem.

Theorem 4.1.1. For each point p ∈ X, there exists an a�ne open neighbour-
hood V of p, regular functions xi ∈ OX(V ), and vector �elds ∂xi ∈ TX(V )
(1 ≤ i ≤ dX) satisfying the conditions

[∂xi , ∂xj ] = 0, ∂xi(xj) = δij (1 ≤ i, j ≤ dX),

TV =
⊕dX

i=1OV ∂xi .

Moreover, we can choose the functions x1, x2, · · · , xdX so that they generate
the maximal ideal mp of the local ring OX,p at p.

Proof. To soften the notation we will assume that n = dX . It is a consequence
of [29, chapter II proposition 8.7] that there exist functions x1, x2, · · · , xn gen-
erating the maximal ideal mp of OX,p and that dx1, dx2, · · · , dxn is a basis of
the free OX,p-module Ω1

X,p. Therefore, there exists an a�ne open neighbour-
hood V of p such that Ω1

X(V ) is a free module with basis dx1, dx2, · · · , dxn
over OX(V ). Taking the dual basis we get ∂xi(xj) = δij . Finally, writing
[∂xi , ∂xj ] =

∑n
l=1 g

l
ij∂xj , we have g

l
ij = [∂xi , ∂xj ]xl = 0. Hence [∂xi , ∂xj ] = 0.

De�nition 4.1.2. The set {xi, ∂xi | 1 ≤ i ≤ dX} de�ned over an a�ne open
neighbourhood of p and satisfying the conditions of the last theorem is called a
local coordinate system at p.

Hereafter, if there is no risk of confusion, we will use the notation f ∈ OX for a
local section f of OX . We will also identify OX with a subsheaf of EndC(OX)
by considering f ∈ EndC(OX) as the endomorphism of OX given by g 7→ fg.

De�nition 4.1.3. The C-subalgebra of EndC(OX) generated by OX and TX is
called the sheaf of di�erential operators and is denoted by DX .

Theorem 4.1.1 gives us a local description of the sheaf DX . If p ∈ X, we can
take a coordinate a�ne neighborhood (U, {xi, ∂xi})1≤i≤dX at p. Hence we have

DU =
⊕
α∈Nd

OU∂α,

where α = (α1, · · · , αd) is a multi index and ∂α = ∂α1
x1
· · · ∂αdxd .
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Example 4.1.4. ([22, Chapter 1, section 1]) Let X = AnC. In this case, we
know that TAnC =

⊕n
i=1OAnC ∂xi . The global sections of the ring of di�erential

operators DAnC is know as the n-th Weyl algebra.28

By de�nition of the di�erentiation of a product ∂xi · xi(f) = xi · ∂i(f) + f , and
we see that DAnC is the C-subalgebra of EndC(OAnC ) generated by the operators
x1, · · · , xn, ∂x1 , · · · , ∂xn . By theorem 4.1.1 this operators satisfy the following
Weyl relations:

[∂xi , xj ] = δi,j and [∂xi , ∂xj ] = [xi, xj ] = 0. (41)

Remark 4.1.5. Let U be an a�ne open subset of X and R the C-algebra
generated by elements

{f̃ , θ̃| f ∈ OX(U), θ ∈ TX(U)}

satisfying the following fundamental relations:

(1) f̃1 + f̃2 = ·�f1 + f2, f̃1f̃2 = fif1f2.

(2) θ̃1 + θ̃2 = ·�θ1 + θ2, [θ̃1, θ̃2] = ‡[θ1, θ2],

(3) f̃ θ̃ = f̃ θ, [θ̃, f̃ ] = fiθ(f).

The map de�ned by f̃ 7→ f and θ̃ 7→ θ de�nes an isomorphism between R and
DX(U).

We end this subsection with the following de�nition.

De�nition 4.1.6. We say that a sheaf M is a left DX-module if M(U) is
endowed with a left DX(U)-module structure for each open subset U of X and
these actions are compatible with the restriction morphisms.

4.2 Algebraic properties of D-modules

We start this subsection giving to DX a structure of �ltered sheaf of noncom-
mutative rings. First of all, let (U, {xi, ∂xi}) be a coordinate a�ne open subset
of X. We de�ne the order �ltration F of DU by

FlDU =
∑
|α|≤l

OU∂α, (42)

and more generally, for an arbitrary open subset V of X we can de�ne the order
�ltration F of DX over V by

(FlDX)(V )

= {P ∈ DX(V )| ρU,V (P ) ∈ FlDX(U) for any a�ne open subset U ⊆ V },

where ρU,V : DX(V ) → DX(U) is the restriction map and, for convenience, we
set FlDX = 0 if l < 0.

28We will usualy abuse of the notation and we will identify DAnC with its global sections.

This is possible in light of the remark 4.2.7.

69



Proposition 4.2.1. (i) {Fl}l∈N is an increasing �ltration of DX such that

DX =
⋃
l∈N

FlDX and each FlDX is a locally free OX-module of �nite rank.

(ii) F0DX = OX and (FlDX)(FmDX) = Fl+mDX .

(iii) If P ∈ FlDX and Q ∈ FmDX , then [P,Q] ∈ Fl+m−1DX .

Proof. (i) and (ii) are obvious, so we will give the proof of (iii). As the Lie
product is a bilinear operation is enough to see this property on an expression
of the form ∂α ∈ FlDX and ∂β ∈ FmDX . In this case we can apply induction
on the equality

[∂α, ∂β ] = ∂α1 [∂α−α1e1 , ∂β ] + [∂α1 , ∂β ]∂α−α1e1 ,

where e1 = (1, 0, ..., 0) is a multi-index of length l.

Remark 4.2.2. We have the following formula

FlDX = {P ∈ EndC(OX)| [P, f ] ∈ Fl−1DX (∀f ∈ OX)},

and the terms of degree 0 and 1 are OX and TX respectively.

Example 4.2.3. ([22, chapter 3, lemma 1.1]) Let us prove the last assertion
in the previous remark for the Weyl algebra DAnC . This is, we want to prove

F1DAnC = TDAnC
⊕ODAnC

.

Let P ∈ F1DAnC and let us consider Q = P − P (1) ∈ F1DAnC . By de�nition, if
f ∈ OAnC , then [Q, f ] ∈ F0DAnC , and therefore [[Q, f ], g] = 0 for all f, g ∈ OAnC .
Explicitly, one has

(Qf)g − (fQ)g − g(Qf) + g(fQ) = 0.

Applying this operator to 1 ∈ OAnC , we get Q(fg)+fQ(g)+gQ(f)−gfQ(1) = 0
(because Q(1) = 1 by de�nition of Q). In other words Q ∈ TAnC , but given that
P = Q+P (1) then P ∈ TDAnC

+ODAnC
. To prove that the sum is in fact a direct

sum, we use the fact that the following short exact sequence splits

0→ TAnC → F1DAnC
P 7→P (1)−−−−−→ OAnC → 0.

The above results tell us that if we take an a�ne chart (U, {xi, ∂i}) then for the
sheaf of commutative graded rings

grFDX =

∞⊕
l=0

grlDX ,

where grlDX = FlDX/Fl−1DX , we have

grlDU = FlDU/Fl−1DU =
⊕
|α|=l

OUξα (ξi := ∂xi mod(F0DU )),

and therefore

grFDU = OU [ξ1, ..., ξn].
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The previous equality has the following useful reinterpretation (cf. [32, Page
17]). Let T ∗X be the cotangent bundle ofX and let π : T ∗X → X be the
projection. Regarding ξ1, · · · , ξn as the coordinate system of the cotangent space⊕n

i=1Cdxi, we have that π∗OT∗X |U = OU [ξ1, · · · , ξn].

Now, as we have remarked (and proved in the example 4.2.3) we have a canonical
map

TX → gr1DX → grDX .

Given that grDX is in particular a sheaf of commutative algebras, the univer-
sal property of the symmetric algebra gives a unique morphism of sheaves of
commutative algebras

π∗OT∗X ' Sym(TX)→ grDX (43)

(the �rst isomorphism is given by [29, Chapter II, section 5, exercise 5.17 (d)]),
which is in fact an isomorphism by the reasoning given in the previous para-
graphs.

The following example will be fundamental in the subsection 4.10.1.

Example 4.2.4 (The Bernstein �ltration). As we have remarked, we have
F0DAnC = OAnC is a sheaf of in�nite dimensional vectors space. In this example,
we will de�ne a �ltration B = {Bk}k∈N of DAnC , consisting of �nite dimensional
vector spaces.

Let P =
∑

(α,β)∈Nn×Nn γ(α,β)x
α∂β ∈ DAnC . We de�ne the degree of P by

deg(P ) := max{|α|+ |β| : γ(α,β)x
α∂β is a monomial appearing in P},

and we denote by Bk the �nite dimension C-vector space generated by all the
di�erential operators of degree at most k. The resulting �ltration is called the
Bernstein �ltration. It is an easy exercise to prove that the canonical map

grB(DAnC ) → C[x1, · · · , xn, ξ1, · · · , xn]
xi 7→ xi
∂xi 7→ ξi

(44)

is an isomorphism (cf. [22, Chapter 3, theorem 3.1]).

In the rest of the section, we will show some algebraic and homological prop-
erties of certain special categories of DX -modules. We will be interested in the
category of quasi-coherent OX -modules (resp. of coherent OX -modules) which
will be denoted by Modqc(OX) (resp. by Modc(OX)) and we keep the no-
tation Modqc(DX) for the category of OX -quasi-coherent DX -modules (resp.
Modc(DX) denotes the category of OX -coherent DX -modules).

Remark 4.2.5. It can be shown that M is a coherent DX-module if and only
if it is quasi-coherent over OX and locally �nitely generated over DX (cf. [32,
Proposition 1.4.9 (ii)]).

De�nition 4.2.6. A smooth algebraic variety X is called DX-a�ne if the fol-
lowing conditions are satis�ed:
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(a) the global section functor Γ(X, •) : Modqc(DX) → Mod(Γ(X,DX)) is
exact,

(b) if Γ(X,M) = 0 forM∈Modqc(DX), thenM = 0.

Remark 4.2.7. Any smooth a�ne algebraic variety is D-a�ne.

A�nity is an important property which helps us to algebrize the category of
quasi-coherent D-modules. Let us concretely explain this.29 Let us suppose that
X is DX -a�ne and let us takeM∈Modqc(DX). From the above de�nition, if
we apply the global sections functor to the exact sequence

0→M0 →M→M/M0 → 0,

whereM0 is the image of the natural morphism DX ⊗Γ(X,DX) Γ(X,M)→M,
we obtain Γ(X,M/M0) = 0 and thereforeM =M0.

For F ∈Mod(Γ(X,DX)) a classical �ve-lemma argument style shows that the
canonical morphisms

αM : DX ⊗Γ(X,DX) Γ(X,M)→M, βF : F → (Γ(X,DX ⊗Γ(X,DX) F ))

are isomorphisms and it is straightforward to veri�ed that the localization
functor DX ⊗Γ(X,DX) (•) is left adjoint to Γ(X, •).

Proposition 4.2.8. Let's suppose that X is DX-a�ne.

(i) EveryM∈Modqc(DX) is generated over DX by its global sections.

(ii) The functor

Γ(X, •) : Modqc(DX)→Mod(Γ(X,DX))

gives an equivalence of categories.

Proof. We have already proved (i). To see (ii) we must check that Γ(X, •) is
surjective (which comes from αM) and fully faithful. So, let ψ : Γ(X,M) →
Γ(X,N ), where N ∈ Modqc(DX), be a morphism of Γ(X,DX)-modules and
let's de�ne φ := αN ◦ (idDX ⊗ ψ) ◦ α−1

M . The reader can easily verify that
Γ(X,φ) = ψ.

Now, let us consider the case when F ∈Modf (Γ(X,DX)) andM∈Modc(DX).
It's clear that DX ⊗Γ(X,DX) F belongs to Modc(DX). On the other hand, as
M is generated by its global sections and X is quasi-compact, we see that M
is globally generated by �nitely many elements of Γ(X,M). This means that
we have a surjective morphism DmX → M → 0 for some m ∈ N and therefore
Γ(X,M) belongs to Modf (Γ(X,DX)). We have

Proposition 4.2.9. Let us suppose that X is DX-a�ne. The equivalence given
in proposition 4.2.8 induces the equivalence

Modc(DX) 'Modf (Γ(X,DX)).

29A quick proof of proposition 4.2.8 can be found in [8], where the authors remarks that D
is projective generator of the category Modqc(DX), and therefore [6, Theorem 1.4] gives the
result.
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Finally, let us suppose again thatM∈Modqc(DX). Let us take an a�ne open
covering {Ui}i and let jk : Uk → X be the open embedding. By proposition
4.2.8 we can embed j∗kM into an injective object Ik ∈ Modqc(DUk) and set-
ting I =

⊕
jk∗Ik, we get a canonical embedding into an injective object of

Mmodqc(DX). Moreover, if N ∈Modqc(OUk) the relation

HomOUk (N , Ik) ' HomDUk (DUk ⊗OUk N , Ik),

tells us that Ik is �abby. This proves the following proposition.

Proposition 4.2.10. AnyM∈Modqc(DX) can be embedded into an injective
object I of Modqc(DX) which is �abby.

When X is quasi-projective we have a dual version of the last proposition (cf.
[32, proposition 1.4.18]). More exactly,

Proposition 4.2.11. Let's suppose that X is a quasi-projective variety. Then,
anyM∈Modqc(DX) is a quotient of a locally free DX-module.

In the preceding section we have shown that over an a�ne chart (U, {xi, ∂xi}i)
we get

grFDX(U) = OX(U)[ξ1, ..., , ξdX ], grFDX,x = OX,x[ξ1, ..., ξdX ].

In particular, grFDX(U) and grFDX,x are noetherian rings with global dimen-
sion 2dX which implies that both DX(U) and DX,x are left noetherian rings
whose global dimensions are smaller than or equal to 2dX (cf. [32, D.2.6]).
Applying this fact to the resolution

...→ P1 → P0 →M→ 0

of M by locally free DX -modules given in the proposition 4.2.10 we see that,
if we set Q = Coker(P2dX+1 → P2dX ) then Q|U is a projective object of
Modqc(DU ) and we get

Corollary 4.2.12. LetM∈Modqc(DX). There exists a �nite resolution

0→ P2dX → P2dX−1 → · → P0 →M→ 0

ofM by locally projective DX-modules. IfM∈Modc(DX), we can take all P ′is
to be of �nite rank.

Remark 4.2.13. Actually, one can show that M admits a �nite resolution of
length dX (cf. [32] 2.6.11).

4.3 Operations with D-modules

In this section we will de�ne the transfer bimodules for a morphism f : X →
Y of smooth algebraic varieties and the side-changing operations. We will
construct the objects in full generality, and we will use Weyl algebras to specify
the left or right action.

We start with a useful lemma.

Lemma 4.3.1. Let M be an OX-module. To extend the OX-module structure
to DX is equivalent to give a C-linear morphism
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∇ : TX → EndC(M),

satisfying the following conditions:

(1) ∇fθ(s) = f∇θ(s),

(2) ∇θ(fs) = θ(f)s+ f∇θ(s),

(3) ∇[θ1,θ2](s) = [∇θ1 ,∇θ2 ](s).

Proof. Let's suppose thatM is a DX -module. For θ ∈ TX and s ∈M we de�ne
∇θ(s) := θ.s. We must verity the conditions (1)− (3).

The �rst condition is just the compatibility between the OX -module structure
and the action of TX , and (3) is the de�nition of the bracket. Finally, by the
remark 4.1.5 we get the relation [θ, f ] = θ(f) and therefore, for s ∈ M we see
that

θ(f)(s) = [θ, f ](s) = ∇θ(fs)− f∇θ(s).

Reciprocally, is straightforward to check that the operations f̃ .s = fs and θ̃.s =
∇θ(s), respect the relations given in remark 4.1.5 and therefore de�ne onM a
structure of DX -module compatible with OX .

LetM∈Mod(DX). In other words, let us suppose thatM is endowed with a
connection

∇ : TX → EndC(M).

This notions has a dual description. This means that the map ∇ : TX →
EndC(T ) is equivalence to a map

∇∨ : M → Ω1
X ⊗CM

m 7→
dX∑
i=1

Ä
dxi ⊗∇∂xi (m)

ä
.

In fact, starting from∇∨ we can reconstruct∇ by identifying TX = HomOX (Ω1
X ,OX)

and then making

∇ : TX → EndC(M)
θ 7→ [m 7→ (θ ⊗ 1)∇∨(m)].

The �rst condition in lemma 4.3.1 implies that ∇∨ respects the respective OX -
structures and therefore it de�nes a map ∇∨ : M → Ω1

X ⊗OX M. Let us use
(2) in the previous lemma to compute ∇∨(fm) with f ∈ OX and m ∈ M. We
have

∇∨(fm) =
∑

(dxi ⊗∇∂xi (m))

=
∑

dxi ⊗ (∂xi(f)m+ f∇∂xi (m))

= f
∑

dxi ⊗∇∂xi (m) +
∑

∂xi(f)dxi ⊗m

= f∇∨(m) + df ⊗m.
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Let us �nally reinterpret the third condition for the operator ∇∨. In fact, this
has the following meaningful property. Let us consider

∇∨p : ΩpX ⊗OX M → Ωp+1
X OXM

ω ⊗m 7→ dw ⊗m+

dx∑
i=1

dxi ∧ ω ⊗∇∂xi (m),

and let us remark that

∇∨p+1(∇∨p (ω ⊗m))

= ∇∨p+1

(
dw ⊗m+

dx∑
i=1

dxi ∧ ω ⊗∇∂xi (m)

)

= d2ω ⊗m+

dX∑
j=1

dxj ∧ dω ⊗∇∂xj (m)

+

dX∑
i=1

Ñ
d(dxi ∧ ω)⊗∇∂xi (m) +

dX∑
j=1

dxj ∧ dxi ∧ ω ⊗∇∂xj∇∂xi (m)

é
=

dX∑
j=1

dxj ∧ dω ⊗∇∂xj (m) +

dX∑
i=1

Ä
d2xi ∧ ω − dxi ∧ dω)⊗∇∂xi (m)

ä
+

dX∑
i=1

dX∑
j=1

dxj ∧ dxi ∧ ω ⊗∇∂xj∇∂xi (m)

=

dX∑
j=1

dxj ∧ dω ⊗∇∂xj (m)−
dX∑
i=1

dxi ∧ dω ⊗∇∂xi (m)

= 0.

We remark for the reader that in the fourth equality we have used the third
property in lemma 4.3.1. In other words, we have a complex

0→M ∇∨−−→ Ω1
X ⊗OX M· · ·Ω

p
X ⊗OX M

∇∨p−−→ Ωp+1
X ⊗OX M· · ·OX → 0 (45)

We will go deeper into this complex in the subsection 4.8.

Remark 4.3.2. We have an analogous version for right DX-modules. In this
case, it is necessary to de�ne the right DX-module structure in terms of ∇ by

s.θ = −∇θ(s).

De�nition 4.3.3. We say that a DX-module M is an integrable connection if
it is locally free of rank �nite over OX . The category of integrable connections
on X will be denoted by Conn(X).

Remark 4.3.4. The category Conn(X) is an abelian category [32, 1.4.11].

In contrast with OX -modules, it is important to specify if we are dealing with
a left or a right DX -module. In what follows we will study an OX -module that
will help us to interchange those structures. To start with, we will denote by
Mod(DX)op the category of right DX -modules.
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Let's consider the canonical sheaf

ΩX :=

dX∧
Ω1
X .

In the last section we have identi�ed Ω1
X ' HomOX (TX ,OX) and therefore, we

can consider ΩX as the sheaf AltOX (TX × · · · × TX ;OX) of alternating maps.
This identi�cation allows us to de�ne a natural action of TX on ΩX , called the
Lie derivative. If θ, θ1, θ2, ..., θdX ∈ TX and ω ∈ Ω, then the Lie derivative is
de�ned by:

Lieθω(θ1, · · · , θdX ) := θ(ω(θ1, · · · , θdX ))−
dX∑
i=1

ω(θ1, · · · , [θ, θi], · · · , θdX ).

It is straightforward to verify that Lie satis�es the implicit conditions given in
the remark 4.3.2. Hence we can de�ne a structure of a right DX -module on ΩX
by

ω · θ := −Lieθω.

Remark 4.3.5. (cf. [32] 1.2.9) Given M,N ∈ Mod(DX) and M′,N ′ ∈
Mod(DX)op, we have the folloing facts:

(i) M⊗OX N ∈Mod(DX); θ(m⊗ n) := θm⊗ n+m⊗ θn,

(ii) M′ ⊗OX N ∈Mod(DX)op; (m′ ⊗ n)θ := m′θ ⊗ n−m′ ⊗ θn,

(iii) HomOX (M,N ) ∈Mod(DX); (θϕ)(s) := θ(ϕ(s))− ϕ(θ(s)),

(iv) HomOX (M′,N ′) ∈Mod(DX); (θϕ)(s) := −ϕ(s)θ + ϕ(sθ),

(v) HomOX (M,N ′) ∈Mod(DX); (ϕθ)(s) := ϕ(s)θ + ϕ(θs).

The following lemma is a straightforward calculation using the previous facts.

Lemma 4.3.6. We have the following isomorphisms

(M′ ⊗OX N )⊗DX M'M′ ⊗DX (M⊗OX N ) ' (M′ ⊗OX M)⊗DX N

of CX-vector spaces (here CX is the constant sheaf).

Let us denote by Ω⊗−1
X the dual of the invertible OX -module ΩX . The above

remark gives us

Proposition 4.3.7. The functor

ΩX ⊗OX (•) : Mod(DX)→Mod(DX)op

is an equivalence of categories (well de�ned by (ii) in the previous remark). Its
quasi-inverse is given by

Ω⊗−1
X ⊗OX (•) = HomOX (ΩX , •).

The operations described by the above proposition are called side-changing
operations.
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Our next objective to exhibit some functorial properties of D-modules. More
exactly, for a morphism f : X → Y of smooth algebraic varieties, we will
introduce two operations called the inverse image and the direct image.

Let's start with the inverse image. Let M be a left DY -module. By [29] we
get a homomorphism of OX -modules f∗Ω1

Y → Ω1
X and therefore, taking the

OX -dual, we get an OX -homomorphism

TX = HomOX (ΩX ,OX) → HomOX (f∗ΩY , f
∗OY ) = f∗TY .

θ 7→ θ̃
(46)

Based on the preceding homomorphism we can put a left DX -module structure
on f∗M by de�ning

θ(ψ ⊗m) = θ(ψ)⊗m+ ψθ̃(m),

where ψ ∈ OX , θ ∈ TX and m ∈M. Taking a local coordinate system {yi, ∂yi}
of Y and writing θ̃ =

∑
j φj⊗θj we can see that the action of TX can be written

as

θ(ψ ⊗m) = θ(ψ)⊗m+ ψ

dY∑
i=1

θ(yi ◦ f)⊗ ∂yim. (47)

Applying the above construction to DY , we have that f∗DY turns out to be a
(DX , f−1DY )-bimodule which we denote by DX→Y . With this de�nition, it's
clear that f∗M' DX→Y ⊗f−1DY f

−1M and we get a right exact functor

DX→Y ⊗f−1DY f
−1(•) : Mod(DY )→Mod(DX). (48)

Example 4.3.8. (i) Let f = (F1, · · · , Fm) : AnC → AmC be a polynomial map.
We suppose OAnC = C[x1, · · · , xn] and OAmC = C[y1, · · · , ym]. If M is a
left DAmC -module, then by de�nition we have

f∗M = OAnC ⊗f−1OAmC
f−1M

is a module over OAnC . We want to extend this action to the whole DAnC . To
do that, we need to make explicit the action of the operators ∂x1 , · · · , ∂xn ,
and to prove that it respects the Weyl relations. Let q ⊗m ∈ f∗M. By
(47) we have

∂xi(q ⊗m) = ∂xi(q)⊗m+

m∑
j=1

q∂xi(Fj)⊗ ∂yjm.

An easy computation using the Leibniz's rule proves that

∂xi(xi(q ⊗m)) = δijq ⊗m+ xi

Ñ
∂xj (q)⊗m+

m∑
j=1

(q∂xi(Fj)⊗ ∂yjm)

é
= δijq ⊗ u+ xi∂xj (q ⊗m).

In other words,
[∂xi , xi](q ⊗m) = δij(q ⊗m).

The other relations are easy computations.
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Finally, we can write the inverse image f∗M in a slightly di�erent way as
follows

f∗M = OAnC ⊗f−1OAmC
f−1DAmC ⊗f−1OAmC

f−1M.

In this caseDAnC→AmC = OAnC⊗f−1OAmC
f−1DAmC is aDAnC−f

−1DAmC -bimodule
(it is clear that the left and right structures are compatible).

(ii) For a closed embedding i : X → Y , at any point we can choose an
a�ne chart (U, {yk, ∂yk}1≤k≤dY ) such that ydX+1 = ... = ydY = 0 are
well-de�ning equations of X and {xk = yk ◦ i, ∂xk} are local coordinates
of X. The morphism (46) is given by ∂xk 7→ ∂yk . In this particular case,
DX→Y is locally described by

DX→Y ' DX ⊗C C[∂dX+1, ..., ∂dY ].

(iii) ([22, Chapter 15]) For further reference, let us compute the transfer
bimodulo DAnC→An+m

C
in the very special case when i is the standard

embedding
i : AnC → AnC ×Spec(C) AmC

x 7→ (x, 0),

where 0 is the origin of AmC . Basic algebraic geometry tells us that the
functions y1, · · · , ym in OAm+n

C
generates the ideal I(y) of AnC. In other

words
OAnC = i−1

Ä
OAm+n

C

ä
/I(y).

The previous (canonical) isomorphism implies that ifM∈Mod(DAm+n
C

),
then

i∗M = OAnC ⊗i−1O
Am+n
C

i−1M

φ
' i−1

Ä
M/I(y)M

ä (49)

as DAnC -modules. This can be proven as follows. First of all, the isomor-
phism φ in (49) is given by φ(q ⊗m) = qm. By (47) we have

∂xi(q ⊗m) = ∂xiq ⊗m+

n∑
j=1

q∂xi(xj)⊗ ∂xjm

= ∂xiq ⊗m+ q ⊗ ∂xim.

The right hand-side is sent by φ to

∂xiq ⊗m+ q∂xim (= ∂xi(qm)).

This proves that (49) is an isomorphism of DAnC -modules. In particular

DAnC→An+m
C

= i−1
Ä
DAn+m

C
/I(y)DAn+m

C

ä
' i−1

(
DAnC ⊗C C[∂y1 , · · · , ∂ym ]

)
' DAnC ⊗ C[∂y1 , · · · , ∂ym ],

(50)

where we have used the canonical identi�cation i−1DAnC ' DAnC (this is the
isomorphism given in the second item).
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(iv) ([22, Chapter 16, section 1]) Let us describe the transfer bimodule
when π : X ×Spec(C) Y → Y is the second projection. In this case, if
M∈Mod(DAmC ), then

π∗M = OAm+n
C
⊗π−1OAmC

π−1M

' OAnC ⊗C OAmC ⊗π−1OAmC
π−1M

' OAnC ⊗C π
−1M.

The last equality follows from π−1OAmC = OAmC if they are considered as
subrings in OAm+n

C
. Now, the description of the Weyl algebra given in the

example 4.1.4 tells us that as DAnC -modules OAnC ' DAnC /DAnC (∂xi)1≤i≤n
(both considered as subsheaves of DAn+m

C
), and therefore

π∗DAmC ' OAnC ⊗C π
−1DAmC

'−→ DAm+n
C

/DAm+n
C

(∂xi)1≤i≤n

P ⊗Q 7→ P.Q

We remark that in the last isomorphism we have used the canonical map

π−1DAmC → DAn+m
C

Q 7→ 1⊗Q.

Before introducing the direct image, we need the following notion. Morally,
to de�ne direct images for D-modules is more natural for right D-modules that
for left D-modules. The idea is to somehow transport the right action to the
left. Let us take an a�ne chart (U ; {xi, ∂i}1≤i≤dX ). We de�ne a transposition
τ of DU as follows. For P (x, ∂) =

∑
α aα(x)∂α ∈ DU we set

τ(P (x, ∂)) :=
∑
α

(−1)|α|∂αaα(x), (51)

τ satis�es τ(P.Q) = τ(Q).τ(P ) and therefore, for a right DU -moduleM we can
de�ne a structure of left DU -module via τ which we will denote byMτ (let us
note thatMτ =M as sheaves of abelian groups).

Remark 4.3.9. The de�nition of τ a priori depends of the coordinated system
taken. The global notion is just proposition 4.3.7.

De�nition 4.3.10. We have a (f−1DY , DX)-bimodule de�ned by

DY←X := ΩX ⊗OX DX→Y ⊗f−1OY f
−1Ω⊗−1

Y

Example 4.3.11. (i) ([32, Example 1.3.5]) Using the same notation of ex-
ample 4.3.8 for a closed embedding i : X → Y we have that locally

DY←X ' C[∂dX+1, ..., ∂dY ]⊗C DX .

(ii) As we have remarked, at the level of the Weyl algebras we have

DAmC ←AnC =
(
DAnC→AmC

)τ ' f−1DAmC ⊗f−1OAmC
OAnC .

The last isomorphism is given by [22, Chapter 16, lemma 2.2], and this is
clearly a f−1DAmC − DAnC -bimodule. In the following items we will work
out some particular cases that we will use later.
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(iii) ([22, Chapter 16, section 3]) Let us consider π : X ×Spec(C) Y → Y the
projection. The fourth item in example 4.3.8 gives us

DAmC ←An+m
C

=
Ä
DAn+m

C
/DAn+m

C
(∂xi)1≤i≤n

äτ
' DAn+m

C
/(∂xi)1≤i≤nDAn+m

C

τ(P ) ←[ P

The last isomorphism is an easy exercise (the interested reader can also
�nd a proof in [22, Chapter 16, proposition 2.1]).

(iv) ([22, Chapter 17, (1.1)]) Let us consider now the standard embedding
i : DAnC → AnC ×Spec(C) AmC . By de�nition and the third item in example
4.3.8 (relation (50)), we have

DAn+m
C ←AnC

= C[∂y1 , · · · , ∂ym ]⊗C DAnC . (52)

Let us use the identi�cation DAn+m
C

= DAnC⊗CDAmC (we recall for the reader
that i−1(DAnC ) = DAnC ) to specify the left i−1DAmC action. It is enough to
specify the action of yj on ∂β ∈ C[∂y1 , · · · , ∂ym ]. We have

yj · ∂β = −βj∂β−βjej (53)

where ej is the multi-vector with 1 in the j-th coordinate and zero else-
where.

Let f : X → Y be a morphism of smooth algebraic varieties andN ∈Mod(DX).
In terms of DY←X a �rst tentative of direct image for left DX -modules is

f∗(N ) = f∗ (DY→X ⊗DX N ) . (54)

We remark for the reader that by de�nition DY→X ⊗DX N is a left f−1DY -
module, and therefore f∗ (DY→X ⊗DX N ) is a left DY -module via the canonical
morphism DY → f∗f

−1DY . In the next subsection we will generalise this notion
to the respective derived categories. The point here is that the left exact functor
f∗ and the right exact functor ⊗ are involved.

4.4 Homological properties of D-modules

In this subsection we will de�ne several functors on derived categories of D-
modules and show some fundamental properties concerning them. At the end
of the subsection we will introduce the Spencer resolution, the Koszul res-
olution of OX and the de Rham complex. The second one is an important
tool in the proof of Kashiwara's equivalence. For a general study on derived
categories the reader is invited to look up the appendix (cf. [32]).

Let's suppose that R is a sheaf of rings. Throughout this section we will de-
note by D(R), D+(R), D−(R) and Db(R) the derived categories associated
to the abelian category Mod(R). The key behind the following de�nitions
comes from the fundamental fact that any objectM• ∈ D+(R) (resp. D−(R))
is quasi-isomorphic to a complex I• (resp. P•) of injective (resp. �at) R-
modules belonging to D+(R) (resp. D−(R)). Moreover, if Db

qc(DX) denotes
the bounded derived category associated to the abelian category Modqc(DX),
then by proposition 4.2.10 and corollary 4.2.12, any object of D(DX) (resp.
Db
qc(DX)) is represented by a bounded complex of �at DX -modules (resp. lo-

cally projective DX -modules belonging to Modqc(DX)).
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Let f : X → Y be a morphism of smooth algebraic varieties. As a classical
result in algebraic geometry we know that the functor f∗ is right exact and the
functor f∗ is left exact, consequently if M• ∈ Db(DY ) and N • ∈ Db(f−1DY )
we can de�ne the functors

Rf∗ : Db(f−1(DY ))→ Db(DY ) (N • 7→ f∗(N •))

by using an injective resolution on N •, and

Lf∗ : Db(DY )→ Db(DX) (M• → DX→Y ⊗L
f−1(DY ) f

−1M•)

by using a �at resolution ofM•.

We call Lf∗ the inverse image. We also use the shifted inverse image

f† := Lf∗[dX − dY ] : Db(DY )→ Db(DX),

de�ned by
f†M• = Lf∗M•[dX − dY ]

The shifted inverse image will play an important role in Kashiwara's equivalence.

Let g : Y → Z be another morphism of smooth algebraic varieties. As a result
of the fact that D is a locally free O-module we obtain an isomorphism

DX→Z ' DX→Y ⊗L
f−1DY f

−1DY→Z

of (DX , (g ◦ f)−1DZ)-bimodules and therefore L(g ◦ f)∗M• = Lf∗(Lg∗(M•)).
In conclusion,

Proposition 4.4.1. Let f : X → Y and g : Y → Z be morphisms of smooth
algebraic varieties. Then we have

L(g ◦ f)∗ ' Lf∗ ◦ Lg∗, (g ◦ f)† ' f† ◦ g†.

The following functors will play an important role in the next section and they
will be considered in depth in the last part of this work.

De�nition 4.4.2. For a closed embedding i : X → Y of smooth algebraic
varieties we de�ne a left exact functor

i\ :M(DY )→M(DX)

by
i\M := Homi−1DY (DY←X , i−1M).

Let i : X → Y be a closed embedding. Before proving the following important
results ([32, Propositions 1.5.14 and 1.5.16]) we will introduce the Koszul's
resolution of the i−1OY -module OX . Their respective proofs will be given
after the relation (55) below.

Proposition 4.4.3. Let i : X → Y be a closed embedding of smooth algebraic
varieties. Set d = codimY (X).

(i) ForM∈Mod(DY ) we have Hj(Li∗M) = 0 unless −d ≤ j ≤ 0.
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(ii) ForM· ∈ D+(DY ) we have a canonical isomorphism

Li∗M' RHomi−1DY (DY←X , i−1M·)[d]

in Db(DX).

Proposition 4.4.4. Let i : X → Y be a closed embedding. Then we have

i†M• ' Ri\M•

for anyM• ∈ D+(DY ).

4.5 The Koszul complex for a closed embedding

In this subsection we will give a description of the cohomology sheaves of Li∗M
for M ∈ Modqc(DX) and i : X → Y a closed embedding (cf. [32] for a local
description of the DX -module structure). Taking the notation given in example
4.3.8 we have a locally free resolution ([81, Corollary 4.5.5])

0→ KdY −dX → ...→ K0 := i−1OY
i\−→ OX → 0

where

Kj =

j∧(
dY⊕

k=dX+1

i−1OY dyk

)
and the morphism Kj → Kj−1 is given by

fdyk1 ∧ ... ∧ dykj 7→
j∑
p=1

(−1)p+1ykpfdyk1 ∧ ... ∧‘dykp ∧ ... ∧ dykj .
Taking the tensor product with i−1DY over i−1OY we get a locally free reso-
lution of the right i−1DY -module DX→Y and hence, by (48), we can conclude
that Li∗M is represented by the complex

...→ 0→ KdY −dX ⊗i−1OY i
−1M→ K0 ⊗i−1OY i

−1M→ 0→ ... (55)

The proof of the proposition4.3.7 will need an appropriate notion of direct
images. Let us brie�y introduce this functor in the next subsection.

4.6 Direct images

We start this subsection by de�ning the following functors.

Db(DX) 3M• 7→ DY←X ⊗L
DX M

• ∈ Db(f−1DY ),

Db(f−1DY ) 3 N • 7→ Rf∗(N •) ∈ Db(DY ),

by using a �at resolution ofM• and an injective resolution of N •. Taking the
composition we obtain the functor∫

f

: Db(DX)→ Db(DY )
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given by ∫
f

M• = Rf∗(DY←X ⊗L
DX M

•),

and for an integer k we set∫ k

f

M• := Hk

Ç∫
f

M•
å
.

The previous functor is denoted by f+ in [9]. This is a more classical notation.
In this notes we will follow the notation given in [32].

Proof of proposition 4.3.7. The �rst statement follows from the previous rep-
resentation of the complex Li∗M. To show (ii) it is su�cient to achieve the
isomorphism

RHomi−1DY (DY←X , i−1DY ) ' DX→Y [−d]. (56)

In fact, if we assume this relation, then

Li∗M = DX→Y ⊗L
i−1DY i

−1M
(56)
' RHomi−1DY (DY←X , i−1DY )⊗L

i−1DY i
−1M[d]

' RHomi−1DY (DY←X , i−1M)[d].

The last isomorphism is proved as follows (cf. [32, Lemma 2.6.13]). First of all,
let us note that the i−1DY -module structure of i−1M allows us to construct a
canonical morphism

RHomi−1DY (DY←X , i−1DY )⊗L
i−1DY i

−1M→ RHomi−1DY (DY←X , i−1M).
(57)

Now, using the explicit local description of DY←Y given in the example 4.3.11
items (i) and (ii), and for i : X → Y being a closed embedding, we have
that DY←X is coherent as an i−1DY -module. This implies that in (57) we can
substitute DY→X by i−1DY , and (57) becomes an isomorphism since both sides
are equal to i−1M.

Let us prove (56). In fact, it will be easier to prove an equivalent form. This is,
by using the side-changing relations (56), it is enough to stablish the following
relation

RHomi−1DopY (DX→Y , i−1DY ) ' DY←X [−d].

We have

RHomi−1DopY (DX→Y , i−1DY ) ' RHomi−1DopY (OX ⊗i−1OY i
−1DY , i−1DY )

' RHomi−1OY (OX , i−1DY )

' i−1DY ⊗i−1OY RHomi−1OY (OX , i−1OY )

The problem being local, we can assume that Y is endowed with local co-
ordinates {yi, ∂yi}1≤i≤m, such that X is given by the system of equations
ym+1 = · · · = yn = 0 and {xi, ∂xi}1≤i≤m is a coordinate system for m.
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By using the Koszul's resolution of the i−1OY -module OX , we can see that
RHomi−1OY (OX , i−1OY ) is represented by the complex

[K∨0 → K∨1 → · · · → K∨d ],

whereK∨j := Homi−1OY (Kj , i
−1OY ). It is clear thatK∨d is a locally free i−1OY -

module of rank one. Moreover, by de�nition, we dispose of a canonical perfect
paring

Kj ⊗i−1OY Kd−j → Kd

for each j. Hence the canonical morphism induced by the paring

Kj → Homi−1OY (Kd−j ,Kd) ' K∨d−j ⊗i−1OY Kd

is an isomorphism (the last isomorphism comes from the fact thatKd−j is locally
free of �nite rank over i−1OY ). Finally, taking duals we get(

K∨d−j ⊗i−1OY Kd

)∨ ' Kd−j ⊗i−1OY K
∨
d
'−→ K∨j . (58)

We can use the previous information to reduce the complex (58) as follows:

[K∨0 → · · · → K∨d ] ' [Kd → · · · → K0]⊗i−1OY K
∨
d ' OX ⊗i−1OY K

∨
d [−d].

Now, as i−1OY -modules and by de�nition of Kd, we can make the following

(local) identi�cations Kd = i−1OY dy1 ∧ · · · ∧ dyd
fdy 7→f
−−−−→ i−1OY and also

i−1Ω⊗−1
Y ⊗i−1OY ΩX → OX

gdy1 ∧ · · · ∧ dyn ⊗ fdx1 ∧ · · · ∧ dxm 7→ gf

From (58) and the previous identi�cations, we can conclude that

RHomi−1DopY (DX→Y , i−1DY ) ' i−1D ⊗i−1OY RHomi−1OY (OX , i−1OY )

' i−1DY ⊗i−1OY OX ⊗i−1OY K
∨
d [−d]

' i−1DY ⊗i−1OY i
−1Ω⊗−1

Y ⊗i−1OY ΩX [−d]

' ΩX ⊗i−1OY i
−1
(
DY ⊗OY Ω⊗−1

Y

)
[−d]

' Ω⊗OX
(
OX ⊗i−1OY i

−1DY
)
⊗i−1OY i

−1Ω⊗−1
Y [−d]

= DY←X [−d].

The last equality is the de�nition of DY←X .

Proof of proposition 4.4.4. By de�nition, we know that i†M = Li∗M[−d] (be-
ing d := codimY (X)), and we have just proved that the last one is isomorphic
to RHomi−1OY (DY←X , i−1M). We need to prove

RHomi−1OY (DY←X , i−1M) ' Ri\M.

Reduction to sections supported in X. LetM• ∈ D+(DY ). If ΓX(•) de-
notes the functor of sections contained in X, we want to prove that the canonical
map i−1RΓX(M•)→ i−1M• induces an isomorphism

RHomi−1OY (DY←X , i−1RΓX(M•))→ RHomi−1OY (DY←X , i−1M•). (59)
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To do that, let us denote by j : U → Y the complementary open embedding
(U := Y \ X). By [29, Chapter II, exercise 1.20 (ii)] for every injective sheaf
I ∈Mod(DX), we have an exact sequence

0→ ΓX(I)→ I → j∗j
−1I → 0.

in particular, �xing a representation M• ' I• ∈ D+(DX) of M by injective
modules, the previous exact sequence generalizes to a short exact sequence of
complexes

0→ ΓX(I•)→ I• → j∗j
−1I• → 0

and by proposition C.1.13, we get a distinguished triangle

RΓX(I•)→ I• → Rj∗j
−1I• +1−−→ .

Now, given that U ⊆ Y is an open subset an easy computation shows that
DY←U = DU (as right DU -modules), and therefore∫

j

j†I• =

∫
j

Lj∗I• =

∫
j

j−1I• = Rj∗j
−1I•

In other words, and by the very de�nition of derived categories and derived
functors, we have a canonical triangle

RΓX(M•)→M• →
∫
j

j†M• +1−−→ . (60)

In order to help the reader with the lecture of the proof, we remark that the
previous triangle represents the following long exact sequence

0 → Homi−1OY (DY←X , i−1ΓXI0) → Homi−1OY (DY←X , i−1I0) →
→ Homi−1OY (DY←X , i−1

∫
j
j†I0) → Homi−1OY (DY←X , i−1ΓXI1) →

→ Homi−1OY (DY←X , i−1I0) → Homi−1OY (DY←X , i−1
∫
j
j†I0) · · ·

So, we will prove that (59) is in fact an isomorphism if we show that

RHomi−1OY (DY←X , i−1

∫
j

j†M•) = 0.

This is a consequence of the projection formula [30, Proposition 5.6] and the
fact that

RHomi−1OY (DY←X , i−1

∫
j

j†M•) = i†
∫
j

j−1M = i†Rj∗j
−1M (61)

In fact, we have the following relations

i∗(OX ⊗L
i−1OY i

−1Rj∗j
−1M) = i∗OX ⊗L

OY Rj∗j
−1M

= Rj∗(j
−1i∗OX ⊗L

OU j
−1M)

= 0 (j−1i∗OX = 0).

(62)

To end the proof of the proposition, we need �rst to prove that

i\M' Homi−1OY (DY←X , i−1ΓX(M)). (63)
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The question being local, we can assume that Y is endowed with local co-
ordinates {yi, ∂yi}1≤i≤n such that DY←X = C[∂ym+1

, · · · , ∂yn ] ⊗C DX . Let
i−1J ⊆ i−1OY be the de�ning ideal of X, i.e, i−1J = ker(i−1OY → OX). So

i−1J · 1⊗ 1 = 0.

Given that DY←X is generated by 1 ⊗ 1 as an i−1DY -module, the previous
relation implies that for all φ ∈ Homi−1DY (DY←X , i−1M) and all P ∈ DY←X
we have i−1J · φ(P ) = 0. In other words, φ(P ) ∈ i−1ΓX(M). Let prove now
that this isomorphism pass to the derived categories. This is, we will �nally
show that

Ri\M• ' RHomi−1DY (DY←X , i−1RΓX(M•)). (64)

In light of the isomorphism (63) we only need to verify that i−1ΓX(I) is an
injective i−1DY -module, if I is an injective DY -module. Let N be an i−1DY -
module. We have the following relations

Homi−1DY (N , i−1ΓX(I)) ' Homi−1DY (i−1i∗N , i−1ΓX(I))

' HomDY (i∗N , i∗i−1ΓX(I))

' HomDY (i∗N ,ΓX(I))

' HomDY (i∗N , I).

The �nal isomorphism is given by [32, (C.2.13)] and [32, (C. 2.14)] (further
explanations are given at the end of the proposition 4.6.3). This ends the proof
of the proposition.

Before ending this subsection, let us discuss some important properties of the
(derived) directimage functor. The proof of the next result can be found in [32,
1.5.21].

Proposition 4.6.1. Let f : X → Y and g :→ Z be morphisms of smooth
algebraic varieties. Then we have∫

g◦f
=

∫
g

∫
f

.

Continuing with the ideas given in 4.3.11 (i.e, DY←X is a locally free DX -
module) and keeping in mind the exactness of the functor i∗, for i : X → Y a
closed embedding, we have the following local description of the cohomology of
the complex

∫
i
M forM∈Mod(DX):∫ 0

i

M = C[∂dX+1, · · · , ∂dY ]⊗C i∗M and
∫ k 6=0

i

M = 0. (65)

In particular
∫ 0

i
is exact and sends Modqc(DX) to Modqc(DY ).

Example 4.6.2. Let us work out some computations at the level of Weyl alge-
bras.

(i) We start by considering the standard embedding i : AnC → Am+n
C and let

us take N ∈Mod(DAnC ). By (52) and (54) we have∫ 0

i

N = C[∂y1 , · · · , ∂ym ]⊗C i∗N . (66)
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Let us specify the DAn+m
C

-action. First of all, by the Weyl relation, we
can write DAn+m

C
= DAmC ⊗C DAnC . By (53) we know that DAmC acts on

C[∂y1 , · · · , ∂ym ], and DAnC acts on i∗N by hypothesis.30

(ii) Another important example is the canonical projection onto the second
coordinate π : An+m

C → AmC . By a�nity (remark 4.2.7) and Serre's criteria
for a�neness, the cohomology of

∫
π
is concentrated in zero degree. Let us

explicitly compute this functor. Let N ∈Mod(DAn+m
C

). By the example
4.3.11 we have∫ 0

π

N = π∗

Å
DAmC ←DAn+m

C
⊗D

An+m
C
N
ã
' π∗N

/
(∂xi)1≤i≤nπ∗N .

If we identify DAmC ⊆ Γ(AnC,DAnC ) ⊗C DAmC , then we have that
∫ 0

π
N is a

DAmC -module (this is [22, Chapter 16, section 3]). 31

Proposition 4.6.3. 32 Let i : X → Y be a closed embedding of smooth algebraic
varieties.

(i) There exists a functorial isomorphism

RHomDY
Å∫

i

M•,N •
ã
' i∗RHomDX (M•, Ri\N •)

forM• ∈ D−(DX) and N • ∈ D+(DY ).

(ii) the functor Ri\ : Db(DY )→ Db(DX) is right adjoint to the (direct image)

functor

∫
i

: Db(DX)→ Db(DY ).

Proof. We only have to show the statement (i) because taking H0(RΓ(Y, •)) we
obtain (ii). From the canonical isomorphism

HomDX (M,Homi−1DY (DY←X , i−1N ) ' Homi−1DY (DY←X ⊗DX M, i−1N )

we obtain ([44, Proposition 2.6.3])

RHomDX (M•,RHomi−1DY (DY←X , i−1N •))
' RHomi−1DY (DY←X ⊗L

DX M
•, i−1N •),

30In fact, if U × V ⊂ An+mC is an a�ne open subset then i∗N (U × V ) = N (i−1(U × V )) =
N (U) which is a DAnC (U)-module (this is exactly as in [22, Chapter 17, section 1]).

31We remark for the reader that if U ⊆ AmC is an a�ne open subset, then π∗N (U) =
N (π−1(U)) = N (AnC × U). This is the reason to identify DAmC ⊆ Γ(AnC ,DAnC )⊗C DAmC .

32We follow word by word the arguments given in [32, Proposition 1.5.25]. Some details
have been added at the end of the prove.
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and from this we can see by de�nition of i\, that

RHomDY
Å∫

i

M•,N •
ã
' RHomDY (i∗(DY←X ⊗L

DX M
•),N )

' RHomi−1DY (i∗(DY←X ⊗L
DX M

•), RΓX(N •))
' RHomDY (i∗(DY←X ⊗L

DX M
•), i∗i

−1RΓX(N •))
' i∗RHomi−1DY (i−1i∗(DY←X ⊗L

DX M
•), i−1RΓX(N •))

' i∗RHomi−1DY (DY←X ⊗L
DX M

•, i−1RΓX(N •))
' i∗HomDX (M•, RHomi−1DY (DY←X , i−1ΓX(N •)))
' RHomDX (M•, Ri\N •).

Let us explain the previous tower of isomorphisms. The �rst isomorphism is
the very de�nition of the functor

∫
i
, the second isomorphism is the well-known

adjuction property (cf. [32, Proposition C.2.2]) between the functors ΓX(•) and
33i!i

−1(•), the third isomorphism is i∗i−1 = id, the fourth isomorphism is the
adjunction formula [32, (C.2.15)], the �fth isomorphism is i−1i∗ = id, the sixth
isomorphism is just the adjunction formula between Hom and ⊗. Finally, the
last isomorphism is (64).

4.7 The Spencer resolution

Let's denote by

ΩkX =

k∧
Ω1
X for 0 ≤ k ≤ dX .

We have a canonical map

DX ⊗OX
0∧
TX(= DX) → OX

P 7→ P (1)

and for 0 < k ≤ dX we can de�ne a morphism

dk : DX ⊗OX
k∧
TX → DX ⊗OX

k−1∧
TX

by

dk(P ⊗ θ1∧ · · · ∧ θk)

=
∑
i

(−1)i+1Pθi ⊗ θ1 ∧ ... ∧ “θi ∧ · · · ∧ θk
+
∑
i<j

(−1)i+jP ⊗ [θi, θj ] ∧ θ1 ∧ ... ∧ “θi ∧ ... ∧ “θj ∧ ... ∧ θk.
A standard argument in homological algebra proves that dk ◦ dk−1 = 0.

In order to show that the last complex, denoted by Sp•X(DX) (we use the
notation given in [58, De�nition 1.4.2]), is acyclic we consider the �ltration
{FpSp•X(DX)}:

33Here i! denotes the proper direct image functor. We remark for the reader that given
that i is a closed embedding i! = i∗ (cf. [38, Proposition 6.9 (i)]), and therefore i!i

−1 = id.
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FpSp•X(DX) =

[
Fp−dXDX ⊗OX

dX∧
TX → ...→ FpDX ⊗OX

0∧
TX → OX

]
,

(FpOX = OX if p ≥ 0 and FpOX = 0 if p < 0 ) and we will show that the
associated graded complex

grSp•X(DX) = grFDX ⊗OX
dX∧
TX → · · · → grFDX ⊗OX TX → grFDX → OX

is acyclic. Is straightforward to verify that in the associated graduated complex
the morphisms come up from the relation

dk(P ⊗ θ1 ∧ ... ∧ θk) =
∑
i

(−1)i+1Pθi ⊗ θ1 ∧ ... ∧ “θi ∧ ... ∧ θk
On the other hand, let π : T ∗X → X be the canonical projection and i : X →
T ∗X the closed embedding induced via the zero-section. and let us consider the
Koszul resolution of the OT∗X -module i∗OX :

K• = OT∗X ⊗π−1OX

dX∧
π−1TX → · · · → OT∗X ⊗π−1OX

0∧
π−1TX

i\−→ i∗OX → 0

whose di�erential is given by

d : OT∗X ⊗π−1OX
∧p

π−1TX → OT∗X ⊗π−1OX
∧p−1

π−1TX

ψ ⊗ θ1 ∧ · · · ∧ θn 7→
k∑
i=1

(−1)i+1ψσ1(θi)θ1 ∧ · · · ∧ “θi ∧ · · · ∧ θk
Here σ1(θi) ∈ gr(DX) is the principal symbol of θi. Moreover, given that
gr(DX) = π∗OT∗X , (43), we can conclude grSp•X(DX) ' π∗K

•, and given that
K• is acyclic ([81, Corollary 4.5.5]) so is π∗K• because π is an a�ne morphism.

The complex Sp•X(DX) is called the Spencer resolution of OX . Using the
side-changing operation we obtain the complex

0→ Ω0
X ⊗OX DX → ...→ ΩdXX ⊗OX DX → ΩX → 0. (67)

which is nothing more that the complex (45) (cf. [32, Lemma 1.5.27]). We will
use this last complex to describe the cohomology of the complexes induced by
the functor

∫
f
, when f is a projection morphism.

4.8 The de Rham complex

Let Y and Z be smooth algebraic varieties and set X = Y ×Z. Let f : X → Y
and g : X → Z be the projections. ForM∈Mod(OY ) and N ∈Mod(OZ) we
de�ne the bifunctor

M�N := OX ⊗f−1OY ⊗Cg−1OZ (f−1M⊗C g
−1N ) ∈Mod(OX)

which is exact with respect to both factors and extends to a functor on the
derived categories. It is easily seen that this extension, which we denote by
(•) � (•), sends Db

qc(DY ) × Db
qc(DZ) (resp. Db

c(DY ) × Db
c(DZ)) to Db

qc(DX)

(resp. Db
c(DX)). We also note that

f∗M'M�OZ , g∗N ' OY �N .
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Now, let's suppose that M ∈ Modqc(DX). To compute DY←X ⊗L
DX M we

can use the resolution of the right DX -module DY←X = DY � ΩZ induced by
the resolution of the right DZ-module ΩZ given in the previous section and we
de�ne the de Rham complex DRX/Y (M) by

(DRX/Y (M))k =


ΩdZ+k
X/Y ⊗OX M if −dZ ≤ k ≤ 0,

0 otherwise,

and the di�erential is given by34

d(ω ⊗ s) = dω ⊗ s+

dZ∑
i=1

(dzi ∧ ω)⊗ ∂zis. (68)

Here {zi, ∂zi}1≤i≤dZ is a local coordinate system of Z. The complex (67) gives
us

DY←X ⊗L
DX M' DRX/Y (M). (69)

Proposition 4.8.1. Let Y and Z be smooth algebraic varieties, and let us
consider f : X = Y × Z → Y the projection onto the �rst factor.

(i) ForM∈Mod(DX) we have
∫
f
M' Rf∗(DRX/Y (M)).

(ii) ForM∈Mod(DX) we have
∫ j
f
M = 0 unless −dZ ≤ j ≤ dZ .

(iii) The functor
∫
f
sends Db

qc(DX) to Db
qc(DY ).

Proof. The �rst item follows from the relation (69) and (ii) is a consequence
from (i) and the fact that f∗ has cohomological dimension dZ . Finally, to prove
(iii) we can suppose thatM∈ Dqc(DX). In this case, the complex DRX/Y (M)
is a complex of quasi-coherent OX -modules and given that X is in particular a
noetherian scheme, then we can conclude that Rf∗(DRX/Y (M)) is a complex
of quasi-coherent DY -modules (cf. [29, Chapter II, proposition 5.8]) and (i)
gives (iii).

4.9 Kashiwara's equivalence

Throughout this subsection i : X → Y will denote a closed embedding between
smooth algebraic varieties. According to (53) and (65) the functor∫ 0

i

: Modqc(DX)→Modqc(DY )

is an exact functor and the image of a DX -module is an object of the full subcat-
egory ModXqc(DY ) of quasi-coherent DY -modules (resp. we keep the notation
for coherent DY -modules) supported by X. For the proof of the next theorem
we will follow the same lines of reasoning given in [32, Theorem 1.6.1] specifying
the details.

34We remark for the reader that this is exactly the complex that have construct in (45).
The connection is given by the DX -module structure ofM.
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Theorem 4.9.1. (Kashiwara's equivalence). Let i : X → Y be a closed
embedding. The functors∫ 0

i

: Modqc(DX)→ModXqc(DY ) and i\ = H0i† : ModXqc(DY )→Modqc(DX)

are inverse and de�ne an equivalence of categories (the second equality comes
from proposition 4.4.4).

Proof. Let's take M ∈ Modqc(DX) and N ∈ ModXqc(DY ). We need to show
that the canonical homomorphisms induced by adjointness (proposition 4.6.3)∫ 0

i

H0i†N → N and M→ H0i†
∫ 0

i

M

are isomorphisms. Let us clarify these isomorphisms. First of all, by proposition
4.4.4 we have

H0i†N = Homi−1DY (DY←X , i−1N )

so ∫ 0

i

H0i†N = i∗
(
DY←Y ⊗DX Homi−1DY (DY←X , i−1N )

)
,

and the �rst isomorphism is de�ned by the rule∫ 0

i

H0i†N → N

P ⊗ ϕ 7→ ϕ(P ).

On the other hand

H0i†
∫ 0

i

M = Homi−1D(DY←X , i−1i∗(DY←X ⊗DX M))

= Homi−1D(DY←X ,DY←X ⊗DX M),

and the second isomorphism is given by

M → H0i†
∫ 0

i

M

m 7→ [P 7→ m⊗ P ].

Now, since the previous problem is a local question, we can suppose that Y
is a�ne and that it is endowed with local coordinates {yk, ∂yk}1≤k≤dY as in
example 4.3.8. Moreover, as we have remarked along the examples, we can even
suppose that X is de�ned by a system of equations ym+1 = · · · = ydY = 0.
Let Xl be the closed subvariety of Y de�ned by ym+1 = · · · = yl = 0, for
m < l ≤ dX . The chain of closed embeddings

X = XdY

idY−−→ XdY −1

idY −1−−−−→ · · · i2−→ X1
i1−→ Y,

and the relations
∫
i

=
∫
i1
· · ·
∫
idY

and i† = i†dY · · · i
†
1 (propositions 4.4.1 and

4.6.1) tell us that we can suppose that X is the hypersurface ydY = 0. We
set y = ydY , ∂ = ∂ydY and θ = y∂. Let us �rst study the cohomology of the
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complex i†N . As we have remarked in subsection 4.5, and given that we are in
codimension 1, the Koszul complex of the i−1OY -module OX is given by

· · · → 0→ i−1OY dy
fdy 7→yf−−−−−→ i−1OY

i\−→ OX → 0→ · · ·

and therefore Li∗N is represented by the complex

...→ 0→ i−1N y−→ i−1N → 0→ ... (70)

In consequence, and considering the shifting of degree −1, we get

H0i†N = H−1Li∗N = ker(y) and H1i†N = H0Li∗N = coker(y).

Let us consider the eigenspaces i−1N j := {s ∈ i−1N| θs = js} (j ∈ Z). The
relation [∂, y] = 1 clearly implies that yi−1N j ⊂ i−1N j+1 and ∂i−1N j ⊂
i−1N j−1, so θ induces an isomorphism j× : i−1N j → i−1N j for every j 6= 0.
Moreover, since ∂y = θ + 1 then ∂y : i−1N j → i−1N j is an isomorphism for
every j 6= −1. In particular, if j < −1, then

i−1N j
y
'−→ i−1N j+1

∂
'−→ i−1N j

are both isomorphisms for j < −1.

Let us see by induction that

ker(yk : i−1N → i−1N ) ⊂
k⊕
j=1

i−1N−j . (71)

For k = 1, the relation ys = 0 gives us θs = (∂y − 1)s = −s.

Let us suppose k > 1. Then for s ∈ ker(yk) we have yks = yk−1(ys) = 0 and
ys ∈

⊕k−1
j=1 i

−1N−j by hypothesis of induction. Hence ∂ys ∈
⊕k

j=2 i
−1N−j and

θs+ s = y∂s+ s = ∂ys ∈
k⊕
j=2

i−1N−j . (72)

On the other hand, we have yk−1(θs + ks) = ∂yks = 0. Therefore by the
hypothesis of induction

θs+ ks ∈
k−1⊕
j=1

i−1N−j . (73)

From (72) and (73) we get ks+θs−∂ys = (k−1)s ∈
⊕k

j=1 i
−1N−j (recall that

[∂, y] = 1), which implies that s ∈
⊕k

j=1 i
−1N−j because k > 1. Moreover, the

fact that N is a quasi-coherent OY -module supported in X tells us that (71) is
an equality

i−1N =

∞⊕
j=1

i−1N−j .
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In particular H1i†N = 0, and also

i−1N = C[∂]⊗C i
−1N−1 and H0i†N = i−1N−1

From this we get the following relations. First of all∫ 0

i

H0i†N =

∫ 0

i

i−1N−1

= i∗
(
C[∂]⊗C i

−1(N−1
)

= i∗i
−1N

= N

On the other hand, it is easy to see that (C[∂]⊗C i∗M)−1 = i∗M, so

H0i†
∫ 0

i

M = i−1
(
(C[∂]⊗C i∗M)−1

)
= i−1i∗M =M.

This ends the proof of the theorem.

A natural question is that if the preceding results remains true when considering
the respective derived categories. We will give a positive answer to this question
in the next corollary. We will denote by Db,X

qc (DY ) (resp. Db,X
c (DY )) the

subcategory of Db
qc(DY ) (resp. Db

c(DY )) consisting of complexes N • whose
cohomology sheaves are supported by X.

Corollary 4.9.2. The functor∫
i

: Db
qc(DX)→ Db,X

qc (DY )

is an equivalence of triangulated categories. Its quasi-inverse is given by

Ri\ = i† : Db,X
qc (DY )→ Db

qc(DX)

Proof. Let M• ∈ Dqc(DX) and N • ∈ Db,X
qc (DY ). We need to prove that the

canonical morphisms

M• → i†
∫
i

M• and
∫
i

i†N • → N •

are isomorphisms. We will give the prove for the �rst one being completely
similar the argument for the second morphism. We reason by induction on the
cohomological length

l(M•) := max{i | Hi(M• 6= 0)} −min{j | Hj(M•) 6= 0}

of M•. If l(M•) = 0, then M• = M[k] for some M ∈ Modqc(DX) and
k ∈ Z. In other words, we may assume M• = M ∈ Modqc(DX) and the
assertion follows from the preceding theorem. Let us assume that l(M•) > 0.
By de�nition of the truncated complexes (De�nition C.1.12), there exists
k ∈ Z such that

l(τ≤kM•) < l(M•) and l(τ>k(M•)) < l(M•).
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By applying i†
∫
i
to the distinguished triangle

τ≤kM• →M• → τ>kM• +1−−→

induced from the exact sequence (106) and the proposition C.1.13 in the ap-
pendix, we obtain the distinguished triangle

i†
∫
i

τ≤kM• → i†
∫
i

M• → i†
∫
i

τ>kM• +1−−→ .

These triangles are connected via the following commutative diagram

τ≤kM• M• τ>kM• +1−−→

i†
∫
i
τ≤kM• i†

∫
i
M• i†

∫
i
τ>kM• +1−−→

α1 α2 α3

By hypothesis of induction α1 and α2 are isomorphisms. Hence α3 is also an
isomorphism (cf. [43, Proposition 10.1.15]).

4.10 Characteristic varieties and holonomic D-modules

In this section we will develop one of the central de�nitions in this lectures,
namely, the notion of a holonomic D-module. For this, we will globalize to the
theory of DX -modules some facts of the theory of graded rings (cf. [22] and
[32]).

We start with the following property [32, Proposition 2.1.1].

Proposition 4.10.1. [De�nition]. Let (M, F ) be a �ltered DX-module. The
following condition are equivalent to each other:

(i) grFM is coherent over grFDX .

(ii) FiM is coherent over OX for each i, and there exists i0 >> 0 satisfying
FjDX · FiM = Fi+jM, for j ≥ 0 and i ≥ i0.

(iii) There exist locally a surjective DX-homomorphism Φ : D⊕mX → M and
integers n1, ..., nm such that Φ(Fi−n1

DX ⊕ ...⊕ Fi−nmDX) = FiM.

If F satis�es one of the above equivalent conditions we say that F is a good
�ltration.

Remark 4.10.2. A DX-module admits a good �ltration if and only if it is a
coherent DX-module.

Let M be a coherent DX -module and choose a good �ltration on it. Let π :
T ∗X → X be the cotangent bundle of X. Regarding ξ1 := σ1(∂x1

), · · · , ξdX :=
σ1(∂xdX ) as the coordinate system of the cotangent space ⊕ni=1Cdxi, we know
that OU [ξ1, ..., ξdX ] is identi�ed with the sheaf of algebras π∗OT∗X |U and there-
fore we obtain a canonical identi�cation grFDX ' π∗OT∗X , (43). We de�ne
the characteristic variety of M, denoted by Ch(M), as the support of the
coherent OT∗X -module‡grFM := OT∗X ⊗π−1π∗OT∗X π

−1(grFM).
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Remark 4.10.3. The characteristic variety does not depend on the choice of a
good �ltration F ([32, Theorem 2.2.1]).

By a classic result in algebraic geometry (cf. [32, Lemma 3.3]) we have the
following

Theorem 4.10.4. For a short exact sequence 0 → M → L → N → 0 of
coherent DX-modules, we have

Ch(L) = Ch(M) ∪Ch(N ).

Let us introduce the notion of multiplicity forM ∈Mbc(DX). Let C be an
irreducible component of the support ofM which will be denoted by Supp(M).
Let U be an a�ne open subset of X such that C ∩ U = C and let's denote the
de�ning ideal of C ∩U by pC ⊂ OU (U). Taking the localization at pC we get an
artinian OU (U)pc -module M(U)pC whose length we denote by mC(M). We
call it the multiplicity ofM along C. The next fact is just a global version of
the additive property of the length.

Proposition 4.10.5. Let 0 → M → N → L → 0 be an exact sequence of
coherent DX-modules. Then for an irreducible subvariety C of T ∗X such that
C is an irreducible component of Ch(N ) we have

mC(·�grF (N )) = mC(·�grF (M)) +mC(·�grF (L))

Moreover, if we de�ne the characteristic cycle ofM by

CC(N ) =
∑

C∈Supp(Ch(N ))

mC(·�grF (N ))C,

and CCd(N ) the sum taking only the irreducible components of degree d, then
in particular for d = dim Ch(N ) we have

CCd(N ) = CCd(M) + CCd(L).

4.10.1 Holonomcity for Weyl algebras

In order to give a good intuition to the reader about the notion of holonomicity
and to simplify the proof of the Bernstein inequality (4.11.1), we propose to
study �rst the particular case when X = AnC. By remark 4.2.7 we can work on
the algebraic side by taking global sections.

From know on, we will denote by An := Γ(AnC,DAnC ) the n-th Weyl algebra.
W recall for the reader that this algebra has the following description

An = C[x1, · · · , xn, ∂x1
, · · · , ∂xn ]

/
([∂xi , xj ]− δij).

In the previous sections we have said that a �ltered module M is built up
from pieces FdM having a structure of OX -module as well. This property is
important when dealing with computations of characteristic varieties. Neverthe-
less, we can not usually control the dimensions of the pieces FdM (considered
as C-vectors spaces), and there is not hope in introducing a good notion of
(algebraic) dimension and therefore neither the notion of holonomicity. To
solve this drawback we will consider the Bernstein �ltration {Bk}k∈N de�ned
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in the example 4.2.4. We recall for the reader that this is a �ltration of the
Weyl algebra An, and that Bk consists of those di�erential operators of degree
at most k. We also recall that

deg(P ) := max{|α|+ |β| : (α, β) ∈ N2n, ∃γ ∈ C s.t γxα∂β appears in P}.

From now on, we will say that M is a �ltered left An-module, if M is endowed
with a �ltration F = {Fk}k∈N of �nite-dimensional C-vector spaces, and which
is compatible with the Bernstein �ltration in the sense that Bi · Fj ⊆ Fi+j .
Moreover, we will say that the �ltration is good if the resulting graded module
grF (M) is a �nitely generated grB(An) = C[x1, · · · , xn, ξ1, · · · , ξn]-module (the
last identi�cation is (44)).

An important class of An-modules for which it is possible to construct a good
�ltration are those �nitely generated An-modules. In fact, if M is such an
An-module, then we may �nd a �nite-dimensional vector space F0 with a basis
consisting of a set of generators for M . De�ning

Fk := Bk · F0,

the resulting �ltration is in fact a good �ltration of M as the reader can easily
prove.

Remark 4.10.6. The preceding �ltration is characterised by the existence of a
positive integer number N0 such that Bi · Fl = Fi+l, for all l ≥ N0. Moreover,
a �ltration that satis�es this condition is a good �ltration (cf. [22, Chapter 8,
theorem 3.1]).

Example 4.10.7. (i) Using the Weyl relations we easily see that

Bk(An+m) =
∑
i+j=k

Bi(An)Bj(Am)

(ii) If (M,F ) and (N,G) are good �ltered An and Am modules, respectively.
Then

Tk :=
∑
i+j=k

Fi ⊗C Gj

de�nes a good �ltration of M ⊗C N as an An+m-module. Let us just
specify the left An+m-action, because the rest easily follows from (i) and
the previous remark. In fact, the action is induced via the canonical
identi�cation An+m = An ⊗C Am by P ⊗Q · n⊗m := Pm⊗Qn.

The following result is the starting point of the results and notions of this
subsections. The reader can �nd a proof in [29, Chapter 1, theorem 7.5], [65,
Chapter 2, section 3, theorem 2] or in [22, Chapter p, theorem 1.1].

Theorem 4.10.8 (Hilbert-Serre). Let M =
⊕

k∈NMk be �nitely generated
graded module over a polynomial ring C[x1, · · · , xn]. There exists a polynomial
χM (t) ∈ Q[t] and a positive integer N such that

l∑
i=1

dimC(Mi) = χM (l)

for all l ≥ N .
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The polynomial χM (t) is known as th Hilbert polynomial.

Let us suppose that M is a �nitely generated left An-module and that F is a
good �ltration. Let us denote by χFM (t) ∈ Q[t] the Hilbert polynomial of the
graded module grF (M) over the polynomial ring C[x, xi] in 2n variables. The
previous theorem tells that for l >> 0

χFM (l) =

l∑
i=1

dimC (Fi/Fi−1) = dimC(Fl) (74)

De�nition 4.10.9. Let M be a �nitely generated An-module and F a good
�ltration. The dimension d(M) of M is the degree of the Hilbert polynomial
χFM (t). If ad(M) is the leading coe�cient of χFM (t), we de�ne the multiplicity
of M by

m(M) := d(M)!ad(M).

Both numbers are non-negative integers.

Remark 4.10.10. Even if a priori the preceding de�nitions seem to the defend
of the �ltration F , it is possible to prove that the dimension and multiplicity of
a �nitely generated An-module M are invariants of M . In other words, they
do not depend of the �ltration (cf. [22, Chapter 9, section 2]).

Example 4.10.11. Let us work out some basic examples.

(i) Dimension of the Weyl algebra. We already know that the Bernstein
�ltration B is a good �ltration for the Weyl algebra An. In order to
compute its dimension, we can use (74). By de�nition we have (l >> 0)

χBAn(l) = dimC(Bl)
= Non-negative solutions of |α|+ |β| ≤ l

=

Ç
l + 2n

2n

å
This implies that χBAn(t) =

(
t+2n

2n

)
has degree 2n = d(An).

(ii) Dimension of the ring of polynomials. If Sk denotes the vector space
of polynomials of degree at most k. Then S = {Sk}k∈N is a good �ltration
of C[x1, · · · , xn]. In particular for l >> 0

χSC[x](l) = dimC(Sl) =

Ç
n+ l

n

å
.

As before this implies that χSC[x](t) =
(
t+n
n

)
is a polynomial of degree

n = d(C[x]).

(iii) Fourier transform. Let us start by considering the following automor-
phism of the Weyl algebra

F : An → An

xi 7→ ∂xi
∂xj 7→ −xj

(75)
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The automorphism F is called the Fourier transform. It clearly pre-
serves the Bernstein �ltration, and given a �nitely generated An-module
M , we can twist is and to obtain a �nitely generated left An-module MF
as follows. As vector spaces MF = M and the left An-structure is given
by P •m = F(P )m. Let us prove that d(MF ) = d(M). To do that we
start by taking a vector space F0 whose basis is a set of generators for M .
it is clear that Fk := Bk ·F0 is a good �ltration forM . But given thatMF
is also generated by F0 and F preserves the Bernstein �ltration we have
that Gk := Bk • F0 = Fk is a good �ltration for MF . In particular, the
associated Hilbert polynomials are the same, and therefore M and MF
have the same dimension and multiplicity.

Lemma 4.10.12. Let M be a �nitely generated left An-module. Then d(M) ≤
2n.

Proof. It is not hard to prove that d(M) = max{d(N),d(M/N)} for N a
submodule of M (cf. [22, Chapter 9, theorem 3.2]). From this information and
a standard inductive argument over the short exact sequence

0→ An → A⊕mn → A⊕(m−1)
n → 0

we can conclude that d(A⊕nm) = 2n. Now, by hypothesis there exists a surjec-
tive morphism ϕ : A⊕mn →M . From the previous reasoning we have that

2n = d(A⊕mn ) = max{d(M),d(ker(ϕ))}.

We actually have a lower bound for the dimension of �nitely generated left
An-module. This is �rst version of the so-called Bernstein inequality.

Theorem 4.10.13 (Bernstein inequality). Let M be a �nitely generated left
An-module. Then d(M) ≥ n.

Proof. Let F0 be a vector space having a basis consisting of generators ofM , and
let us consider the �ltration de�ned by Fk := Bk · F0. This is a good �ltration
for M and such that F0 6= 0. We claim that the canonical morphism

Bk → HomC(Fk, F2k)
P 7→ [m 7→ Pm]

is injective. To prove this, let us take 0 6= P ∈ Bk and let us see that P ·Fk 6= 0.
We proceed by induction. For k = 0, we have B0 = C and the statement is
equivalent to F0 6= 0, which is true by construction. Let us now take k ≥ 1 and
let us suppose that the result is true for Fk−1. We proceed by contradiction
and we assume that P · Fk = 0, for some non-zero P ∈ Bk. The reader might
note that this implies that P 6∈ B0. Hence a expression for P must contains a
monomial γxα∂β with γ ∈ C and |α|+ |β| > 0. If αk 6= 0, then αkγxα−ei∂β is
a monomial appearing in [P, ∂xk ] and [P, ∂xk ] is a non-zero element of Bk−1.

On the other hand, since P · Fk = 0, we have

[P, ∂xk ]Fk−1 ⊆ P∂xkFk−1 ⊆ P · Fk = 0,
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which is clearly a contradiction. Let us back to the proof of the theorem. From
the preceding injection we have for k >> 0

χBAn(k) = dimC(Bk) ≤ dimC (HomC(Fk, F2k))

≤ dimC (F∨k ⊗C F2k)

= dimC(Fk) · dimC(F2k)

= χFM (k) · χFM (2k),

which clearly implies that 2n = deg(χBAn(k)) ≤ deg(χFM (k) · χFM (2k)) = 2d(M).

Example 4.10.14. (i) We actually can attain the bounds. As we have showed
in the example 4.10.11, d(An) = 2n and d(C[x1, · · · , xn]) = n.

(ii) If I is a non zero left ideal of An, then d (A/I) ≤ 2n − 1. To prove this,
it is enough to consider the case when I = An · P is a principal ideal.
The reason is that for a general non-zero ideal I and P ∈ I we have that
An/I is a quotient of A/A · P and d(An/I) ≤ d(An/An · P ) by the �rst
paragraph in the proof of the lemma 4.10.12.

Let us consider the short exact sequence

0→ An
(•)·P−−−→ An → An/An · P → 0.

If d(An/An · P ) = d(An) = 2n, then from [22, Chapter 9, theorem 3.2]

m(An) = m(An) +m(An/An · P )

which is clearly impossible.

(ii) Dimension of a tensor product. Let M be a �nitely generated
An-module and N a �nitely generated Am-module. We want to show
that d(M ⊗C N) = d(M) + d(N). We start by given a description of the
graded module grT (M ⊗C N) associated to the �ltration {Tk} de�ned in
the example 4.10.7 (ii). To do that, we suppose that F and G are good
�ltrations for M and N , respectively, and we remark that the kernel of
the canonical surjective map

κij : Fi ⊗C Gj 7→ grFi (M)⊗C grGj (N)
m⊗ n → m⊗ n

it is clearly contained in Ti+j−1. With this information, we can form the
following commutative triangle⊕

i+j=l

(
Fi ⊗C Gj

/
ker(κij)

) ⊕
i+j=l

(
grFi (M)⊗C grGj (N)

)

grTl (M ⊗C N).

κk

Since the morphism on the top is bijective, then so is the morphism κl on
the right-hand side of the triangle. Let us use this information to compute
d(M ⊗C N).
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Using the isomorphism κl we see that

dimC(Tk) = dimC

Ñ⊕
i+j=l

(
Fi ⊗C Gj

/
ker(κij)

)é
− dimC(Tk−1).

Repeating this process and using the item (ii) of the example 4.10.7, we
�nd that

dimC(Tl) =

l∑
k=0

∑
i+j=k

dimC(grFi (M))dimC(grGj (N))

≤
l∑
i=0

dimC(grFi (M))

l∑
j=0

dimC(grGj (N))

= dimC(Fl)dimC(Gl)

≤ dimC(T2l).

In consequence, for l >> 0 we have

χTM⊗N (l) ≤ χFM (l)χGN (l) ≤ χTM⊗N (2l),

and therefore as a polynomials we have

deg(χTM⊗N (t)) = deg(χFM (t)) + deg(χGN (t)). (76)

We end this subsection with the following important remark from [29, Chapter
I, section 7, theorem 7.5]. This results allows us to connect the notions intro-
duced in this subsection with the ones given in previous subsection about the
characteristic varieties.

Remark 4.10.15. Let M be a �nitely generated left An-module. Then

dim(Ch(M)) = d(M).

Here Ch(M) = V
Ä»

AnnC[x,ξ](grF (M))
ä

= SuppC[x,ξ](gr
F (M)). The second

equality is a well-known fact in commutative algebra. Its proof is a standard
reasoning dealing with the localisation.

4.11 Bernstein inequality

The heart of this subsection is the following result. The idea will be to reduce
the computations to ones given in the previous subsection by using the remark
4.10.15.

Proposition 4.11.1 (Global Bernstein inequality). Let M be a coherent DX-
module. Then

dim Ch(M) ≥ dX .

To prove the above proposition we will need the following relation ([32, Lemma
2.3.5]). Before the statement let us �x the following notation. Let Z be a smooth
closed subvariety of Y and let i : Z → X the respective closed embedding. This
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morphism gives rise to two morphisms between the cotangent bundles of X and
Z:

Z ×X T ∗X

T ∗Z T ∗X

ρi

p2 (77)

Here p2 is the projection, which is a closed embedding, and ρi : Z ×X T ∗X →
T ∗Z is de�ned as follows. Let J be the ideal sheaf of X. First of all, the pull-
back morphism i∗Ω1

X/C → Ω1
Z/C (cf. [29, Chapter II, proposition 8.11]) induces

a short exact sequence

0→ TZ → i∗TX → NZ/X → 0

where NZ/X := HomOZ (J /J 2,OZ) is the normal sheaf ([29, Chapter II,
proposition 8.12]). By smoothness, this is a locally free OZ-module of rank
dX − dZ(= codimX(Z)). The �rst morphism de�nes ρi which is in particular a
smooth morphism of relative dimension codimX(Z).

Locally, if X is endowed with local coordinates {xi, ∂xi}1≤i≤d, Z is the hyper-
surface x = x1 = 0 and i is given by the morphism of C-algebras i : A → B
(A = OX(X) and B = A/I), then previous diagram is induced by

B[ξ, ξ2, · · · , ξd]

A[ξ, ξ2, · · · , ξd] B[ξ2, · · · , ξd].

ρi
p2

ξ = σ1(∂x) and ξi = σ1(∂xi), for 2 ≤ i ≤ d, are the respective principal symbols.

Lemma 4.11.2. Let Z be a smooth closed subvariety of X and let M be a

coherent DZ-module. Set N =
∫ 0

i
M, where i : Z ↪→ X denotes the embedding.

Let ρi : Z×XT ∗X → T ∗Z and p2 : Z×XT ∗X ↪→ T ∗X be the natural morphisms
induced by i. Then we have

Ch(N ) = p2ρ
−1
i (Ch(M)).

Proof. The problem being local on Z we can assume that X is endowed with
local coordinates {xi, ∂xi}1≤i≤d, and an inductive argument allows to suppose
that Z is a hypersurface of X de�ned by the equation x = x1 = 0. W also set
∂x1

= ∂ and ξ = σ1(∂) the principal symbol of ∂. Moreover, by a�neness, we
can consider the global situation. We set M := Γ(Z,M).

Now, let us recall that after the example 4.3.8 we know that

N := Γ

Ç
X,

∫ 0

i

M
å

= C[∂]⊗C M.

With this information, and after �xing a good �ltration F of M (with F−1M =
0), we can de�ne a �ltration G of N by

GjN :=

j∑
l=1

∑
k≤l

C∂k ⊗C Fl−1M.
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At his point we can observe that by de�nition of G, every term GkN is a
coherent B := OZ(Z)-module and therefore the second item in the proposition
4.10.1 tells us that G is a good �ltration. We also point out that

grGj N =

j⊕
l=0

Cξl ⊗C
(
Fj−1M

/
Fj−l−1M

)
and that grFM is a �nitely generated B[ξ2, · · · , ξd]-module. If A :− OX(X).
Then the previous equality clearly implies that

grGN = C[ξ]⊗C grFM

= C[ξ]⊗C B[ξ2, · · · , ξd]⊗C[ξ2,··· ,ξd] grFM

= B[ξ, ξ2, · · · , ξd]⊗B[ξ2,··· ,ξd] grFM

as A[ξ1, · · · , ξd]-modules since the ideal of de�nition I ⊆ A of B acts trivially
on grG(N). Tensoring the B[ξ2, · · · , ξd]-module grFM by B[ξ, ξ2, · · · , ξd] corre-
sponds to pull back ‚�grF (M) via ρi, and the previous sentence correspondence

to push forward ρ∗i (
‚�grF (M)) via p2 (i.e, to consider the resulting module over

A[ξ1, · · · , ξd]). This proves that

Ch(N) = Supp(grG(N)) = p2ρ
−1
i (Supp(grF (M)) = p2ρ

−1
i (Ch(M)).

Corollary 4.11.3. Let i : Z → Y be a closed embedding, and M a coherent

DZ-module. Then the coherent DX-module N :=
∫ 0

i
M satis�es

dim(Ch(N )) = dim(Ch(M)) + dim(X)− dim(Z).

Proof. The proof follows after having remarked that in the proof of the previous
lemma, we have shown that ρi is a smooth morphism of relative dimension
codimX(Z) and p2 is a closed embedding.

The following reasoning is given in [62] (discussion after the proof of the propo-
sition 13.10).

Proof of proposition 4.11.1. LetM be a quasi-coherent DX -module. Since the
question is local, we can assume that X is a�ne. By smoothness, we can �nd a
closed embedding i : X → AdC into an a�ne space. By corollary 4.11.3 we know
that

dim(Ch(M))− dim(X) = dim

Ç∫ 0

i

M
å
− dim(AdC)

= dim

Ç∫ 0

i

M
å
− d

≥ 0.

The �nal equality follows from the theorem 4.10.13.

De�nition 4.11.4. A coherent DX-module M is called a holonomic if it
satis�es dim Ch(M) ≤ dX .
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Example 4.11.5. Let's suppose thatM is an integrable connection. If FiM =
0 for i < 0 and FiM =M for i ≥ 0, then F de�nes a good �ltration onM and
grFM) =M. Let us denote by s : T ∗X → X is the zero section. Locally, if X
is supposed to be endowed with a system of coordinates {xi, ∂xi}1≤i≤d, then s
is described via the comorphism

s\ : OX [ξ1, · · · , ξd] → OX
ξi 7→ 0
f 7→ f

(78)

Now, by construction TX ⊆Annπ∗OT∗X (grFM) and by de�nition

Ch(M) = Supp(M) = V
Ä»

AnnC[ξ](M)
ä

From the previous two relations, we see that if p ∈ Ch(M) then
∑d
i=1OX [ξ]ξi ⊆

p. In other words, we have from (78) that p lies in T ∗XX. This proves that
Ch(M) = T ∗XX and therefore dim(Ch(M)) = dim(X).

Example 4.11.6. (i) From the example 4.10.14 (ii) and the Bernstein in-
equality 4.10.13, we know that if I is a left ideal ofA1 then 1 ≤ d(A1/I) ≤
1. So A1/I is holonomic.

(ii) If M is a holonomic An-module and N is a holonomic Am-module, then
M ⊗CM is a holonomic An+m = An⊗CAm-module by the third item in
the example 4.10.14.

From now on, we will denote byModhol(DX) the full subcategory ofMod(DX)
consisting of holonomic DX -modules.

4.12 Duality functors

We have introduced the notion of holonomicity via the dimension of the char-
acteristic variety. In this section we will give a second description of this
category by using the so-called duality functors. The de�nition will be in-
spired in the following example (cf. [32, Section 2.6]).

Example 4.12.1. Let us take 0 6= P ∈ A1 an operator of positive degree. We
already now that left A1-module A1/A1 · P is holonomic. Now, by applying
the functor HomA1

(A1, •) the short exact sequence35

0→ A1
(•)·P−−−→ A1 → A1/A1 · P → 0

we get an exact sequence

0→ HomA1
(A1/A1 · P, A1)→ A1

P ·(•)−−−→ A1

Where we have used the following commutative diagram

HomA1
(A1,A1) HomA1

(A1,A1)

A1 A1

ϕ7→Pϕ

35Injectivity becomes from the fact that if QP = 0, then deg(QP ) = deg(Q) + deg(P ) = 0.
Since deg(P ) > 0 we have that Q ∈ C, and therefore Q ∈ ker((•) · P ) if Q = 0.
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From this we get the following. First of all

Ext0A1
(A1/A1 · P, A1) = HomA1

(A1/A1 · P, A1) = ker((•)·P : A1 → A1) = 0

and the only non-vanish cohomology group is the �rst one

Ext1A1
(A1/A1 · P, A1) ' A1/P ·A1

which is a right A1-module. To obtain a left A1-module we apply the transpo-
sition (51), which is equivalent to tensoring with (•)⊗C[x] Ω∨A1

C
. By [22, Chapter

16, proposition 2.1] we get

Ext1A1
(A1/A1 · P, A1)⊗C[x] Ω∨A1

C
= A1/A1 · τ(P )

De�nition 4.12.2. We de�ne the duality functor DX : D−(DX)→ D+(DX)op

by

DX(M•) := RHomDX (M•,DX)⊗OX Ω⊗−1
X [dX ]

= RHomDX (M•,DX ⊗OX Ω⊗−1
X [dX ]).

Let us remark that a priori the complex DX(M) can be in�nite, which makes
the computations harder. Let us remark that this is not the case (cf. [32,
Proposition 2.6.5])

Proposition 4.12.3. (i) The functor DX sends Db
c(DX) to Db

c(DX).

(ii) (DX)2 = Id on Db
c(DX).

Proof. To prove (i) we may assume that M• = M ∈ Modc(DX) is concen-
trated in zero degree. By de�nition, it is enough to prove that ExtiDX (M,D) ∈
Modc(DX). Let U ⊆ X be an a�ne open subset. By the corollary 4.2.12 we can
�nd a resolution P• →M|U ofM|U by free DU -modules of �nite rank. Given
that U is a�ne P•(U)→M(U) is a resolution ofM(U) by free DX(U)-modules
of �nite rank. From this information we have the following relations

ExtiDX (M,DX)(U) =
(
HiHomDU (P•,DU )

)
(U)

= Hi (HomDU (P•,DU )(U))

= Hi
(
HomDX(U)(P•,DU )

)
= Hi

(
HomDX(U)(P•(U),DX(U))

)
= ExtiDX(U)(M(U),DX(U))

(79)

This proves (i). This reasoning also proves the boundedness of the complex
DX(M).

For the second part we follow word by word the proof given in [32, Proposition
2.6.5 (ii)]. To start with, we need to construct a canonical morphism M• →
D2
X(M•), forM• ∈ Db(DX). By de�nition, we have

D2
X(M•) ' RHomDopX (RHomDX (M•,DX),DX),

where RHomDX (M•,DX) and DX are regarded as objects in Db(DX)op (com-
plexes of right DX -modules), and the left multiplication on the right-hand side is
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induced from the left multiplication ofDX onDX . SetH• := RHomDX (M•,DX).
Applying H0(RΓ(X, •)) to

RHomDX⊗CDopX (M• ⊗C Hb
•,DX) ' RHomDX (M•, RHomDopX (H•,DX)),

we obtain

HomDX⊗CDopX (M• ⊗C H•,DX) ' HomDX (M•, RHomDopX (H•,DX)).

In consequence, the canonical morphism

M• ⊗C H• =M• ⊗• RHomDX (M•,DX)→M•

in Db(DX ⊗C Dop) induces a canonical morphism

M• → RHomDopX (H•,DX) = D2
X(M•)

in Db(DX). To show that this is an isomorphism we can assume that X is a�ne
because we are dealing with a local question. Moreover, we can even replace
M• by DX and the assertion follows.

We have the following global versions of [32, Theorem D.4.3]. The reader can
�nd an explicit proof in [41, 66]. LetM be a coherent DX -module.

(i) codimT∗X(Ch(ExtDX (M,DX)⊗OX Ω⊗−1
X )) ≥ i.

(ii) ExtiDX (M,DX) = 0 (i < codimT∗X(Ch(M))).

We can �nally reinterpret holonomicity in terms of the duality functor as follows.

Proposition 4.12.4. LetM be a coherent DX-module.

(i) Hi(DX(M)) = 0 unless −(dX − codim(ChT∗X(M))) ≤ i ≤ 0.

(i) codimT∗X(Ch(M)) ≥ dX − i.

(iii) M is holonomic if and only if Hi(DX(M)) = 0 for all i 6= 0.

(iv) IfM is holonomic, then DX(M) 'M is also holonomic.

Proof. We follow word by word the proof given in [32, Corollary 2.6]. The �rst
two statements are equivalent versions of (i) and (ii) in the preceding remark.
The fourth item and the "only if" part of (iii) follows from (i), (ii) and the
Bernstein inequality. To show the "if" part, we assume that Hi(DX(M)) = 0,
for all i 6= 0, i.e, DX(M) ' H0(DX(M)) in Db

c(DX). Let us denote byM∨ :=
H0(DX(M)). By the second statement of the previous proposition, we know
that DX(M∨) = D2

X(M) = M and therefore H0(DX(M∨)) ' M. Moreover,
by (ii), we also have that

codimT∗XCh(H0(DX(M)) ≥ dX ,

so DX(M∨) 'M is a honolonomic DX -module.
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Example 4.12.5. (i) Considering the resolution 0→ DX → DX → 0 of DX
we have the following

DX(DX) = [0→ HomDX (DX ,DX)→ 0]⊗OX Ω⊗−1
X [dX ]

= DX ⊗OX Ω⊗−1
X [dX ].

In particular

Hk(D(DX)) =

ß
DX ⊗OX Ω⊗−1

X if k = −dX ,
0 otherwise.

(ii) Let M be an integrable connection. We consider it as a complex in
D−(DX) concentrated in zero degree. Let us prove that

DX(M) ' HomO(M,OX).

To do that, we start by remarking that given thatM is locally free then
we can tensor by (•)⊗OXM the Spencer resolution (subsection 4.7) to
obtain a resolution ofM

DX ⊗OX
•∧
TX ⊗OX M→M→ 0.

Let us use this resolution to compute the cohomology group ExtdXDX (M,DX).
We have

HomDX
Ä
DX ⊗OX

∧dX−1 TX ⊗OX M,DX
ä
→ HomDX

Ä
DX ⊗OX

∧dX TX ⊗OX M,D
ä

↓ ↓
HomOX

Ä∧dX−1 TX ⊗OX M,DX
ä

→ HomOX
Ä∧dX TX ⊗OX M,DX

ä
↓ ↓

HomOX
Ä
M,ΩdX−1

X ⊗OX DX
ä

κ−→ HomOX
Ä
M,ΩdXX ⊗OX DX

ä
Moreover, using the fact thatM is a locally free OX -module, we also have

HomOX
Ä
M,ΩdXX ⊗OX DX

ä
= HomOX (M,OX)⊗OX ΩdXX ⊗OX DX

= HomOX
Ä
M,ΩdXX

ä
⊗OX DX

ϕ⊗P 7→ϕ·P−−−−−−−→ HomOX
Ä
M,ΩdXX

ä
→ 0.

The morphism κ and the preceding surjection, we see that

ExtdXDX (M,D) ' HomOX
Ä
M,ΩdXX

ä
(80)

and therefore

H0(DX(M)) ' HomOX
Ä
M,ΩdXX

ä
⊗OX Ω⊗−1

X ' HomOX (M,OX)

The third item in the previous proposition proves the initial claim.

(iii) From the preceding item we have the following relation

DX(OX) = H0(DX(OX)) = HomOX (OX ,OX) = OX .

This gives a reason to the shift [dx] made in the de�nition of DX . This is
an adjustment so that DX sends OX to itself.
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Lemma 4.12.6. ForM• ∈ Db
c(DX) and N • ∈ Db(DX), we have

RHomDX (M•,N •) ' RHomDX (M•,DX)⊗L
DX N

•.

Proof. First of all let's note that we have a canonical morphism

RHomDX (M•,DX)⊗L
DX N

• → RHomDX (M•,N •). (81)

By 4.2.12 and the additive property of Hom, for a �nite direct sum, we can
assume that M• = DX and the assertion follows since both sides of (81) are
isomorphic to N •.

Proposition 4.12.7. For M• ∈ Db
c(DX), and N • ∈ Db(DX) we have an

isomorphism

RHomDX (M•,N •) ' RHomDX (OX ,DX(M•)⊗L
OX N

•). (82)

in Db(CX). In particular we have

RHomDX (OX ,N •) ' ΩX ⊗L
DX N

•[−dX ]. (83)

Proof. Let us see (83). To do that, we remark for the reader that if w prove
that

RHomDX (OX ,DX) ' ΩX [−dX ]

then by the previous lemma, we will have

HomDX (OX ,N •) ' HomDX (OX ,DX)⊗L
DX N

• ' ΩX ⊗L
DX N

•[−dX ]

In other words, we can assume that N • = DX and to use the Spencer resolution
to compute RHomDX (OX ,DX). We have

RHomDX (OX ,DX)

=

[
HomDX (DX ,DX)→ · · · → HomDX

(
DX ⊗OX

dX∧
TX ,DX

)]

'

[
DX → · · · → HomOX

(
dX∧
TX ,DX

)]

'

[
DX → · · · →

dX∧
Ω1
X ⊗OX DX

]
' ΩX [−dX ].

The last isomorphism comes from (67). This gives us (83). Now, by de�nition
and the last lemma we have

RHomDX (M•,N •) ' (ΩX ⊗L
OX DX(M•))⊗L

DX N
•[−dX ] (84a)

' ΩX ⊗L
DX DX(M•)⊗L

OX N
•[−dX ] (84b)

' HomDX (OX ,DX(M•)⊗L
OX N

•) (84c)

The last isomorphism is (83).
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We end this subsection with the following computation of the global dimen-
sion of the stalk DX,x. We recall for the reader that in corollary 4.2.12 we have
proved that every module M ∈ Modqc(DX) has a �nite resolution of length
2dX by locally projective DX -modules. We can improve this results as follows
(cf. [32, Theorem 2.6.11]).

Theorem 4.12.8. Let U ⊆ X be an a�ne open subset and x ∈ X.

(i) The rings DX(U) and DX,x have left and right global dimension dX .

(ii) IfM∈Modqc(DX), then admits a resolution

0→ PdX → · · · → P1 → P0 →M→ 0

by locally projective DX-modules. If M ∈ Modc(DX), we can take the
P ′is to be locally free of �nite rank.

Proof. Given that DX(U) is a left noetherian ring with �nite length global
dimension, its global left dimension equals the largest integer m such that there
exists a �nitely generated DX(U)-moduleM satisfying ExtmDX(U)(M,DX(U)) 6=
0. By the Bernstein inequality (theorem ) and the �rst item in the remarks given
before the proposition 4.12.4, we have ExtiDX(X)(M,DX(U)) = 0 for any �nitely
generated DX(U)-module M and i > dX . Moreover, by (80) and (79) we have

ExtdXDX (OX ,DX)(U) = ExtdXDX(U)(OX(U),DX(U))

= HomOX(U)(OX(U),ΩX(U))

= ΩX(U) 6= 0.

This implies that the (left) global dimension of DX is exactly dX . The state-
ment for the right global dimension follows from the fact that Mod(DX) =
Mod(DX)op via the side-changing operations. The statement for DX,x also
follows from the preceding reasoning.

Finally, the second item follows from (i) and corollary 4.2.12.

4.13 Functorial relations under a proper morphism

The goal of this subsection is to show the following result.

Theorem 4.13.1. Let f : X → Y be a proper morphism. Then we have a
canonical isomorphism∫

f

DX → DY
∫
f

: Db
c(DX)→ Db

c(DY )

of functors.

To prove the above theorem we recall for the reader the following notions intro-
duced in the proof of the proposition 4.4.4.

Let Z be a closed subset of X and U := X \Z the complementary open subset.
If i : Z → X and j : U → X denote the embeddings, then for any injective sheaf
I on X we get an exact sequence
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0→ ΓZ(I)→ I → j∗j
−1I → 0

and therefore, for anyM• ∈ Db
qc(DX) we get a distinguished triangle

RΓZ(M•)→M• → Rj∗j
−1M• +1−−→ . (85)

We also remark for the reader that the projection formula for O-modules (cf.
[30, Proposition 5.6]) implies

i∗(OX ⊗L
i−1OX i

−1Rj∗M•|U ) = i∗OZ ⊗L
OX Rj∗M

•|U

and therefore
i†
∫
j

M•|U = 0. (86)

(The �rst equality has bee proved in (61) and (62)). Finally, let us prove that

RΓZ(M•) '
∫
i

i†M•. (87)

By the very de�nition RΓZ(M•) ∈ Db,Z
qc (DX), so RΓZ(M•) '

∫
i
i†RΓZ(M•)

by corollary 4.9.2. This yields to prove that i†RΓZ(M•) ' i†M•. By applying
i† to the distinguished triangle (85) it is enough to prove that i†Rj∗j−1M• = 0.
This follows from 86 because

i†Rj∗j
−1M• = i†

∫
j

M•|U = 0.

Now, let f : X → Y be a proper morphism of smooth algebraic varieties. We
want to construct a morphism

Trf :

∫
f

: OX [dX ]→ OY [dY ] (88)

called the trace map of f .

First of all, as X is quasi projective, we have an embedding j : X → Pn and
therefore we can consider f as the composition between a closed embedding and
a projection

X
x 7→(f(x),j(x))−−−−−−−−−→ Y × Pn −→ Y. (89)

The case f = i is just to apply the canonical morphism36
∫
i
i† → id (coming

from propositions 4.4.4 and 4.6.3) to OY×Pn and take a shift of degree dY . More
exactly, we have a morphism∫

i

i†OY → OY in Db(DY ).

By de�nition i†OY = i∗OY [dX −dY ] = OX [dX −dY ], so the required morphism
Tri is obtained after taking the shift [dY ] in the morphism

∫
i
OX [dX−dY ]→ OY .

For the case of the projection X = Pn × Y → Y , by OX = OPn �OY , we can
suppose that Y consists of a single point p : Pn → pt. By proposition 4.8.1

36We have given a explicit description at the beginning of the proof of Kashiwara's equiva-
lence.
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∫
p

OPn = Rp∗(DRPn/pt(OPn)) = RΓ(Pn, [OPn → ...→ ΩnPn ])

and we have isomorphisms

H0

Ç∫
p

OPn [n]

å
' τ≥0

Ç∫
p

OPn [n]

å
' Hn(Pn,ΩPn).

By [29, Chapter III, corollary 7.13] and the previous isomorphism we get the
desired morphism ∫

p

OPn → τ≥0

Ç∫
p

OPn [n]

å
' C ' Opt.

Finally, from the preceding reasoning, we de�ne the trace of f as the composi-
tion of ∫

f

OX [dX ] =

∫
p

∫
i

OX [dX ]→
∫
p

OPn×Y [dY + dX ]→ OY [dY ].

Before proving our theorem we introduce the following results. The �rst one
is a sort of projection formula whose proof can be found in [32, Corollary
1.7.5].

Lemma 4.13.2. Let f : X → Y be a morphism of smooth algebraic varieties.
Then forM• ∈ Db

qc(DX) and N ∈ Db
qc(DY ) we have∫

f

(M• ⊗L
OX Lf

∗N •) '
Ç∫

f

M•
å
⊗L
OY N

•.

Finally, given that any morphism f : X → Y of smooth algebraic varieties is a
composition of a closed embedding and a projection

X
x 7→(f(x),x)−−−−−−−→ Y ×X (y,x)7→y−−−−−→ Y

we can conclude by (65) and the propositions 4.6.1 and 4.8.1 the following
important proposition

Proposition 4.13.3. Let f : X → Y be a morphism of smooth algebraic vari-
eties. Then

∫
f
sends Db

qc(DX) to Db
qc(DY ).

Remark 4.13.4. The previous lemma can fail if we consider the category
Db
c(DX). For instance, if i : A1

C → A2
C denotes the standard embedding, then it

is clear that DA2
C
∈Modc(DA2

C
), but by (50) we know that

i∗DA2
C

= DA1
C
⊗C C[∂y]

is a free DA1
C
-module whose basis consists of the set of powers of ∂y. Since this

basis can not be �nite, we can conclude that i∗DA2
C
is not a coherent DA1

C
-module.

Proof of theorem 4.13.1. By de�nition (Why?), we know that∫
f

DX(M•) = Rf∗(RHomDX (M•,DX)⊗L
DX DX→Y )⊗L

OY Ω⊗−1
Y [dX ]

= Rf∗(RHomDX (M•,DX→Y ))⊗L
OY Ω⊗−1

Y [dX ],
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(the second equality follows from the lemma 4.12.6) and

DY
∫
f

M• = RHomDY

Ç∫
f

M•,DY

å
⊗L
OY Ω⊗−1

Y [dY ].

Let us construct a canonical morphism

Φ(M•) : Rf∗(RHomDX (M•,DX→Y [dX ]))→ RHomDY

Ç∫
f

M•,DY [dY ]

å
in Db

qc(D
op
Y ). By proposition 4.13.2 we have∫

f

DX→Y [dX ] =

∫
f

(
OX ⊗L

OX Lf
∗DY [dX ]

)
'
Ç∫

f

OX [dX ]

å
⊗L
OY DY .

The trace map of f induces a canonical morphism
∫
f
DX→Y [dX ]→ DY [dY ] and

Φ(M•) is de�ned as the composite of

Rf∗(RHomDX (M•,DX→Y [dX ]))

→ Rf∗RHomf−1DY (DY←X ⊗L
DX M

•,DY←X ⊗L
DX DX→Y [dX ])

→ RHomDY (Rf∗(DY←X ⊗L
DX M

•), Rf∗(DY←X ⊗L
DX DX→Y )[dX ])

= RHomDY

Ç∫
f

M•,
∫
f

DX→Y [dX ]

å
→ RHomDY

Ç∫
f

M•,DY [dY ]

å
.

(90)

The �rst morphism is given by taking the tensor product with DY←X , the
second one is just the de�nition of f∗ and the last one is induced by the trace
morphism. Let's prove that Φ(M•) is an isomorphism.

By decomposing f as a closed embedding and a projection we can reduce the
proof to these cases and we may assume from the beginning that M• = DX
(If f is a closed embedding then this assertion is proposition 4.2.11 and if f
is the projection the assertion comes from the fact that a product between a
projective space and a smooth a�ne variety is D-a�ne [32, Theorem 1.6.5]).

If f = i : X → Y is a closed embedding then Φ(M•) is given by the composition

Ri∗(HomDX (DX , i∗DY ))[dX ] ' RHomDY
Å∫

i

DX ,
∫
i

i∗DY
ã

[dX ]

' RHomDY
Å∫

i

DX ,
∫
i

i†DY
ã

[dY ]

→ RHomDY
Å∫

i

DX ,DY
ã

[dY ],

The second isomorphism is just de�nition of i† and the last one is induced by the
canonical morphism

∫
i
i† → id. The �rst isomorphism follows from Kashiwara's

111



equivalence as follows. We have a canonical isomorphism i\
∫
i
i∗DY = DY and

by proposition 4.6.3 we have

i∗(HomDX (DX , i∗DY )) ' i∗(HomDX (DX , i\
∫
i

i∗DY ))

' RHomDY
Å∫

i

DX ,
∫
i

i∗DY
ã
.

We want to show that the map

RHomDY
Å∫

i

DX ,
∫
i

i†DY
ã

[dY ]→ RHomDY
Å∫

i

DX ,DY
ã

[dY ]

is an isomorphism. Let us �x U := Y \X and j : U → Y the open embedding.
The distinguished triangle (de�ned by (85) and (87))∫

i

i†DY → DY →
∫
j

j†DY
+1−−→

tells us that we only need to prove that RHomDY (

∫
i

DX ,
∫
j

j∗DY ) = 0. This is

a consequence from the propositions 4.6.1, 4.6.3 and the relations (86) as follows

RHomDY

Ç∫
i

DX ,
∫
j

j∗DY

å
' i∗RHomDX

Ç
DX , i†

∫
j

j∗DY

å
' i∗i†

∫
j

j∗DY = 0

Finally, let us consider the case f = p : Pn × Y → Y is the projection. By
DX = DPn � DY we can suppose that Y = {pt} is a single point. In this
case, DPn→pt = OPn and Dpt←Pn = ΩPn . From this information we have the
following relations

Rp∗(RHomDX (DX ,DX→Y [dX ])) = Rp∗(RHomDPn (DPn ,OPn [n]))

= RΓ(Pn,OPn [n])

' C[n]

and

RHomDY

Ç∫
p

DX ,DY [dY ]

å
= RHomDpt(Rp∗(ΩPn ⊗DPn DPn),Dpt)

= RHomC(RΓ(Pn,ΩPn),C)

= HomC(C[−n],C)

= C[n].

Hence we only need to show that Φ(DPn) is non trivial. But by (90) and the
fact that

Rp∗ (RHomDPn (DPn ,DPn→pt) = RHomDPn (DPn ,DPn→pt)
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the morphism Φ(Pn)[−n] is given by

RHomDPn (DPn ,OPn)→ RHomC(ΩPn ,ΩPn ⊗L
DPn
OPn))

→ RHomC(RΓ(Pn,ΩPn), RΓ(Pn,ΩPn ⊗L
DPn
OPn))

→ RHomC(RΓ(Pn,ΩPn), τ≥nRΓ(Pn,ΩPn ⊗L
DPn
OPn))

' RHomC(RΓ(Pn,ΩDPn ),C[−n])

' RHomC(RΓ(Pn,ΩPn), RΓ(Pn,ΩPn))

(the third morphism is induced via the trace map constructed before). This
map is induced by the canonical morphism OPn → HomOPn (ΩPn ,ΩPn) which is
non-trivial.

We end this subsection by introducing the following results. The reader can
�nd the the proof of the �rst proposition in [32, Proposition 3.1.6].

Proposition 4.13.5. LetM be a holonomic DX-module. Then there exists an
open dense subset U ⊂ X such thatM|U is coherent over OU . In other words,
M|U is an integrable connection on U .

Proposition 4.13.6. LetM∈Modqc(DX). For an open dense subset U ⊂ X
suppose that we are giving a holonomic submodule N ofM|U . Then there exists
a holonomic submodule Ñ ofM such that Ñ |U = N .

Proof of the proposition 4.13.6. By a standard reasoning in algebraic geometry
we may assume that M is coherent and M|U = N . Set L = H0(X,DX(M)).
By the second item og the proposition 4.12.4 we have codim(Ch(L)) ≥ dX and
hence L is holonomic. Then ‹N = DX(L) is holonomic by the fourth item of
proposition 4.12.4.

By de�nition, L = H0(X,DX(M)) ' τ≥0DX(M) and by (106) we have a
distinguished triangle

τ≤−1DX(M)→ DX(M)→ L +1−−→ .

By applying DX we obtain‹N →M→ DX(τ≤−1DX(M))
+1−−→,

and since the duality functors commutes with restrictions to open sets and by
holonomicity ofM|U we have‹N|U = DU (L|U ) = D2(M|U ) =M|U = N .

With this, one veri�es that the canonical morphism ‹N → M is injective and
we get the result.

4.14 Preservation of holonomicity

Let f : X → Y be a morphism of smooth algebraic varieties. In this section we
will show that the functors

∫
f
and f† preserve the holonomicity. More exactly,

if Dhol(DX) denotes the full subcategory of D(DX) consisting of complexes of
objectsM• ∈ D(DX) such that Hi(M•) is a holonomic DX -module. We have
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Theorem 4.14.1. Let f : X → Y be a morphism of smooth algebraic varieties.

(i)
∫
f
sends Db

h(DX) to Db
h(DY ).

(ii) f† sends Db
h(DY ) to Db

h(DX).

To prove the above theorem we recall for the reader the following notations.

Let's suppose X = AnC. In this case, we know that TAnC =

n⊕
i=1

OAnC ∂xi and

therefore
An := Γ(AnC,DAnC ) =

⊕
α,β

Cxα∂β

where xα = xα1
1 · · ·xαnn and ∂β = ∂β1

x1
· · · ∂βnxn . We recall that the algebra An

is called the Weyl algebra. Since AnC is a�ne, the global sections functor
induces the following equivalences of categories

Modqc(DAnC )→Mod(An), Modc(DAnC )→Modf (An).

By a�neness (remark 4.2.7) and given that the Fourier transform (example
4.10.11 (iii)) induces an auto-equivalence of the category Mod(An), we have
the following auto-equivalence of the category Modqc(DAnC )

Mod(DAnC ) → Mod(An)
F−→ Mod(An) → Mod(DAnC )

M 7→ M := Γ(AnC,DAnC ) 7→ MF 7→ MF := DAnC ⊗An MF .

We have the following technical lemmas.

Lemma 4.14.2. Let us consider

p : A1
C ×Spec(C) An−1

C → An−1
C and i : An−1

C → AnC

the projection and the closed embedding. ForM∈Modqc(DAnC ) we have¤�
Hk

Ç∫
p

M
å
' Hk(Li∗M̂)

for any k.

Proof. Let us denote M := Γ(AnC,M). By proposition 4.8.1 (i) we have∫
p

M' Rp∗(DRAnC /A
n−1
C

(M)).

To compute the complex Rp∗(DRAnC /A
n−1
C

(M)) we consider the commutative
diagram

A1
C ×Spec(C) An−1

C An−1
C

A1
C Spec(C).

p

q
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By [29, Chapter II, proposition 8.10] we have

Ω1
AnC /A

n−1
C

= q∗
Ä
Ω1

A1
C/Spec(C)

ä
= OAnC dx1.

We can use this information to identify

Ω1
AnC /A

n−1
C
⊗OAnC

M '−→ M
fdx1 ⊗m 7→ fm

(as OAnC -modules) and the de Rham complex has the shape [M
∂x1−−→M] by

(68). We have proved∫
p

M' Rp∗(DRAnC /A
n−1
C

(M)) = [p∗M
∂x1−−→ p∗M].

From this we get

Γ

Ç
An−1

C , Hk

Ç∫
p

M
åå

=


ker(M

∂x1−−→M) (k = −1)

coker(M
∂x1−−→M) (k = 0)

0 (k 6= 0,−1),

and therefore

Γ

Ñ
An−1

C ,
¤�
Hk

Ç∫
p

M
åé

=

 ker(M̂ x1−→ M̂) (k = −1)

coker(M̂ x1−→ M̂) (k = 0)
0 (k 6= 0,−1),

= Γ(An−1
C , Hk(Li∗M̂)).

For the second equality the reader can use the Koszul's complex and to apply the
same reasoning that we have given in the theorem of Kashiwara's equivalence
(complex (70)).

The following lemma is an immediate consequence of remark 4.10.15 and the
example 4.10.11 (iii).

Lemma 4.14.3. A coherent DAnC -moduleM is holonomic if and only ifMF is
holonomic.

We have the following technical lemma. We follow word by word the proof given
in [22, Chapter 10, lemma 3.1].

Lemma 4.14.4. Let (M,F = {Fk}) be a good �ltered �nitely generated left
An-module. Let us suppose that there exist constants c1 and c2 such that for
l >> 0

dimk(Fl) ≤ c1jn/n! + c2(j + 1)n−1.

Then M is a holonomic An-module.

Before starting the proof, we remark for the reader that this lemma has a more
general version without the hypothesis of �nitude. This property makes part of
the proof of this general statement, and it is proved by remarking that every
�nitely generated submodule of M has multiplicity at most c1.

115



Proof. Let us consider the Hilbert polynomial χFM (t) ∈ Q[t] of M associated to
the �ltration F . Using the polynomial bound of the hypothesis, we see that for
l >> 0 we have

χFM (l) ≤ c1jn/n! + c2(j + 1)n−1.

In particular, the degree of χFM (t) cannot exceed n. Hence d(M) ≤ n and from
the Bernstein inequality we can conclude that d(N) = n.

Lemma 4.14.5. Let us consider the open embedding j : (AnC \{0})×AnC → AnC.
IfM∈Modhol(DAnC ), then so is H0(

∫
j
j†M).

Proof. Let us denote by U := (AnC\{0})×AnC. Given that j is an open embedding
it is a�ne and the functors j∗ and j∗ are exact. We have the following relations.
First of all

j†M = Lj∗M = DU×→AnC ⊗j−1DAnC
j−1M = OU ⊗j−1OAnC

j−1M

=M|U .

On the other hand,∫
j

j†M = j∗
(
DAnC←U ⊗DU M|U

)
= j∗(M|U ).

Let M := Γ(AnC,M) ∈Modf (An). From the previous relations we have that

Γ

Ç
AnC,

∫
j

j†M
å

= C[x, x−1
1 ]⊗C[x] M = Mx1

considered as a C[x]-module via the canonical morphism C[x]→ C[x, x−1
1 ]. By

using the remark (4.10.15) it is enough to prove that Mx1
is holonomic. Let F

be a good �ltration of M and for every k ∈ N we de�ne

Gk := {f/xk1 | deg(f) ≤ 2k}.

Let us �rst verify that G = {Gk} is a �ltration of Mx1 .

Let f/xk1 ∈ Mx1 such that deg(f) = s. Given that f/xk1 = fxs1/x
s+k
1 and

deg(fxs1) = 2s ≤ 2(s+ k) we see that f/xk1 ∈ Gs+k. From this we can conclude
that Mx1

is the union of all the Gk.

Now, let us take f/xk1 ∈ Gk. Since deg(xifx1) = 2+deg(f) ≤ 2+2k = 2(k+1),
we have that xi(f/xk1) = xifx1/x

k+1
1 ∈ Gk+1. Di�erentiating f/xk1 with respect

to xi, we get
(x1∂xi(f)− kfδi1)/xk+1

1

with deg(x1∂xi(f)−kfδi1) ≤ 2(k+1), so ∂xi(f/x
k
1) ∈ Gk+1. From this reasoning

we see that B1 ·Gk ⊆ Gk+1. By induction and given that Bi1 = Bi, we also have
Bi · Gk ⊆ Gk+i. To end the proof that G is a �ltration of Mx1

we need to see
that Gk has �nite dimension, but this follows from the fact that

dimC(Gk) ≤ dimC(B2k) =

Ç
2k + n

n

å
.
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Moreover, given that the two terms of highest degree in k of this binomial
number are

2nkn/n! and 2n−1(n+ 1)nkn−1/2(n!)

it follows that

dimC(Gk) ≤ 2nkn/n! + 2n−1(n+ 1)n(k + 1)n−1/n!.

From lemma 4.14.4 we can conclude that Mx1
is holonomic.

Lemma 4.14.6. LetM and N be coherent DX-modules. Then

Ch(M�N ) =Ch(M)×Ch(N ).

Proof. If (M, F1) and (N , F2) are good �ltrations ofM and N . Then

Fk(M�N ) :=
∑
i+j=k

Fi(M)� Fj(N ) ⊂M�N

is good �ltration forM�N . With this is clear that

grF (M�N )=grF1(M)�grF2(N ),

which implies the result.

Lemma 4.14.7. Let i : X → Y be a closed embedding. Then forM• ∈ Db
c(DX)

we have

M• ∈ Db
h(DX)⇔

∫
i

M• ∈ Db
h(DY ).

Proof. The proof is essentially to reduce to lemma 4.11.2 and note that the
morphism ρ (appearing in the cited lemma) can be taken smooth with �bers of
dimension 1 (why?).

Proof of theorem 4.14.1. First of all we reduce the proof of (i) to the case f = p :
Cn → Cn−1 is the projection. We can assume in (i) thatM• ∈Modh(DX) and
considering f as the composition of a closed embedding and a projection (see for
example (89)), we can use the above lemma to reduce to the case when f is the
projection f : X × Y → Y . Moreover, given that the problem is local on Y , we
may assume that Y is a�ne. Let us take X =

⋃r
i=0Xi an a�ne open covering

of X and let us denote by ji0···ik :
⋂k
p=0Xip → X (0 ≤ i0 < · · · < ik ≤ r)

the open embedding. We know by [29, Chapter III, theorem 4.5] that M is
quasi-isomorphic to the Čech complex C•(M) with

Ck(M) =
⊕

i0<···<ik

ji0···ik∗M|⋂kp=0Xip
'

⊕
i0<···<ik

∫
ji0···ik

j∗i0···ikM

(to achieve the previous isomorphism the reader can follow the same lines of
reasoning given at the beginning of the proof of the lemma 4.14.5) and therefore
it will be su�cient to show

∫
f◦ji0...ik

j∗i0...ikM∈ D
b
h(DY ) which also implies that

we can assume from the beginning that X is a�ne. Let us �x closed embeddings
α : X → AnC, β : Y → AmC , and consider the commutative diagram

X X × Y An+m
C

Y AmC

g

f

α×β

p

β
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where g is the graph embedding. By proposition 4.6.1 we have the relation∫
β

∫
f

M =

∫
p

∫
(α×β)◦g

M,

and since
∫

(α×β)◦gM ∈ Modh(DCm+n) by the previous lemma, and the fact

that An+m
C → AnC is a composite of morphisms AkC → Ak−1

C , we only need to
consider the case when f is the projection AnC → An−1

C . Refreshing the notation
we have f = p : AnC → An−1

C is the projection, M ∈Modh(DAnC ) and we want
to show

∫
p
M∈ Db

h(AnC). The lemmas 4.14.2 and 4.14.3 tell us that it is enough

to show that i†M∈ Db
h(An−1).

Under the hypothesis and notations in the lemma 4.14.5, and according to (85)
and (87) we have a distinguished triangle∫

i

i†M→M→
∫
j

j†M +1−−→ (91)

which induces the exact sequence

0→ H0

Å∫
i

i†M
ã
→M→ H0

Ç∫
j

j†M
å
→ H1

Å∫
i

i†M
ã
→ 0 (92)

Since H0(
∫
j
j†M) ∈Modhol(DAnC ) by the lemma 4.14.5, we can conclude that∫

i
i†M∈ Db

h(DAnC ) and therefore i†M∈ Db
h(DAn−1

C
) by the previous lemma.

Finally, let us prove that (i) implies (ii). Decomposing f as a closed embedding
and a projection we can assume �rst that f is the projection X × Y → Y . In
this case f∗M' OX �M and this is holonomic by lemma 4.14.6

Ch(OX �M) = Ch(OX)×Ch(M) = T ∗XX ×Ch(M).

For a closed embedding we can use the distinguished triangle (91)∫
i

i†M→M→
∫
j

j†M +1−−→ .

Given that j†M = M|U ∈ Modh(DU ), then (i) tells us that
∫
j
j†M• ∈

Db
h(DY ). The same argument given in (92) implies that

∫
i
i†M• ∈ Db

h(DY ).
The previous lemma �nally gives us i†(M•) ∈ Db

h(DX).

Example 4.14.8. Given that the proof of the theorem 4.14 is quite complicated,
in this example we will try to explain this result in the special case when

f = (f1, · · · , fm) : AnC → AmC

is a polynomial map, i.e, f1, · · · , fm ∈ C[x1, · · · , xn] are polynomials. In other
words, we want to prove that ifM∈Modhol(DAnC ) (resp. N ∈Modhol(DAmC )),

then
∫ 0

f
M∈Modhol(DAmC ) (resp. f∗N ∈Modhol(DAnC )).

Remark 4.10.15 tells us that we can work in the global situationM := Γ(AnC,M)
a holonomic An-module and N := Γ(AmC ,N ) a holonomic Am-module. Let us
summing up what we already know.
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(i) f can be decomposed as the composition of a (standard) closed embedding,
an isomorphism and a projection

AnC
i(x):=(x,0)−−−−−−−→ AnC×Spec(C)AmC

ϕ(x,y):=(x,y+f(y))−−−−−−−−−−−−→ AnC×Spec(C)AmC
π(x,y):=y−−−−−−→ AmC

(ii) The fourth statement in the example 4.3.8 tells us that

π∗(N) = C[x1, · · · , xn]⊗C N.

Hence π∗(N) is holonomic by (76).

(iii) By (66) we can deduce that

i∗(M) = Γ(AmC ,
∫ 0

i

M) = C[∂y1 , · · · , ∂ym ]⊗C M.

Since C[y1, · · · , ym]F = C[∂y1 , · · · , ∂ym ] we can conclude as before that
i∗(M) is holonomic.

We will concentrate the e�ort in proving that inverse images of (standard)
embedding and inverse images of (standard) projections preserves holonomic-
ity. In light of the proposition 4.6.1 we can work out the case of a (standard)
embedding assuming that m = n+ 1.

Claim 1: if K ∈Modhol(An+1) which does not contains any non-zero element
with support on AnC, then i∗(K) ∈Modhol(An).

Proof. We start by recalling for the reader that

i∗(K) = K/yK

by the third statement in the example 49. Let F be a good �ltration for K, and
for every k ∈ N let us consider

Gk := (Fk + yK)/yK (' Fk/Fk ∩ yK) .

The key point to understand here is that we are building a good �ltration
for K/yK as an An-module, from a good �ltration of an An+1-module. It is
straightforward to see that G is actually a �ltration of K/yK and we will use
the lemma 4.14.4 to see that this is actually a good �ltration. We start with
the following relations

dimC(Gk) = dimC(Fk)− dimk(Fk ∩ yK)

≤ dimC(Fk)− dimC(yFk−1)

= dimC(Fk)− dimC(Fk−1).

The �rst equality is clear, the inequality follows from the fact that yFk−1 ⊆
Fk ∩ yK and the second equality uses the fact that Fk−1

y−→ yFk−1 is injective
by hypothesis. So, translating the previous relations in terms of the Hilbert
polynomial χFK(t) ∈ Q[t], we �nd that

dimC(Gk) ≤ χFK(k)− χFK(k − 1).

Given that leading coe�cient of χFK(t) − χFK(t − 1) is m(K)tn−1/n!, we can
conclude that there exists c ∈ Q such that

dimC(Gk) ≤m(K)kn−1/(n− 1)! + c(k − 1)n−1.

This ends the proof of the �rst claim.
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(iv) If K ∈Modhol(An+1), then i∗K ∈Modhol(An).

Proof. Let

ΓAnC (K) := {m ∈ K | ∃N ∈ N such that yNm = 0}.

and put K ′ := K/ΓAnC (K). We remark for the reader that, via the Weyl rela-
tions, it is easy to see that K is an An+1-module and using the preceding claim
we also see that i∗(K ′) ∈Modhol(An). So, all what we have to do is to prove
that the canonical morphism

K/yK → K ′/yK ′

is an isomorphism. This is an easy computation (cf. [22, Chapter 18, lemma
1.1]).

Let us suppose again that n,∈ N are arbitrary.

(v) If L ∈Modhol(Am+n), then π∗L ∈Modhol(Am).

Proof. The second statement of the example 4.6.2 tells us that

π∗L = L
/ n∑
i=1

∂xiL =

(
L
/ n∑
i=1

xiL

)
F

In particular

d(π∗L) = d

((
L
/ n∑
i=1

xiL

)
F

)
= d

(
L
/ n∑
i=1

xiL

)
.

However,

L
/ n∑
i=1

xiL ' j∗L

where j : AmC → An+m
C is the standard embedding j(y) = (0, y). This ends the

proof of the claim.

All in all, we can easily use the decomposition given in (i) and the statements
from (ii) to (v) to prove that the inverse image functor and the direct image
functor preserve holonomicity.

We end this section with the following adjuntion formula. Let f : X → Y be
a morphism of smooth algebraic varieties, we de�ne new functors∫

f !

:= DY
∫
f

DX : Db
h(DX)→ Db

h(DY ).

fF := DXf†DY : Db
h(DY )→ Db

h(DX).

Theorem 4.14.9. For M• ∈ Db
h(DX) and N • ∈ Db

h(DY ) we have a natural
isomorphism

RHomDY

Ç∫
f !

M•,N •
å
' Rf∗RHomDX (M•, f†N •),

Rf∗RHomDX (fFN •,M•) ' R〈omDY

Ç
N •,

∫
f

M•
å
.
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Proof. We have

Rf∗RHomDX (M•, f†N •)
' Rf∗

((
ΩX ⊗L

OX DXM
•)⊗L

DX f
†N •

)
[−dX ]

' Rf∗
Ä(

ΩX ⊗L
OX DXM

•)⊗L
DX DX→Y ⊗

L
f−1DY f

−1N •
ä

[−dY ]

' Rf∗
((

ΩX ⊗L
OX DXM

•)⊗L
DX DX→Y

)
⊗L
DY N

•[−dY ]

'
Ç

ΩY ⊗L
OY

∫
f

DXM•
å
⊗L
DY N

•[−dY ]

'
Ç

ΩY ⊗L
OY DY

∫
f !

M•
å
⊗L
DY N

•[−dY ]

' RHomDY

Ç∫
f !

M•,N •
å
.

The �rst isomorphism comes from the lemma 4.12.6 and the de�nition of DX ,
the second isomorphism is the de�nition of f†, the third one is a general property
(called the derived projection formula for D-modules) of the inverse and direct
image (cf. [32] proof of 1.5.21), the fourth one is the de�nition of

∫
f
, the �fth

one comes from the theorem 4.14.1 and the last isomorphism is given by the
isomorphism (84a). This establish the �rst isomorphism, the second follows
from duality why?.

By applying H0(RΓ(Y, •)) to the above isomorphism we obtain the following

Corollary 4.14.10. We have a natural isomorphisms

HomDbh(DY )

Ç∫
f !

M•,N •
å
' HomDbh(DX)(M•, f†N •),

HomDbh(DX)(f
FN •,M•) ' HomDbh(DY )

Ç
N •,

∫
f

M•
å
.

Finally,

Theorem 4.14.11. There exists a morphism of functors∫
f !

→
∫
f

: Db
h(DX)→ Db

h(DY ).

Moreover, if f is proper, then this morphism is an isomorphism.

Proof. By Hironaka's desingularization theorem ([12, Theorem A] or [31, Main
theorem]), there exists a smooth completion ‹X ofX. SinceX is quasi projective,
a desingularization ‹X of the Zariski closure X of X in the projective space is
such a completion and therefore f can be factored as

X
i−→ X × Y j−→ ‹X × Y p−→ Y ,

where i is the graph embedding and p is the projection. In this case i and p
are proper and j is a open embedding. This reduces the problem to consider
proper morphisms and open embeddings. For the case of a proper morphism f
by theorem 4.13.1 we have an isomorphism
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∫
f !

= DY
∫
f

DX →
∫
f

.

On the other hand, if f : X → Y is an open embedding and M• ∈ Db
h(DX)

then by the above corollary we have

HomDbh(DY )

Ç∫
j!

M•,
∫
j

M•
å
' HomDbh(DX)

Ç
M•, j†

∫
j

M•
å

' HomDbh(DX)(M•,M•)

and we obtain the desired morphism as the image of id ∈ HomDbh(DX)(M•,M•).

4.15 Minimal extensions

We say that aDX -moduleM is simple if it contains no coherentDX -submodules
other thatM and 0.

Let us take M ∈ Modh(DX). According to the proposition 4.8.1 the total
multiplicity ofM de�ned by

m(M) =
∑

C∈I(Ch(M))

mC(‚�grF (M))

is additive in the sense that we have m(M) = m(L)+m(N ) for any short exact
sequence

0→ L →M→ N → 0

in Modh(DX). This implies that if we have a descending chain of non-zero
holonomic sub-modules ofM

M =M0 )M1 ) · · · )Mk,

then m(Mi) = m(Mi+1) +m(Mi/Mi+1) and therefore m(M) ≥ k. In partic-
ular, we see thatM can not have an in�nite descending chain. The preceding
reasoning tells us that Modh(DX) is an artinian category. With this prop-
erty we can construct a Jordan-Hölder series ofM as follows. Let's suppose
that we have constructed a chain 0 = M0  M1  · · ·  Mk of submodules
ofM such thatMi/Mi−1 is simple. By the last reasoning we can take a sub-
moduleMk+1 ofM such thatMk+1/Mk is a minimal submodule ofM/Mk

and therefore is simple. This process can not continue inde�nitely because, by
remark 4.2.7 and proposition 4.2.8 we know thatM is also locally a noetherian
module. So, we have a �nite sequence

M =Mk )Mk−1 ) · · · )M0 = 0

of holonomic DX -submodules such thatMi/Mi+1 is simple for each i.

On the other hand, let Y be a locally closed smooth subvariety of X. Let us
assume that the inclusion map i : Y ↪→ X is a�ne. Then, by example 4.3.11
we know that DX←Y is locally free over DY and the higher cohomology groups
of i∗ vanish. Therefore, for a holonomic DY -module M we have H l(

∫
i
M) =
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H l(
∫
i!
M) = 0 for all l 6= 0. Finally, by the theorems 4.14.1 and 4.14.11 we have

a morphism ∫
i!

M→
∫
i

M (93)

in Modh(DX).

De�nition 4.15.1. We call the image L(Y,M) of the morphism (93) the min-
imal extension ofM.

Theorem 4.15.2. (i) Let Y be a locally closed smooth connected subvariety
of X such that i : X → Y is a�ne, and let M be a simple holonomic
DY -module. Then the minimal extension L(Y,M) is also simple, and
it is characterized as the unique simple submodule (resp. unique simple
quotient module) of

∫
i
M (resp. of

∫
i!
M).

(ii) Any simple holonomic DX-module is isomoprhic to the minimal extension
L(Y,M) for some pair (Y,M), where Y is as in (i) and M is a simple
integrable connection on Y .

(iii) Let L(Y,M) and L(Y ′,M′) be as in (ii). We have L(Y,M) ' L(Y ′,M′)
if and only if Y = Y ′ and M|U ' M′|U for an open dense subset U of
Y ∩ Y ′.

Proof. (i) Let us choose an open subset U ⊂ X containing Y . We denote by
κ : Y ↪→ U the closed embedding and by j : U → X the open embedding.
We �rst show the following results.

(a) For any E ∈ ModYqc(DX) we have H li†(E) = for l 6= 0. In other

words H0i† : ModYqc(DX)→Modqc(DY ) is an exact functor.

(b) For any non-zero holonomic submodule N of
∫
i
M, we have i†N '

M.

(c)
∫
i
M (resp.

∫
i!
M) has a unique simple holonomic submodule (resp.

simple holonomic quotient module).

(d) For a sequence 0 6= N1 ⊂ N2 ⊂
∫
i
M of holonomic submodules of∫

i
M, we have i†(N2/N1) = 0.

We start by remarking that jF = j† = j−1 because j is an open embed-
ding. Now, given that κ is a closed embedding and for E ∈ModYqc(DX) we
have the relations i†E = k†j†E = k†j−1E and Supp(j−1E) ⊂ Y ∩ U = Y ,
then by Kashiwara's equivalence H li†(E) = H lk†(j−1E) = 0 for all l 6= 0.
This proves (a).

Now, by corollary 4.14.10

HomDX

Å
N ,
∫
i

M
ã

= HomDX

Ç
N ,
∫
j

∫
k

M
å

' HomDU
Å
jFN ,

∫
k

M
ã
.
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Since j is an open embedding, we have that j? = j† = j−1 is exact which
implies that if we apply the functor j† to the inclusion N ↪→

∫
i
M we

get a non-zero morphism φ : j†N →
∫
k
M. Moreover, by theorem 4.14.1

we know that
∫
k
M is a simple holonomic DU -module, so by Kashiwara's

equivalence, we can conclude that φ is surjective. Applying k† to φ we
obtain a surjective morphism i†N → k†

∫
k
M = M. On the other hand,

we have an injective morphism i†N → i†
∫
i
M ' M because i† is exact

by (a). Hence we must have i†N 'M. This proves (b).

To see (c) let's suppose that there exists two simple holonomic submodules
L 6= L′ of

∫
i
M. Set N = L ⊕ L′ (the sum is in fact a direct sum by

simplicity). By (b) we have

M' i†N ' i†L ⊕ i†L′ 'M⊕M′

which is a contradiction. Finally, by exactness of i† we have i†N2/i
†N1 '

i†(N2/N1), and therefore from (b) we can conclude that i†(N2/N1) = 0,
since i†N1 ⊂ i†N2 ⊂ i†

∫
i
M =M.

Let's see the theorem. By (c) there exists a unique simple holonomic submodule
L of

∫
i
M and by corollary 4.14.10 there exist two isomorphisms

HomDX

Å∫
i!

M,L
ã
' HomDY (M, i†L) ' HomDY (M,M),

HomDX

Å∫
i!

M,

∫
i

M
ã
' HomDY

Å
M, i†

∫
i

M
ã
' HomDY (M,M),

from which we have a decomposition
∫
i!
M → L ↪→

∫
i
M of the morphism∫

i!
M→

∫
i
M (which is non-zero since it corresponds to the identity). Since L

is simple, the image of the latter morphism is L and the proof of (i) is complete.

To see (ii), let's take L a simple holonomic DX -module. By propositions 4.13.5
and 4.13.6 we can take an a�ne open dense subset Y of an irreducible component
of Supp(L) such that if i : Y → X is the embedding, then M := i†L is an
integrable connection on Y and it is simple. By corollary 4.14.10 we have an
isomoprhism

HomDX

Å∫
i!

M,L
ã

= HomDY (M, i†L) ' HomDY (M,M) 6= 0

which implies, by simplicity, that there exists a surjective morphism
∫
i!
M→ L.

Therefore, L is a simple holonomic quotient module of
∫
i!
M and we obtain

L = L(Y,M) by (i).

Let us �nally prove (iii). To do that, we start by remarking that, under the
hypothesis of (ii), we have that Supp(M) = Y (we recall that M is an in-
tegrable connexion on Y ). This implies that Supp(

∫
i
M) = Y and therefore

Y ⊆ Supp(L(Y,M)) ⊆ Y . But given that Supp(L(Y,M)) is a closed set we
necessarily have Supp(L(Y,M)) = Y .

Now, if L(Y,M) ' L(Y ′,M′), then by the reasoning given in the previous
paragraph we have Y = Y ′ Moreover, given that Y, Y ′ are locally closed in X,
we have that Y is open in Y and Y ′ is open in Y ′. Let us take U := Y \(Y0∪Y ′0),
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where Y0 := Y \ Y is a closed subset of Y (resp. Y ′0 is a closed subset of Y ′).
It is clear that U is an open subset contained in Y which is in fact dense in
Y ∩ Y ′. By (b), we know that i†L(Y,M) = M and L(Y,M)U ' L(Y ′,M′)U
which gives usM|U 'M′|U .

On the other hand, let us denote by L := L(Y,M) and L′ := L(Y ′,M′). Let
C be an irreducible component of Supp(L) and let us take Y ′′ := U ∩ C. If
i1 : Y ′′ → Y and i2 : Y ′′ → Y ′ are the closed embeddings (of course i1 = i2),
then as in the proof of (ii) we have L = L(Y ′′, i†1L). Similarly L′ = L(Y ′′, i†2L′).
To end the proof of (iii), we only need to prove that i†1L = i†2L′. This follows
from the fact that i†1L is the inverse image ofM|U on Y ′′ and i†2L′ is the inverse
image ofM′|U on Y ′′. This ends the proof f the theorem.

4.15.1 Irreducible representations of the �rst Weyl algebra

In this subsection we will use the theory developed so far to classify the irre-
ducible representations of the �rst Weyl algebraA1. This classi�cation has been
achieved in [13] by algebraic methods.

Example 4.15.3. Let X = A1
C be the a�ne line. As in subsection 4.14, let us

denote by A1(C) := DA1
C
(A1
C) the �rst Weyl algebra. If x is a �xed coordinate

an explicit expression for A1(C) is

A1(C) =
C[x, ∂x]

([x, ∂x]− 1)
.

Let Y ⊂ X be a connected locally closed sub-variety of X, and U ⊆ X be an
open subset such that Y is closed in U . Let us consider the following cases.

(i) Y ( U . Therefore dim(Y ) < dim(X) = 1 and Y = {p} is a singe point.
In this case, by D-a�nity, we have

L({p},O{p}) = DX ⊗OX,p O{p}

which is simple.

(ii) If Y = U , then Y contains the generic point η and Y = X. By (iii) in
theorem 4.15.2, ifM is a simple holonomic DU module and U ′ is another
open subset such that M′ is a simple holonomic DU ′ , then L(U,M) '
L(U ′,M′) if and only ifM|η =M′|η.

By (ii) in 4.15.2 we get that the simple holonomic DX -modules are, up to
isomorphism, L({p},O{p}) and L(η,M), where M is a simple holonomic Dη-
module.

Now, Γ(η,Dη) = A1(C)(0) = C(x)[∂x] and by D-a�nity, the global sections
of simple Dη-modules are simple Γ(η,Dη)-modules. Moreover, by [13, First
part of theorem 4.4], the A1(C)-socle (sum of all simple A1(C)-sub-modules)
of every simple Γ(η,Dη)-module is a simple A1(C)-sub-module. Therefore, by
[13, Second part of theorem 4.4], the global sections of the minimal extension
L(η,Dη) equals the A1(C)-socle of Γ(η,Dη).
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Finally, every element P of Γ(η,Dη) = C(x)[∂x] can be written as P =
∑
α∈NQα∂

α
x ,

where Qα ∈ C(x). Then if we de�ne

ord(P ) := {α ∈ N | Qα 6= 0},

we can easily verify that Γ(η,Dη) is a non-commutative principal ideal domain
([22, Exercise 4.5]) and therefore by a classical argument, the representations
of Γ(η,Dη) can be expressed in terms of factorization of elements of Γ(η,Dη).
Moreover, a Γ(η,Dη)-module M is simple if and only if

M ' Γ(η,Dη)
/

(Γ(η,Dη) · P )

for some irreducible element P ∈ Γ(η,Dη) ([40]). All in all, theorem 4.15.2 tells
us that simple A1(C)-modules are parametrized, up to isomorphisms, by the
closed points of X and the irreducible elements of Γ(η,Dη). This gives back the
classi�cation in [13].

5 Beilinson-Bernstein-Brylinski-Kashiwara local-

ization theorem

In this section

5.1 Classi�cation

In this subsection we will de�ne a generalization of the sheaf of di�erential
operators DX studied in the previous sections over a smooth complex algebraic
variety. We recall for the reader that this sheaf is endowed with a �ltration
{FdDX}d∈N by the order of the di�erential operator (42). Moreover, we have
the following canonical identi�cations

OX = F0D and
F1DX/F0DX = TX

ξ 7→ [ξ, •]

(the second identi�cation follow from the third item in the proposition 4.2.1 and
the example 4.2.3). In particular

gr•(DX) = Sym(TX).

The de�nition of the sheaves of twisted di�erential operators will be based
in the previous identi�cations.

De�nition 5.1.1. Let X be a smooth complex algebraic variety. A sheaf of
twisted di�erential operators on X is a triple (D, {FdD}d∈N, i), such that
D is a �ltered sheaf of associative C-algebras with identity and i : OX → D is
an injective morphism of C-algebras. Moreover, (D, {FdD}d∈N, i) must satisfy
the following properties:

(i) The inclusion i : OX → D gives rise to an isomorphism OX ' F0D,

(ii) the natural map Sym(F1D/F0D) → gr•(D) is an isomorphism of graded
OX-algebras,
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(iii) the map
F1D/F0D → TX

ξ 7→ [ξ, •],
is an isomorphism

(iv) the exists a covering of X by a�ne opens subsets U such that D|U ' DX |U .

Remark 5.1.2. (i) Commutativity of gr•(D) ensures that if f ∈ F0D ' OX
and ξ ∈ F1D/F0D then [ξ, f ] ∈ OX , so condition (iii) makes sense.

(ii) Even if the fourth condition is a consequence of (i), (ii) and (iii) (cf.
[42, Proposition 2.5.1]), in this notes we will accept this fact as part of
the de�nition in order to simplify the parametrization of those sheaves
(proposition 5.1.5 below).

The preceding sheaves have a natural parametrization. We will follow [50] to
study this classi�cation. We start with the following easy remark (cf. [32,
Exercise 1.1.1]).

Remark 5.1.3. Let U be an a�ne open subset of X. The algebra DX(U) is
canonically isomorphic to the C-algebra generated by the elements

{f, θ | f ∈ OX(U) and θ ∈ TX(U)}

which satis�es the following fundamental relation:

[θ, f ] = θ(f).

Lemma 5.1.4. Let ϕ ∈ Aut(DX , {FdDX}d∈N, i) such that ϕ|OX = id. Then
there exists a closed 1-form ω ∈ Ω1

X = HomOX (TX ,OX) such that

ϕ(ξ) = ξ − ω(ξ)

for any vector �eld ξ ∈ TX . Moreover φ is completely determined by ω.

Proof. Let f ∈ OX and ξ ∈ TX . Then

[ϕ(ξ), f ] = [ϕ(ξ), ϕ(f)] = ϕ([ξ, f ]) = ϕ(ξ(f)) = ξ(f),

where we have used the relation in the previous remark to stablish the �rst and
�nal equality. Evaluating this relation on 1 ∈ OX , we have

ϕ(ξ)(f) = ξ(f) + fϕ(ξ)(1).

Let us de�ne ω ∈ Ω1
X by ω(ξ) := −ϕ(ξ)(1). We immediately have

ω([ξ, η]) = −$([ξ, η])(1) = −(ϕ(ξ)ϕ(η)− ϕ(η)ϕ(ξ)(1) = ξ(ω(η))− η(ω(ξ)),

for η, ξ ∈ T local sections, which implies

dω(ξ ∧ η) = ξ(ω(η))− η(ω(ξ))− ω([ξ, η]) = 0

and ω is a closed 1-form. We �nally remark that ϕ is completely determined by
ω. The �nal statement follows from the fact that, by hypothesis, ϕ preserves
the �ltration and the induced endomorphism gr•(ϕ) of gr•(DX) is the identity
morphism. Hence ϕ is an automorphism.
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The previous lemma implies that we have an injective map from the group
of automorphisms Aut(DX , {FdDX}d∈N, i) into the additive group of closed 1-
forms Z1(X). This map clearly respects the groups structures. We have the
following lemma [50, Lemma 1.2].

Proposition 5.1.5. The natural morphism of Aut(DX , {FdDX}d∈N, i) into Z1(X)
is an isomorphism of groups.

Proof. We need to prove surjectivity. Lt us take ω a closed 1-form, and let us
consider the endomorphism ϕ of TX de�ned by ϕ(ξ) = ξ − ω(ξ). If we prove
that ϕ preserves the natural bracket in TX , then it extends in a unique way to
the whole DX . This follows from the next relations:

ϕ([ξ, η]) = [η, ξ]− ω([ξ, η])

= [ξ, η]− ξ(ω(η)) + η(ω(ξ))

= [ξ − ω(ξ), η − ω(η)]

= [ϕ(ξ), ϕ(η)].

To prove that ϕ is actually an automorphism we can pass through gr•(ϕ) = id
as before.

We can �nally give the parametrisation of the sheaves of twisted di�erential
operators. We follow word by word the reasoning given in [50, Page 2 and
theorem 1.3].

Theorem 5.1.6. The isomorphism classes of twisted di�erential operators on
X are in bijection with the elements of H1(X,Z1

X).

Proof. Let us star the proof by constructing a map

ι : Isoclass→ H1(X,Z1
X).

where Isoclass denotes the set of isomorphic classes of twisted di�erential op-
erators. Let (D, {FdD}d∈N, i) ∈ Isoclass. By de�nition, there exists an a�ne
covering U = {Uj}1≤j≤n such that for all 1 ≤ j ≤ n there exists an isomorphism
ψj : D|Uj → DX |Uj = DUj . Moreover, for every 1 ≤ i, k ≤ n there exists an
automorphism φjk of (DUi∩Uk , FdDUi∩Uk , iUi∩Uk) such that the diagram

D|Uj∩Uk

DUj∩Uk DUj∩Uk .
ψk

ψj

φjk

By the preceding lemma, there exists a closed 1-form ωjk on Uj ∩ Uk which
determines φjk. Moreover, if Uj ∩ Uk ∩ Ul 6= ∅, then we have the commutative
diagram

D|Uj∩Uk∩Ul

DUj∩Uk∩Ul DUj∩Uk∩Ul DUj∩Uk∩Ul
ψl

ψj
ψk

φkl φjk
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which implies that φjl = φjk ◦ φkl on Uj ∩Uk ∩Ul. From this, we can conclude
that

φjl(ξ) = ξ − ωjl(ξ) = (φjk ◦ φkl)(ξ) = φjk(ξ − ωkl(ξ)) = ξ − ωkl(ξ)− ωjk(ξ)

for ξ ∈ TUj∩Uk∩Ul . In other words

ωjl = ωjk + ωkl.

The preceding proves that if C•(U ,Z1
X) denotes the �ech complex of Z1

X corre-
sponding to the cover U , then ω = (ωjk)1≤j<k≤n is an element of Z1(U ,Z1

X),
because dω = 0.

On the other hand, let us suppose that we take another set of local isomorphisms
ψ′j : D|Uj → DUj . This gives another set of automorphisms (φ′jk)1≤j<k≤n and
another ω′ ∈ Z1(U ,Z1

X). By applying the preceding lemma, we get automor-
phisms σj of (DUj ) such that ψ′j = σj ◦ ψj

DUj D|Uj

DUj ,

ψ−1
j

σj
ψ′j

and closed 1-forms ρj associated to them, which are evidently elements of
C0(U ,Z1

X). Now, using commutativity in the �rst diagram, we see that

σj ◦ φjk ◦ ψk = σj ◦ ψj = ψ′j = φ′jk ◦ ψ′k = φ′jk ◦ σk ◦ ψk

on Uj ∩ Uk. This implies that σj ◦ φjk = φ′jk ◦ σk, and therefore

ρj + ωjk = ω′jk + ρk.

It follows that ω′ − ω = dρ, and we can de�ne ι((D, {FdD}d∈N, i)) by the classe
of ω in H1(U ,Z1

X). Let us prove that this is a bijection.

Injectivity: Let us take (D, {FdD}d∈N, i) and (D′, {FdD′}d∈N, i′) two sheaves of
twisted di�erential operators, such that ι((D, {FdD}d∈N, i)) = ι((D′, {FdD′}d∈N, i′)).
Both sheaves determine an a�ne open covering U and ω, ω′ ∈ Z1(U ,Z1

X), such
that they de�ne the same element in H1(X,Z1

X). Moreover, following the same
reasoning given in the �rst part of the proof, and taking possibly a re�nement
of U , we may assume that we have locally isomorphisms ψj : D|Ui → DUj
and ψ′j : D′|Uj → DUj , and also that there exists ρ = (ρj) ∈ C0(U ,Z1

X), such
that ω − ω′ = dρ. As we already know, the map ρ determines automorphisms
σj : DUj → DUj , and therefore ψ′′j := σj ◦ ψ′j : D′|Uj → DUj is a family of
local isomorphism, which determines a family of local isomorphisms {φ′′jk} and
a 1-form ω′′ as we have explained before. We have the following relations

σj ◦ φ′jk ◦ ψ′k = σj ◦ ψ′j = ψ′′j = φ′′jk ◦ ψ′′k = ψ′′jk ◦ σk ◦ ψ′k

which imply that σj ◦ φ′jk = ψ′′jk ◦ σk, in other words φ′′jk = σj ◦ φ′jk ◦ σ
−1
k

on Uj ∩ Uk. This tells us that ω′′jk = ω′jk + ρj − ρk on Uj ∩ Uk. This is
ω′′ = ω′ + dρ = ω, and therefore φjk = φ′′jk on Uj ∩ Uk. With this information
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we can de�ne local isomorphisms χj := (ψ′′)−1
j ◦ ψj : D|Uj → D′|Uj , such that

on Uj ∩ Uk we have

χj = (ψ′′j )−1 ◦ ψj = (φjk ◦ ψ′′k )−1 ◦ φjk ◦ ψk = (ψ′′k )−1 ◦ ψk = χk,

so they extend to a global isomorphism χ of D onto D′.

Surjectivity: Let ω ∈ H1(X,Z1
X). Then it determines a closed 1-form ω ∈

Z(U ,Z1
X) with dω = 0. By lemma 5.1.4 every ωij corresponds to an isomorphism

φij : DUj∩Uk → DUj∩Uk . Moreover φil = φjk ◦ φkl because ω is closed. With
this information we can conclude that (DUj , φij) is a glueing data for a sheaf
of C-algebras with respect to the covering U . Hence, there exists a sheaf D of
C-algebras with isomorphisms ψj : D|Uj → DUj . It is an easy exercise to prove
that D is a sheaf of twisted di�erential operators in the sense of the de�nition
5.1.1, and by construction ι(D) = ω.

5.2 Twisted di�erential operators on �ag varieties

In this section we will introduce a family of twisted di�erential operators parametrized
by t∨. We will propose two, apriori di�erent, de�nitions and at the end of 5.2.25,
we will prove that they are equivalent. Most of the material of this subsection
follows almost word by word the excellent lecture notes of Yi Sun [77] and J.
Simental [73].

Let G be a simply connected semisimple complex algebraic group with Lie al-
gebra g. We �x one for all a Borel subgroup B ⊆ G which contains a maximal
torus T ⊆ B of G. We will also denote by N the unipotent radical of B and by
N− the unipotent radical of the opposite Borel subgroup B− of B. We recall
for the reader that we have a canonical isomorphism T = B/N. Let us recall
the following facts coming from the �rst sections of this wok. First of all, given
that G is semi-simple, the Lie algebra g is semi-simple. Moreover, because we
assume G simply-connected, we have the Lie group Lie algebra correspondence.
In particular, under this correspondence t := Lie(T) is a maximal torus of g,
b := Lie(B) is a Borel subalgebra such that b = t⊕n, where n := Lie(N) contains
the information about the positive roots.

Throughout this subsection and until the end of this chapter, we will always
denote by X = G/B the complex �ag variety. We recall for the reader that this
variety is independent of the choice of the Borel subgroup, and that �xing such
a group we de�ne a system of positive roots for the Lie algebra g.

Finally, we recall for the reader that the G-equivariant vector bundles on the �ag
variety X are in 1-1 correspondence with representations of the Borel subgroup
B. This is obtained as follows. First of all, given a representation V of B, we
can construct a G-equivariant vector bundle on X by taking the quotient of the
B-action on the trivial bundle G× V de�ned by

b · (g, v) := (gb−1, b · v)

(here b ·v denotes the induced B-action on V ). We denote this space by G×B V .
Now, if π : G→ X denotes the projection then the canonical map G× V → X
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de�ned by (g, v) 7→ π(v) is clearly constant on the B-orbits, and therefore it
induces a morphism

πV : G×B V → X.

We remark for the reader that πV de�nes a vector bundle because π is locally
trivial [39, Part II, 1.10 (2)] (I should probably remark that this follows from the
presentation of Filippo after explaining this somewhere in the second section).
Furthermore, the left G-action on the trivial bundle G× V de�ned by

g′ · (g, v) = (g′g, v)

induces a G-action on G ×B V such that we have the following commutative
diagram

G×Spec(C) G×B V G×B V

G×Spec(C) X X.

G-action

idG×πV πV

G-action

On the other hand, if πE : E → X is a G-equivariant vector bundle, then the
�ber EeB (at the origin of the �ag variety) is clearly a B-representation. Our
correspondence is

{G-equivariant vector bunldes} ↔ {B-representations}
E 7→ EeB

G×B V ←[ V

Let us translate the preceding geometric construction in an algebraic setting.
Let πE : E → X be a (geometric) G-equivariant vector bundle. The presheaf
LE de�ned by

U ⊆ X 7→ LE(U) := {s : U → E | s is a section over U}

is in fact sheaf, and it is called the sheaf of sections of the line bundle E.
This is a locally free sheaf of rank equals to the rank of E. The G-equivariance
of πE translates into the following fact. Let p2 : G×Spec(C)E → E be the second
projection. The G-action on E induces an isomorphism

Ψ : (G-act)∗(LE)→ p∗2(LE)

which endows the sheaf LE of a G-equivariant structure in the sense of [32,
De�nition 9.10.2] (for further explanations the reader can take a look to [61,
Proposition 3.4]).

Finally, we remark for the reader that given a locally free sheaf L of �nite rank,
then there is a canonical way to construct a vector bundle E on X such that
LE = L (cf. [61, Page 15]). From now on, we will say that E is a geometric
vector bundle and that L is an algebraic vector bundle.

Remark 5.2.1. ([32, Page 256]) From the precedence 1-1 correspondence
we can conclude that G-equivariant line bundles on X corresponds to a one-
dimensional B-module. Moreover, the Jordan decomposition is preserved by
homomorphisms of algebraic groups, and therefore the action of the unipo-
tent radical N of B on one-dimensional B-modules is trivial. This proves that
G-equivariant line bundles on X corresponds to (algebraic) characters λ of
T = B/N. From now on, we will denote by L(λ) the (algebraic) line bundle
induced by a character λ ∈ Homgrps(T,Gm).
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5.2.1 Actions of Lie algebras on G-equivariant sheaves

Let L be a G-equivariant (algebraic) vector bundle. The goal of this subsection
is to construct a structure of g-module over EndC(L).

To start with, let us recall that in the subsection 3.4 we have introduced the
functor Lie(•) from the category AlgGps/C of complex algebraic groups to the
category LieC of �nite-dimensional complex Lie algebras (theorem 3.4.2). This
functor can be generalized as follows. Let G be a complex algebraic group
and C[ε] := C[t]/(t2) be the ring of dual numbers. Writing Sε := S ×Spec(C)

Spec(C[ε]), we can de�ne the functor Lie(G) from the category Sch/C to the
category Grp, via the short exact sequence

1→ Lie(G)(S)→ G(Sε)→ G(S)→ 1.

It is clear that g = Lie(G)(k) and by proposition 3.3.2, the previous sequence
allows to identify g = DerC(C[G],C).

On the other hand, the left G-action on X de�nes a map of functors G →
Aut(X), where Aut(X) is the complex algebraic group (reference?) de�ned by

Aut(X)(R) := AutSch/C(X ×Spec(C) Spec(R), X ×Spec(C) Spec(R)).

An important object to understand is the one de�ned by the C-points of Lie(Aut(X)).
This can be done as follows. By de�nition we have an exact sequence

0→ Lie(Aut(X))(C)→ Aut(X)(C[ε])→ Aut(X)(C)→ 0

which helps us to compute Lie(Aut(X))(C) via the relations

Lie(Aut(X))(C) = {φ ∈ Aut(Xε) | φ|X = id}
= {φ ∈ Hom(OX [ε],OX [ε]) | φ|OX = id}
= DerC(OX).

In other words, we have a canonical map

τ : g→ DerC(OX). (94)

Remark 5.2.2. In the literature it is to �nd that the preceding morphism is
the result of di�erentiating the G-action on OX . We also remark fro the reader
that under the identi�cation g = DerC(C[G],C), we can see that τ(η) is de�ned
via the composition

OX
act∗−−−→ C[G]⊗C OX

η−→ OX .

What is hidden behind the previous construction is the fact that the G-action on
X induces a G-equivariant structure on OX . The following proposition shows
that we can de�ne an analogous map to Ψ, for any G-equivariant algebraic
vector bundle on X.37

37In fact, for any G-equivariant quasi-coherent sheaf on X.
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Proposition 5.2.3. Let L be a G-equivariant algebraic vector bundle on X.
There exists a canonical map

ΨL : g→ EndC(L),

such that for every η ∈ g, f ∈ OX and s ∈ L, we have

ΨL(η)(fs) = f ·ΨL(η)(s) + τ(η)(f) · s. (95)

Proof. Let Φ : act∗L → p∗2L be the isomorphism inducing the G-equivariant
structure on L. The morphism ΨL is de�ned as follows. Let U ⊆ X be an
a�ne open subset and η ∈ g = DerC(C[G],C). Then ΨL(η) is given by the
composition

ΨL(η) : Γ(U,L)→ Γ(G×X, act∗L)
Ψ−→ Γ(G×X, p∗2F)

' C[G]⊗C Γ(X,L)

id⊗resU,X−−−−−−→ C[G]⊗C Γ(U,L)
η−→ Γ(U,L)

The �rst morphism is induced by the canonical morphism L → act∗act∗L (let
us note that act : G × U → X because G acts transitively on X), and the
isomorphism is given by the Künneth formula [27, Théorème 6.7.8].

Let us �nally prove the formula (95). To do that, let us denote by ε : {e} → G
the closed embedding of the identity into G. By (19) we have

ΨL(η)(f · s) = η(Φ(act∗(f · s))
= η(act∗(f) · Φ(act∗(s)))

= ε∗(act∗(f)) · η(Φ(act∗(s))) + η(act∗(f)) · ε∗(Φ(act∗(s)))

= f ·ΨL(s) + τ(η)(f) · s

5.2.2 Twisted di�erential operators (algebraic case)

Let λ ∈ Homgps(T,Gm) be an algebraic character and L(λ) the algebraic
line bundle on X induced by λ. We de�ne the sheaf DL(λ)

X ⊂ EndC(L(λ)) of
di�erential operators acting on L(λ) by (f ∈ OX)

• FdDL(λ)
X = 0 if d < 0,

• FdDL(λ)
X = {P ∈ EndC(L(λ)) | Pf − fP ∈ Fd−1DL(λ)

X } if d ≥ 0.

The sheaf DL(λ)
X is a sheaf of rings which contains OX = F0(DL(λ)

X ) as a subring.
Let us explain why this sheaf is in fact a sheaf of twisted di�erential operators.
To start with, we note that we have the following isomorphism of sheaves of
rings

L(λ)⊗OX DX ⊗OX L(λ)∨ ' DL(λ)
X

(s⊗ P ⊗ s∨) 7→ P (〈s∨, •〉)s.
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Here DX is the usual sheaf of di�erential operators on X. Moreover, if we endow
the left-hand side with the �ltration

L(λ)⊗OX FdDX ⊗OX L(λ)∨

then the previous isomorphism is in fact an isomorphism of �ltered C-algebras.
This proves that

gr•(D
L(λ)
X ) ' L(λ)⊗OX gr(DX)⊗OX L(λ)∨ ' gr(DX) ' Sym(TX).

Finally, to prove the fourth condition in the de�nition 5.1.1, me may take an
a�ne open covering U of X which trivialises the geometric line bundle L(λ) =

G×B Cλ, then for every U ∈ U we have L(λ)|U ' OU and therefore DL(λ)
X |U '

DU .38

On the other hand, the G-equivariant structure of the sheaf L and the proposi-
tion 5.2.3 give us a map

Ψλ : g→ EndC(L(λ)) (96)

which extends to a unique morphism of graded C-algebra U(g)→ EndC(L(λ)).

Proposition 5.2.4. The morphism (96) induces a canonical morphism of �l-
tered C-algebras

Φλ : U(g)→ Γ(X,DL(λ)
X )

Proof. It is enough to prove that the image of Ψλ it is contained in Γ(X,DL(λ)
X ).

In other words, we need to prove that if f, g ∈ Γ(X,OX), then

[f, [g,Ψλ(η)]] = 0.

This is an easy application of (95), because for any local section s ∈ L(λ) we
have

[f, [g,Ψλ(η)]](s) = fgΨλ(η)(s)− fΨλ(η)(gs)− gΨλ(η)(fs) + Ψλ(η)(fgs) = 0.

Remark 5.2.5. ([50, Proposition 1.4]) Let O∗X be the subsheaf of invertible
elements of OX . It is known that the �rst group of cohomology H1(X,O∗X)
equals the picard group Pic(X). Furthermore, the logarithm derivative

dlog : O∗X → Z1
X

f 7→ f−1df

is homomorphism of sheaves of abelian groups, which induces a morphism in
cohomology H1(dlog) : H1(X,O∗X)→ H1(X,Z1

X). If λ ∈ Homgps(T,Gm) is an
algebraic character and L(λ) is considered as an element of Pic(X), then

ι(DL(λ)
X ) = H1(dlog)(L(λ)).

where ι is the bijection in theorem 5.1.6. This tells us that the group of alge-
braic characters X∗(T) = Homgps(T,Gm) can be considered as a subgroup of
H1(X,Z1

X). In the next subsections we will explain how to extend this identi-
�cation to the whole t∨.

38We remark for the reader that this isomorphism is non-canonical because it depends of
the local section s ∈ L(λ)|U giving rise to the isomorphism L(λ)|U = s · OU = OU .
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5.2.3 General construction

In this subsection we extend the preceding constructions of Twisted di�erential
operators attached to an algebraic character. The goal of this subsection is then
to consider the case when λ ∈ t∨. Di�culties arrive immediately because we do
not dispose any more of the algebraic line bundle L(λ). We will follow [7], [8],
[15], [16], [11] and [50].

We start by recalling the parametrization of the central characters χ via
characters of t. Let z be the center of the enveloping algebra U(g). By Schur's
lemma, the center z acts on any �nite-dimensional irreducible U(g)-module via
a map of C-algebras χ : z→ C, which are called central characters. For those
characters, it is clear that U(g) · ker(χ) is a two-sided ideal of U(g), and we can
de�ne the central redaction

U(g)χ := U(g)/U(g) · ker(χ).

We remark for the reader that z acts on U(g)χ via χ.

On the other hand, we have proved that the universal enveloping algebra U(g)
splits as a direct sum

U(g) = U(t)⊕ (n− · U(g) + U(g) · n)

and we can consider the projection on the �rst factor

πb : U(g)→ U(t) (97)

which is in fact a morphism of C-algebras (cf. [77, Lemma 3.14]). Given that
any character λ ∈ t∨ gives rise to a morphism of C-algebras λ : U(t) → C, the
map πb can be reinterpret as a map

t∗ → MaxSpec(z)

Now, the previous map has the particularity that it depends of the Borel algebra
b ⊆ g choosing to �x a system of positive roots in the root decomposition of g.
In order to avoid this dependency it is necessary to modify the projection πb to
obtain a map ψ : z→ U(t) independent of the choice of t and b. To do that, let
us considerer the Weyl-character

ρ =
1

2

∑
α∈∆+

α

which is also the longest positive root relative to b. The map ψ is de�ned as
the composite

z
πb−−→ U(t)

η 7→ρ(η)1−−−−−→ U(t).

We recall that this map is called the Harish-Chandra isomorphism. It is
independent of b, or in other words of the Borel subalgebra b, and it restricts
to an isomorphism

z ' U(t)W
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of W -invariants under the action of the Weyl group on U(t). This gives another
map

t∗ → MaxSpec(z)

λ 7→ mλ := ker(χλ : z
ψ−→ U(t)

λ−→ C)
(98)

With the following properties

Lemma 5.2.6. The map (98) satis�es the following properties:

(i) Every central character χ lies in the image of the map (98).

(ii) χλ = χµ if and only if there is some w ∈W such that λ = w(µ).

Proof. The lemma is an immediate consequence of the following geometric fact
about quotients of a�ne varieties by �nite groups [28, Leture 10]: Let Y be a
complex a�ne variety equipped with an action of a �nite group H. Then the
map MaxSpec(O(Y ))→ MaxSpec(O(Y )H) is the quotient map for theH-action
on MaxSpec(O(Y )).

Once that we have introduced the objects in the algebraic side, let us analyse the
geometric side. To start with, let us recall that we have construct a canonical
map in (94)

g→ TX .

This map allows to de�ne the Lie algebroid g◦ of the Lie algebra g as follows.
As an OX -module g◦ = OX ⊗C g and we equip it with a Lie bracket [•, •] :
g◦ × g◦ → g◦ extending the ie bracket of g and

[f ⊗ ξ, g ⊗ η] = fτ(ξ)(g)⊗ η − gτ(η)(f)⊗ ξ + fg ⊗ [ξ, η]

for f, g ∈ OX local sections and η, ξ ∈ g. With this information, we can see that
τ de�nes a homomorphism of sheaves of Lie algebras form g◦ into the tangent
sheaf TX , which we denote by τ◦. Furthermore, we can de�ne the universal
enveloping algebra U◦ of the Lie algebroid g◦ as the sheaf of algebras endowed
with a canonical map ν : OX ⊕ g◦ → U◦ such that Im(ν) generates U◦ subjects
to the following relations

• ν(fg) = ν(f) · ν(g).

• ν([η, ξ]) = ν(η) · ν(ξ)− ν(ξ)ν(η).

• ν(fη) = ν(f) · ν(η).

• ν(τ◦(η)(f)) = ν(η) · ν(f)− ν(f) · ν(η).

Where f, g ∈ OX and η, ξ ∈ g◦. From this relations, we see that U◦ = OX ⊗C
U(g) as sheaves of complex vector spaces and the product is given by

(f ⊗ ξ) · (g ⊗ η) = fτ(ξ)(g)⊗ η + fg ⊗ ξη.

Moreover, U◦ carries a natural �ltration coming from the structure of �ltered
C-algebra on U(g). In other words,

FdU◦ = OX ⊗C FdU(g)
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for any d ∈ Z>0. In particular,

F0U◦ = OX and F1U◦ = OX ⊕ g◦.

This tells us that F1U◦ generates U◦ as a sheaf of algebras if we de�nes the right
multiplicative structure on U◦.

Finally, we remark that U◦ has both a structure of U(g)-modules de�ned by

ξ(f ⊗ η) = τ(ξ)(f)⊗ η + f ⊗ ξη,

where ξ ∈ g, η ∈ U(g) and f ∈ OX , the OX -structure is just multiplication on
the �rst factor. Following the preceding de�nition, the reader can clearly see
that if ξ ∈ g, η ∈ U(g) and f, g ∈ OX , then

[ξ, g](f ⊗ η) = [τ(ξ), g]f ⊗ η,

where the bracket on left occurs in the Lie algebroid g◦, and the bracket on the
right in TX .

Remark 5.2.7. By construction, the morphism τ◦ extends to a unique mor-
phism of sheaves of OX -algebras

Φ◦0 : U◦ → DX ,

such that at the level of global sections Φ0 : U(g)→ H0(X,DX) is the map de-
�ned in the proposition 5.2.439 taking L = OX . Moreover if λ ∈ Homgps(T,Gm)
is an algebraic character, then the preceding reasoning gives a canonical mor-
phism of sheaves of �ltered rings

Φ◦λ : U◦ → DL(λ)
X

such that H0(Φ◦λ) = Φλ in the same proposition.

In the proof of the next lemma we follow word by word the argument given in
[37].

Lemma 5.2.8. The morphism τ◦ : g◦ → TX is an epimorphism.

Proof. to give the proof.

Now, let us de�ne
b◦ := ker(τ◦ : g◦ → TX),

and let us note that given that τ is induced via the left G-action on X and the
left B-action is clearly trivial, then we can describe b◦ as follows

b◦ = {η ∈ g◦ | η(x) ∈ bx for all x ∈ X},

where bx ⊆ g is the Borel subalgebra corresponding to (the Borel subgroup)
x ∈ X. In particular, if n◦ := [b◦, b◦], then b◦ and n◦ are subsheaves of g◦ and

n◦ = {η ∈ g◦ | η(x) ∈ nx for all x ∈ X}.
39Given that X is a projective variety H0(X,OX) = C.
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Here nx is the Lie algebra associated to the unipotent radical of (the Borel
subgroup) x ∈ X. Moreover, b◦/n◦ = OX⊗C t.40 This meaningful identi�cation
allows us to extend any arbitrary weight λ ∈ t∨, to a morphism of OX -modules

λ◦ : b◦ → b◦/n◦ = OX ⊗C t
λ−→ OX , (99)

and we can de�ne a right ideal Iλ(g◦) ⊂ U◦ by41

Iλ(g◦) :=
∑
η∈b◦

(η − (ρ+ λ)◦(η))U◦.

We have the following important property.

Lemma 5.2.9. For any arbitrary weight λ ∈ t∨, the right ideal Iλ(g◦) is a
two-sided ideal.

Proof. It is enough to prove that [b◦, g◦] ⊆ b◦, ant this follows from the fact
that the morphism τ◦ is a morphism of OX -algebras. Hence for any ξ ∈ b◦ and
η ∈ g◦ we have

τ◦([ξ, η]) = τ◦(ξ)τ◦(η)− τ◦(η)τ◦(ξ) = 0, (100)

which implies that [b◦, g◦] ⊆ b◦.

Remark 5.2.10. ([77, Remark below lemma 4.4]) We remark for the reader
that Iλ(g) :=

∑
η∈b(η − (ρ + λ)(η))U(g) is not a two-sided ideal of U(g). This

because b is not the kernel of the map τ : g → Γ(X, TX). This clari�es one of
the fundamental roles of the sheaves theory.

De�nition 5.2.11. Let λ ∈ t∨ be an arbitrary character. We have a sheaf of
OX-algebras

DλX := U◦/Iλ(g◦).

The sheaf DλX comes equipped with the quotient �ltration and the two-sided
ideal Iλ(g◦) can be endowed with the induced �ltration. Moreover, we have a
canonical projection (which is clearly a map of �ltered sheaves)

Φ◦λ : U◦ → DλX ,

and taking global sections a map of �ltered C-algebras

Φλ : U(g)→ Γ(X,DλX). (101)

Proposition 5.2.12. For any character λ ∈ t∨, the sheaf DλX is a sheaf of
twisted di�erential operators on X.

We will check the �rst three condition in the de�nition 5.1.1 and in the next
subsection we will give a di�erent description of the sheaves DλX that will allow
us to verify the fourth condition.42

40In fact, b◦/n◦ = OX ⊗C h, where h is the Lie algebra of the abstract Cartan subgroup

H which is canonically isomorphic to T.
41Let us remark that this is a bit di�erent from [8]. The reason is that in this work b = t⊕n.

However in [8], they take the positive roots ∆+ as those roots which are non-contained in n.
This forces to consider a shift of ρ in the Harish-Chandra morphism, and not of −ρ as we
have done.

42This can be prove directly as is done in [50, Page 13].
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Proof. The �rst condition follows from the fact that F0U◦ = OX . This also
implies that gr1(U◦) = g◦, and therefore gr1(Iλ(g◦)) = b◦. From these facts
and the lemma 5.2.8 we see that gr1(DλX) = g◦/b◦ = TX . This proves the third
condition. To prove (ii) we use the fact that gri(Iλ(g◦)) = b◦ · Symi(g◦) ⊆
Symi(g◦), which implies that

gri(U◦/Iλ(g◦)) ' Symi(g◦/b◦) ' Symi(TX).

5.2.4 Torsors and relative enveloping algebras

In this subsection we will give another approach to de�ne sheaves of di�erential
operators by using the theory of torsors ([51]). We will follow [3], [15] and [60].

T-torsors 5.2.13. Let us suppose that ‹Y and Y are smooth separated complex
algebraic varieties, such that ‹Y is endowed with a right T-action σ : ‹Y ×T→ ‹Y .
We will also assume that T acts trivially on Y . For instance, the reader can
suppose that Y = X is the complex �ag variety.

We say that a morphism ξ : ‹Y → Y is a T-torsor for the Zariski topology, if ξ
is a faithfully �at morphism such that the diagram‹Y ×Spec(C) T ‹Y‹Y Y

σ

p1 ξ

ξ

is commutative and the morphism (induced by the previous diagram)‹Y ×Spec(C) T → ‹Y ×Y ‹Y
(x, h) 7→ (x, xh)

is an isomorphism.

Let U ⊆ Y be an a�ne open subset and p1 : U ×Spec(C) T → U be the �rst
projection. We say that U trivializes the torsor ξ if there is a T-equivariant
isomorphism αU : U×Spec(C)T→ ξ−1(U), where T acts on U×Spec(C)T by right
translations on the second factor, and such that the diagram

U ×Spec(C) T ξ−1(U)

U

αU

p1 ξ

is commutative. In particular, ξ−1(U) is a T-invariant a�ne open subset of ‹Y
Remark 5.2.14. Given that Y is separated, the set S of a�ne open subsets
U of Y that trivializes the torsor and such that OY (U) is a �nitely generated
C-algebra, it is stable under intersections. Moreover, if U ∈ S and W is an
a�ne open subscheme of U , then W ∈ S.
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De�nition 5.2.15. We say that ξ : ‹Y → Y is locally trivial for the Zariski
topology if X can be covered by opens in S.

Lemma 5.2.16. ([60, Lemma 3.1.3]) Let ξ : ‹Y → Y be a locally trivial T-torsor
and letM be a quasi-coherent O‹Y -module. Then R1ξ∗M = 0.

Proof. We recall for the reader that R1ξ∗M is the sheaf associated to the
presheaf ([29, Chapter III, proposition 8.1])

U ⊆ Y 7→ H1(ξ−1(U),M).

Given that ξ is locally trivial, the set S of a�ne open subsets of Y that trivializes
the torsor is a base for the Zariski topology of Y . Moreover, if U ∈ S then by
de�nition ξ−1(U) is an a�ne open subset of X and given that M is quasi-
coherent, by Serre's vanish theorem we can conclude that H1(ξ−1(U),M) =
0.

Sheaves of T-invariant sections 5.2.17. Let Ψ : σ∗M → p∗1M be a T-
equivariant quasi-coherent O‹Y -module. By the Künneth formula [27, Theorem
6.7.8] we have a canonical isomorphism

Γ(‹Y ×Spec(C) T, p∗1M) = Γ(‹Y ,M)⊗C C[T]

which composing with the application

Γ(‹Y ,M)→ Γ(‹Y ×Spec(C) T, σ∗M)
Γ(Ψ)−−−→ Γ(‹Y ×Spec(C) T, p∗1M)

(the �rst morphism is induced via the canonical morphismM→ σ∗σ
∗M) gives

us a morphism
ϑ : Γ(‹Y ,M)→ Γ(‹Y ,M)⊗C C[T]

de�ning a structure of T-module on Γ(‹Y ,M) [52, Chapter 0, de�nition 1.6].

De�nition 5.2.18. The T-invariant elements of Γ(‹Y ,M) are the elements

P ∈ Γ(‹Y ,M) such that ϑ(P ) = P ⊗ 1. This subspace will be denoted by

Γ(‹Y ,M)T.

Now, let us suppose that S̃ is a basis for the Zariski topology of ‹Y , consisting
of a�ne open subsets which are invariant under the right T-action. This means
that for every Ũ ∈ S̃ the morphism σ, inducing the right T-action on ‹Y , gives
rise to a right T-action σŨ : Ũ ×C T → Ũ on Ũ . By pulling back Ψ under the
inclusion Ũ ×C T ↪→ ‹Y ×C T we get an isomorphism ΨŨ : σ∗‹UMŨ → p∗1MŨ

which satis�es the respective cocycle condition ([32, (9.10.10)]), and, as before,
we obtain a comodule morphism

ϑŨ : Γ(Ũ ,M)→ Γ(Ũ ,M)⊗C C[T].

As in de�nition 5.2.18, we can de�ne the vector subspace of T-invariant sec-
tions on Ũ by

Γ(Ũ ,M)T :=
¶
P ∈ Γ(Ũ ,M)| ∆Ũ (P ) = P ⊗ 1

©
. (102)
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Now, if Ṽ , Ũ ∈ S̃ satisfy Ṽ ⊆ Ũ , then by functoriality we have a commutative
diagram

Γ(Ũ ,M) Γ(Ũ ,M)⊗C C[T]

Γ(Ṽ ,M) Γ(Ṽ ,M)⊗C C[T]

ϑŨ

restŨ
Ṽ

restŨ
Ṽ
⊗id

ϑṼ

and therefore the restriction map restŨ
Ṽ

: Γ(Ũ ,M)T → Γ(Ṽ ,M)T is well-de�ned.

In order to prove that the preceding tools de�ne an S̃-sheaf we need to verify
the glueing condition, but this is clear because M is already a sheaf and the
restriction maps are T-equivariant. This construction induces a sheaf (M)T over‹Y . We sum up the preceding construction in the next de�nition.

De�nition 5.2.19. Let ‹Y be a smooth separated complex algebraic variety en-
dowed with a right T-action, and S̃ a basis for the Zariski topology stable under
the right T-action. For every T-equivariant O‹Y -module M, the subsheaf (M)T

is called the subsheaf of T-invariant sections ofM.

As an application of the preceding construction let us point out that if ξ : ‹Y → Y
is a locally trivial T-torsor, then we actually dispose of a subsheaf of T-invariant
sections of the direct image sheaf ξ∗M, with M a T-equivariant O‹Y -module.
In fact, if S denotes the collection of all a�ne open subsets that trivialises the
torsor ξ, then for every U ∈ S we know that ξ−1(U) is stable under the right
T-action and, as in (102), we can de�ne

Γ(U, ξ∗M)T := {P ∈ Γ(U, ξ∗M)| ϑU (P ) = P ⊗ 1}.

As before, this process de�nes an S-sheaf and therefore we get a subsheaf of
T-invariant sections

(ξ∗M)
T ⊆ ξ∗M. (103)

For the rest of this subsection we will always suppose that ξ : ‹Y → Y is a locally
trivial T-torsor.

Lemma 5.2.20. ([3, Lemma 4.3]) The morphism ξ : ‹Y → Y induces an iso-

morphism ξ\ : OY →
(
ξ∗O‹Y )T.

Proof. As this is a local problem, we can take U ∈ S and suppose that ξ :
ξ−1(U) = U ×Spec(C) T → U is the �rst projection. Since rational cohomolgy
commutes with direct limits [39, Part I, Lemma 4.17] and OY (U), we can con-
clude that

(
ξ∗OX̃

)T
(U) = (OX(U)⊗C C[T])

T
= OX(U).

Lemma 5.2.21. Let M be a T-equivariant quasi-coherent O‹Y -module, then

(ξ∗M)T is a quasi-coherent OY -module.

Proof. By de�nition and the preceding lemma, we only need to show that the T-
action respects the ξ∗O‹Y -structure of ξ∗M. This can be proved locally over an
a�ne open subset U ∈ S. In this case, we know that ξ−1(U) is in endowed with
a T-action and therefore Γ(U, ξ∗M)T is a Γ(U, ξ∗O‹Y )-module by [80, 1.4].
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It is well known that the tangent sheaf TT is a T-equivariant quasi-coherent
O‹Y -module, hence we can consider the subsheaf‹T := (ξ∗T‹Y )T

of ξ∗TY. Moreover, the T-equivariant structure of O‹Y and T‹Y induce a T-
equivariant structure on FdD‹Y , such that D‹Y becomes a sheaf of C-algebras
endowed with a T-invariant structure.

De�nition 5.2.22. ([16, Page 18]) Let ξ : ‹Y → Y be a locally trivial T-torsor.
We de�ne the relative enveloping algebra of the torsor to be the sheaf of
T-invariant of ξ∗D‹Y by ‹D := (ξ∗D‹Y )T.

This sheaf is equipped with a natural �ltration

Fd‹D := (ξ∗FdD‹Y )T

de�ned via the order �ltration on D‹Y .
In the proof of the next proposition we will need the following facts. The reader
can �nd very explicit proofs in [3, Lemma 4.4 and 4.5].

Remark 5.2.23. (i) There exists a canonical isomorphism

U(t)→ Γ(T,DT)T.

(ii) Di�erentiating the T-action on ‹Y we obtain a Lie homomorphism

j : t→ T‹Y .
Furthermore, if ξ is locally trivial and θ ∈ ‹T (U) for some a�ne open subset
U ⊆ Y , then θ is a T-invariant vector �eld on ξ−1(U). In particular, it
is a T-linear endomorphism of O‹Y (ξ−1(U)). In other words, θ preserves
O‹Y (ξ−1(U))T = OY (U) and it induces a vector �eld ν(θ) ∈ TY (U).

The preceding constructions �t into complex of OY -modules

0→ t⊗C OY
j−→ ‹T ν−→ TY → 0 (104)

which is functorial in T̃ . Moreover, if U ∈ S then the sequence is split
exact, which implies that this is exact and ‹T is locally free.

The next section will give us a precise description of the local behaviour of the
sheaf ‹D. It will also indicate us the term to be corrected in order to obtain a
sheaf of twisted di�erential operators. We will follow word by word the reasoning
given in [3, Proposition 4.6].

Proposition 5.2.24. For any U ∈ S, there exists an isomorphism of sheaves
of �ltered C-algebras

α(U) : ‹D|U '−→ D|U ⊗C U(t).

If ξ is locally trivial, then there exists a canonical isomorphism

Sym(‹T ) = gr•(‹D). (105)
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Proof. Let U ∈ S. We have the following isomorphisms of �ltered C-algebras

DY (U)⊗C U(t) ' (DY (U)⊗C DT(T))T ' DU×T(U × T)T ' ‹D(U).

This isomorphisms are clearly compatible with restriction to Zariski open sub-
sets contained in V , and we get an isomorphism of sheaves of �ltered C-algebras

DU ⊗C U(t) ' ‹D|U .
On the other hand, the natural inclusion T‹Y → F1D‹Y induces a morphism of
OY -modules ‹T → F1

‹D/F0
‹D, which induces by universal property a morphism

of graded OY -algebras
ϕ̃ : Sym(‹T )→ gr•(‹D).

Furthermore, according to the preceding remark, we have an isomorphism of
OU -modules

ζ : ‹T '−→ TU ⊕OU ⊗C t.

All in all, we can consider the following commutative diagram

Sym(‹T (U)) gr•(‹D(U))

Sym(TU (U)⊕OU (U)⊗C t) gr•(DU (U)⊗C U(t))

Sym(TU (U))⊗C S(t) gr•(DU (U))⊗ gr•(U(t)),

ϕ̃(U)

Sym(ζ(U)) gr•(α(U))

when we are possible shrinking U to an open a�ne subset endowed with local
coordinates given the isomorphism at the bottom. This proves that the map at
the top is an isomorphism, and therefore if ξ is locally trivial we can conclude
that (105) is an isomorphism as well.

Twisted di�erential operators on homogeneous spaces 5.2.25. In this sec-
tion we will apply the preceding construction to the following homogeneous
spaces. Let N be the unipotent radical of the Borel subgroup B ⊆ G. We
recall for the reader that T normalizes N and we have a canonical isomor-
phism T = B/N. With this notation, we can consider the homogeneous space‹X := G/N, which is endowed with a right T-action

gN · bN = gbN

g ∈ G and b ∈ N. The space ‹X is smooth separated complex algebraic variety
known as the basic a�ne scheme. Moreover, the canonical projection

ξ : ‹X → X

is a locally trivial T-torsor [3, Lemma 4.7].

Remark 5.2.26. (i) Given that ‹X is endowed with a natural left G-action,
we have a C-linear Lie homomorphism

τ̃ : g→ T
X̃
.
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Moreover, given that the G-action clearly commutes with the T-action,
the preceding maps descends to a C-linear Lie homomorphism

τ̃ : OX ⊗C g→ ‹T
of locally free sheaves on X.

(ii) ([3, Proposition 4.8 (ii)]) Since ‹X is a homogeneous space and the geo-
metric �bers of τ̃ are surjective (proposition 3.5.11), then the morphism
τ̃ is surjective (this is the same reasoning given in the lemma 5.2.8).

(iii) ([3, Lemma 4.9]) The map τ̃ extends to a �ltered C-algebra morphism‹Ψ◦ : U◦ → ‹D
keeping the g-action on ‹X by T-invariant vector �elds. Moreover, by (105)
we know that gr•(‹D) = Sym(‹T , and the restriction of gr(‹Ψ◦) to g equals
the morphism τ̃ by construction. This implies that gr(‹Ψ◦) = Sym(τ̃) and
therefore ‹Ψ◦ is surjective.

Now, let us recall that we have a Lie algebra morphism j : t → ‹T , coming
from the right T-action on ‹X. This maps extends to a C-algebra morphism
U(h)→ ‹D, which factors through the center of ‹D because T is commutative.

De�nition 5.2.27. Let λ ∈ t∨ be an arbitrary character of t, and let us denote
by Cλ the one-dimensional U(t)-module de�ned by λ. We de�ne a sheaf DX,λ
of �ltered C-algebras by

DX,λ := ‹D ⊗U(t) Cλ.

Remark 5.2.28. If we endow Cλ with the trivial �ltration F−iCλ = F0Cλ = 0
and FiCλ = Cλ, for every i ∈ N, then Cλ becomes a �ltered U(t)-module and we
may endow DX,λ with a structure of sheaf of �ltered C-algebras via the tensor
�ltration ([60, Page 20]).

In the proof of the next proposition we will follow word by word the lines of
reasoning given in [3, Lemma 6.4].

Proposition 5.2.29. (i) Let U ∈ S be an a�ne open subset that trivializes

the torsor ξ : ‹X → X. Then DX,λ is isomorphic to DU as sheaves of
�ltered C-algebras.

(ii) There exists a canonical isomorphism of graded sheaves gr•(DX,λ) = Sym(TX).

Proof. (i) By proposition 5.2.24, wee have an isomorphism of �ltered sheaves‹D|U ' DU ⊗C U(t).

This isomorphism induces by construction, an isomorphism of sheaves of
�ltered C-algebras DX,λ|U ' DU .

(ii) By [60, page 20], there exists a canonical morphism of sheaves

gr•(‹D)⊗gr•(U(t)) gr•(Cλ)→ gr•(DX,λ).
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Now, by (105) we know that gr•(‹D) = Sym(‹T ). Moreover, it is knows
that gr•(U(t)) = Sym(t), and it is clear that gr•(Cλ) = Cλ. From this
information, we obtain o morphism of graded C-algebras

Sym(TX)
Sym(ν)
'−−−−→ Sym(‹T )⊗Sym(t) Cλ → gr•(DX,λ)

where the �rst isomorphism comes from the short exact sequence (104).
This composition is seen to be an isomorphism over any U ∈ S by the
�rst part of the proposition.

Remark 5.2.30. (i) By construction, the sheaves DλX de�ned in 5.2.3 are
endowed with a G-equivariant structure which respects the multiplicative
structure. Moreover, the map Φλ : U(g) → DλX is a morphism of G-
modules and g acts on DλX via T → [Φ◦λ(•), T ].

(i') We have analogue statements for the sheaves DX,λ introduced in this
section, by considering the canonical map

Ψ◦λ : U◦
‹Ψ◦−−→ ‹D → DX,λ

where the second map ‹D → DX,λ is the canonical projection.

We end this subsection by relating the preceding constructions. The reader can
�nd the proof of the preceding proposition in [50, Theorem 2.4].

Proposition 5.2.31. The map Ψ◦λ : U◦ → DX,λ de�nes a canonical isomor-
phism

DλX → DX,λ+ρ

of sheaves of �ltered C-algebras.

Remark 5.2.32. (i) The preceding proposition together with 5.2.29 ends the
proof of 5.2.12.

(ii) If λ ∈ Homgps(T,Gm) is an algebraic character, then

DλX = DL(λ+ρ)
X

and we have Homgps(T,Gm) ⊆ t∨ ⊆ H1(X,Z1
X), where the �rst inclusion

is de�ned by di�erentiation.

(iii) DX = D−ρX .

5.2.5 Global sections

The goal of this subsection is to compute the global sections of the sheaves DλX .
To do that, we start by analysing the following situations. First of all, from
the Poincaré�Birkho��Witt theorem, we have constructed a projection

π : U(g)→ U(h)
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which is in fact a morphism of C-algebras. This morphism can be reinterpreted
as a map

mb
• : t∗ → MaxSpec(z)

λ 7→ mb
λ := ker(χb

λ : z
πb−−→ U(h)

λ−→ C)

where z ⊆ U(g) is the center of the universal enveloping algebra U(g) and
t∗ = MaxSpec(Sym(t)), after having identi�ed U(t) = Sym(t) = C[t]. We have
the following important fact (Reference from the section BGG):

• For any arbitrary character λ ∈ t∨, the center z acts via χb
λ on the Verma

module
Mb
λ := U(g)⊗U(b) Cλ.

We insist in remarking for the reader that πb : U(g)→ U(t) is a relative version
of the Harish-Chandra isomorphism, because πb depends of the Borel subal-
gebra b and the Cartan subalgebra t. This construction has the problem of not
being able to consider the Verma modules

Mbx
λ := U(g)⊗U(bx) Cλ

relatives to arbitrary Borel subalgebras bx ⊆ g (here x ∈ X is the respective
Borel subgroup). As the reader may notice, this restriction is a disadvantage
compared to the de�nition of the sheaf of λ-twisted di�erential operators given
in 5.2.11, where we have encoded the action of the varying Borel subalgebras
bx via a character λ◦ (given in (99)). To �x this problem, we have shifted this
projection by using the Weyl character ρ, obtaining an isomorphism

z
'−→ Sym(t)W

z 7→ πb(z − ρ(z))

which is independent of t ⊆ b. In particular, applying this shift to the previous
fact, we have the following fundamental remarks:

• Let λ ∈ t be an arbitrary character. For any Borel subalgebra bx ⊆ g we
can consider ρx the corresponding longest positive root. Then the center
z acts on the Verma module (of highest weigh λ and relative to bx)

Mbx
λ := U(g)⊗U(bx) Cλ

via χλ+ρx (de�ned in (98)).

• The action of the center z on the Verma module Mbx
λ−ρx is given by χλ (in

(98)) and therefore it is independent of the choice of bx.

• The center z acts on the right U(g)-module

λM
bx := Cλ ⊗U(bx) U(g)

via the character χλ−ρx

We can now start the computation of Γ(X,DλX). We recall that in (101), we
have de�ned a canonical morphism of �ltered C-algebras

Φλ : U(g)→ Γ(X,DλX).
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Lemma 5.2.33. For any character λ ∈ t∨, the map Φλ : U(g) → Γ(X,DλX)
factors through U(g)χλ .

Proof. Let J λ(g◦) ⊆ U(g◦) be the ideal generated by z − χλ(z) for z ∈ z. We
need to prove that the composition

J λ(g◦) ↪→ U(g◦)
Φ◦λ−−→ DλX

is zero. By G-equivariance, it is enough to check this on the �bers. For x ∈ X,
we have

Cx ⊗OX DλX ' U(g)/(Cx ⊗OX Iλ(g◦)).

By de�nition, the �ber Cx ⊗OX Iλ(g◦) is the right ideal of U(g) generated by
η − (λ+ ρx)(η) for η ∈ bx. In other words, we have

Cx ⊗OX DλX ' Cλ+ρx ⊗U(bx) U(g)

Is a right Verma module. The preceding facts imply thatz acts via the character
χλ+ρx−ρx = χλ. In particular J λ(g◦)x is annihilated on each �ber, as needed.

The geometry of conjugacy classes 5.2.34.

Proposition 5.2.35. The ideal in S(g) de�ning N is generated by

S(g)G+ = S(g)G ∩ (⊕p∈Z>0
S(g)p).

Now, lifting the elements of S(g)G+ = S(g)G ∩ (⊕p∈Z>0
S(g)p) to U(g), we have

an epimorphism C[N ] → gr(U(g)χλ), giving rise to the following commutative
diagram

S(g) gr•Γ(X,DλX)

gr•(U(g)χλ)

C[N ]

We consider the Springer resolution γ : T ∗X → N and the associated comor-
phism γ] : C[N ]→ Γ(T ∗X,OT∗X). Given that γ is a resolution of singularities
and N is normal, then γ] is actually an isomorphism. Let us consider the
commutative diagram

S(g) gr•(X,DλX)

gr•(U(g)χλ) Γ(X, gr•(DλX))

C[N ] Γ

gr(Φλ)

γ]

Since gr•Γ(X,DλX) → Γ(X, gr•(DλX)) is injective and γ] is surjective, it fol-
lows that gr(Φλ) is an isomorphism. From this we can conclude that Φλ is an
isomorphism.
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C Derived categories and derived functors

Our intention in the next two sections is to give a brief reference to the results
about derived categories used along this work. The reader can look up the proof
of the assertions in [32] or [43].

C.1 The derived category

De�nition C.1.1. Let A be a category and S be a family morphism of A. We
say that S is a multiplicative system if it satis�es the following properties.

(i) For every object X ∈ Ob(A) the identity morphism idX ∈ HomA(X,X)
is in S.

(ii) For every couple (f, g) of morphisms of S, if the composition f ◦ g is
well-de�ned in A, then f ◦ g ∈ S.

(iii) For every X,Y, Z ∈ Ob(A), u ∈ HomA(X,Y ) (resp. u ∈ HomA(Y,X))
and s ∈ HomA(Z, Y ) ∩ S (resp. s ∈ HomA(Y,Z) ∩ S). There exist
W ∈ ob(A), v ∈ HomA(W,Z) and t ∈ HomA(W,X) ∩ S such that

W
v→ Z

↓t ↓s
X

u→ Y

is a commutative diagram (resp. a diagram with the arrows reversed).

(iv) For every X,Y ∈ Ob(A) and u, v ∈ HomA(X,Y ) the following conditions
are equivalent.

(a) There exist Y ′ ∈ Ob(A) and s ∈ HomA(Y, Y ′) ∩ S such that s ◦ u =
s ◦ v.

(b) There exist X ′ ∈ Ob(A) and t ∈ HomA(X ′, X)∩S such that u ◦ t =
v ◦ t.

De�nition C.1.2. Let A be a category. We say that a morphism of categories
T : A → A is a translation of A if T is an equivalence of categories.

De�nition C.1.3. Let A be a category with a translation T . A sequence

X
f−→ Y

g−→ Z
h−→ T (X)

where X,Y, Z ∈ ob(A), f ∈ HomA(X,Y ), g ∈ HomA(Y, Z) and h ∈ HomA(Z, T (X)),
is called a triangle in A. We usually denote a triangle by

X → Y → Z
+1−−→.

De�nition C.1.4. Let A be an additive category with a translation T . We say
that A is a triangulated category if there exists a family T of triangles of A,
called distinguished triangles, that satis�es the following properties:

(i) A triangle isomorphic to a distinguished triangle is a distinguished trian-
gle.
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(ii) For all f ∈ HomA(X,Y ) there exist g ∈ HomA(Y,Z) and

h ∈ HomA(Z, T (X)) such that X
f−→ Y

g−→ Z
h−→ T (X) is a distinguished

triangle.

(iii) For all X ∈ Ob(A), the triangle X → X → 0 → 0 = T (0) is a distin-
guished triangle.

(iv) A triangle X
f−→ Y

g−→ Z
h−→ T (X) is a distinguished triangle if and only if

Y
g−→ Z

h−→ T (X)
−T (f)−−−−→ T (Y ) is a distinguished triangle.

(v) for every couple of distinguished triangles X
f−→ Y

g−→ Z
h−→ T (X) and

X ′
f ′−→ Y ′

g′−→ Z ′
h′−→ T (X ′), and for every couple of morphisms α ∈

HomA(X,X ′) and β ∈ HomA(Y, Y ′) such that f ′ ◦α = β ◦ f , there exists
γ ∈ HomA(Z,Z ′) such that the following diagram

X
f→ Y

g→ Z
h→ T (X)

↓α ↓β ↓γ ↓T (α)

X ′
f ′→ Y ′

g′→ Z ′
h′→ T (X ′)

is commutative.

(iii) The family T must satisfy a complicated property called the octahedral
axiom. The reader is invited to take a look at [32, B.3.3] or [43, 10.1.6].

Furthermore, if T is a family of distinguished triangles and S is a multiplicative
system, we say that S is compatible with the triangulated structure of A if the
following conditions are satis�ed.

(i) If s ∈ S then T (s) ∈ S.

(ii) For every morphism of distinguished triangles, this is, for a commutative
diagram

X
f→ Y

g→ Z
h→ T (X)

↓α ↓β ↓γ ↓ξ
X ′

f ′→ Y ′
g′→ Z ′

h′→ T (X ′),

if α, γ ∈ S then γ ∈ S.

Theorem C.1.5. Let A be a category and S be a multiplicative system in A.
There exist a category AS and a functor Q : A → AS such that:

(i) For every s ∈ S, Q(s) is an isomorphism of AS .

(ii) If F : A → A′ is a functor that transforms the elements of S in isomor-
phisms of A′, then there exists a unique functor FS : AS → A′ such that
F ' FS ◦Q.

Remark C.1.6. If A is an additive category and S is a multiplicative system
of A, then AS is an additive category and Q is an additive functor. Moreover, if
A is a triangulated category with translation T and S is multiplicative system
compatible with the triangulated structure of A, then AS is a triangulated
category.

149



Let's suppose that A is an abelian category. Let C(A) denote the category of
complexes of objects of A and K(A) the homotopy category de�ned by

(i) Ob(K(A)) = Ob(C(A)).

(ii) HomK(A)(X
•, Y •) := HomC(A)(X

•, Y •)/
∑
C(A)(X

•, Y •). Where,∑
C(A)(X

•, Y •) = {f• ∈ HomC(A)(X
•, Y •)|f ∼ 0}.

De�nition C.1.7. A quasi-isomorphism in K(A) is a morphism [f•] in
K(A) such that Hi([f•]) is an isomorphism for every i ∈ Z.

Remark C.1.8. The collection of quasi-isomorphisms of K(A), which we will
denote by QisA, it is a multiplicative system of K(A).

De�nition C.1.9. Let A be an abelian category. Under the notations of the-
orem C.1.5, the category K(A)QisA , denoted by D(A), it is called the derived
category of A.

Now, for X•, Y • ∈ Ob(C(A)) and f• ∈ HomC(A)(X
•, Y •), we can de�ne the

shifted complex X•[k], k ∈ Z, by

(i) Xn[k] := Xn+k,

(ii) dnX•[k] := (−1)kdn+k
X• ,

and for f• we can de�ne the mapping cone Mf• ∈ Ob(C(A)) by

(i) Mn
f• = Xn+1 ⊕ Y n,

(ii) dMf• (xn+1, yn) = (−dn+1
X• (xn+1), fn+1(xn+1) + dnY •(y

n)).

From this considerations, there exists a short exact sequence

0→ Y •
α(f•)−−−−→Mf•

β(f•)−−−→ X•[1]→ 0,

where α(f•)n(yn) = (0, yn) and β(f•)n(xn+1, yn) = xn+1.

Remark C.1.10. The shift functor (•)[1] : K(A)→ K(A) de�nes a translation
on K(A). The family of triangles X• → Y • → Z• → X•[1] for which there
exists a morphism f• ∈ HomK(A)(X

•
0 , Y

•
0 ) such that

X•0
f•→ Y •0

α(f•)→ Mf•
β(f•)→ X•0 [1]

↓o ↓o ↓o ↓o
X• → Y • → Z• → X•[1]

is a commutative diagram in K(A), de�nes a family of distinguished triangles
on K(A) in the sense of de�nition C.1.4.

Theorem C.1.11. Let A be an abelian category. The category D(A) is an
additive triangulated category. The distinguished triangles of D(A) are pre-
cisely the image under QA of the distinguished triangles in K(A). The functor
QA : K(A) → D(A) is additive and triangulated, this means that QA sends
distinguished triangles to distinguished triangles.
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De�nition C.1.12. For a complex X• ∈ Ob(C(A)), with A an abelian category,
we de�ne truncated complexes by

τ≤kX• := [...→ Xk−1 → ker dk → 0→ 0→ ...],

τ≥kX• := [...→ 0→ 0→ Im dk+1 → Xk+1 → ...].

The reader can easily verify that we have a short exact sequence

0→ τ≤kX• → X• → τ≥kX• → 0. (106)

Proposition C.1.13. Let A be an abelian category. Any short exact sequence

0→ X•
f•−→ Y •

g•−→ Z• → 0

in C(A) can be embedded into a distinguished triangle

X•
f•−→ Y •

g•−→ Z• → X•[1]

in D(A).

Proof. Let's denote by d the di�erential morphism of the mapping cone MidX• .
The morphism h• de�ned by hn+1(xn+1, xn) = (xn, 0), satis�es

hn+2d(xn+1, xn) = (xn+1 + dn(xn), 0), (107)

and
dhn+1(xn+1, xn) = d(xn, 0) = (−dn(xn), xn). (108)

Taking (107) and (108) it is clear that the complex MidX• is quasi-isomorphic
to 0. With this and the exact sequence

0→MidX•
A−→Mf•

B−→ Z• → 0

where

A =

Å
idX• 0

0 f•

ã
and B = (0, g•),

there exists an isomorphism φ : Mf• ' Z• in D(A). Hence there exists a
commutative diagram

X• Y • Mf• X•[1]

X• Y • Z• X•[1]

f•

idX• idY •

g• β(f•)

φ idX•

f• g• β(f•)◦φ−1

in D(A) which shows that X•
f•−→ Y •

g•−→ Z• → X•[1] is a distinguished
triangle.
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C.2 Derived functors

De�nition C.2.1. Let A and B be abelian categories and ∗ ∈ {+,−, b} (see
the preliminaries to the section 2.2). Let F : K∗(A)→ K∗(B) be a triangulated
functor. The right derived functor of F is a couple (R∗F, ξF ) where

R∗F : D∗(A)→ D∗(B)

is a ∂-functor (i.e. compatible with translations and preserving distinguished
triangles) and

ξF : QB ◦ F → R∗F ◦QA
is a morphism of functors (QA and QB the localisation functors) that satis�es
the following universal property: for every triangulated functor G : D∗(A)→
D∗(B) and every morphism of functors Φ : QB ◦ F → G ◦ QA there exists a
unique morphism of functors η : R∗F → G such that Φ = (η ◦QA) ◦ ξF .

De�nition C.2.2. Let F : A → B be an additive functor between abelian
categories. We say that a full additive subcategory J of A is F -injective if the
following conditions are satis�ed:

(i) For any X ∈ Ob(A) there exists an object I ∈ Ob(J ) and an exact
sequence 0→ X → I.

(ii) If 0 → X ′ → X ′′ → X ′′ → 0 is an exact sequence in A and X,X ′′ ∈
Ob(J ), then X ′′ ∈ Ob(J ).

(iii) For any exact sequence 0 → X ′ → X → X ′′ → 0 such that X ′, X,X ′′ ∈
Ob(J ), the sequence 0 → F (X ′) → F (X) → F (X ′′) → 0 in B is also
exact.

Similarly, we de�ne F -projective categories reversing all arrows in the condi-
tions above.

Remark C.2.3. If F : A → B is a functor as in the preceding de�nition, then
X• → F (X•) de�nes a triangulated functor F : K∗(A)→ K(B).

Theorem C.2.4. Let F : A → B be an additive functor between abelian cate-
gories which is left (resp. right) exact functor and assume that there exists and
F -injective (resp. F -projective) subcategory of A. Then the right (resp. left)
derived functors

R+F : D+(A)→ D+(B)

of F exists (resp. the left derived functors L−F : D−(A)→ D−(B) of F exists).

Remark C.2.5. Under the hypothesis of the preceding theorem, the right de-
rived functor is given by the following. By [43, 13.2.1] there exists a quasi-
isomorphism I• ' X• with I• ∈ K+(J ), called an injective resolution of X•,
and the right derived functor is given by RF (X•) = F (I•).

6 Non-archimedean functional analysis

In this section we will introduce the necessary notions on non-archimedian func-
tional analysis that we will need in the coming sections.
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6.1 The ring of p-adic integers

In this subsection we will introduce the most basic theory about non-archimedian
�elds. We will follow the arguments and de�nitions given in [53].

Let us start by noting that a repeated use of Euclidean division gives us for
every natural number f ∈ N a p-adic expansion

f = a0 + a1p+ · · ·+ a2p
n.

More explicitly

f = a0 + pf1

f1 = a1 + pf2

...

fn−1 = an−1 + pfn

fn = an.

It is therefore clear that ai ∈ {0, 1, · · · , p − 1} and they also denote the rep-
resentative of fi in Z/pZ. Is easy to see that if we want to consider negative
integers then we are forced to allow in�nite series

∞∑
k=0

akp
k :=

{
sn :=

∞∑
k=0

akp
k
}
n∈N.

We have the following (formal) de�nition.

De�nition 6.1.1. Let p be a �xed prime number. A p-adic integer is a formal
in�nite series a0 + a1p+ · · · , where ai ∈ {0, 1, · · · , p− 1}. The set of all p-adic
integers will be denotes by Zp.

Let us denote now by Z(p) the localization of Z at the prime ideal (p). Let us
explain how to de�ne the p-adic expansion for a rational number f ∈ Z(p). We
recall for the reader that Z(p)/p

nZ(p) = Z/pnZ. Moreover a routine inductive
argument proves that the residue class a mod pn ∈ Z/pnZ can we uniquely
written in the from

a ≡ a0 + a1p+ a2p
2 + · · ·+ an−1p

n−1 mod pn

where 0 ≤ ai < p. With this in mind, we see that f ∈ Z(p) de�nes a sequence
of residue classes

sn = f mod pn ∈ Z/pnZ ≡ a0 + a1p+ a2p
2 + · · ·+ an−1p

n−1 mod pn,

and the sequence of numbers sn := a0 + a1p+ a2p
2 + · · ·+ an−1p

n−1 de�nes a
p-adic integer

∞∑
k=0

akp
k ∈ Zp. (109)

This is the p-adic expansion of f .
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Let us now consider formally extend the set of p-adic integers into that of formal
series

∞∑
k=−m

akp
k,

where m ∈ Z and 0 ≤ ak < p. We will call such a series a p-adic number and
we write Qp for the set of all these p-adic numbers. Moreover, we can use (109)
to de�ne the p-adic expansion of any rational number f ∈ Q. To do that, let us
write f = g

hp
−m, where g, h,m ∈ Z and (gh, p) = 1. By (109), we can attach to

g
h the p-adic integer

a0 + a1p+ a2p
2 + · · ·

and we can associate to f the p-adic number

a0p
−m + a1p

−m+1 + · · ·+ am + am+1p+ · · · ∈ Qp (110)

which is the p-adic expansion of f ∈ Q. We thus get a canonical commutative
diagram

Q Qp

Z Zp.

(111)

Injectivity of the map on the bottom follows from the fact that if a, b ∈ Z has
the same p-adic expansion, then a−b is divisible by pn for every n, and therefore
a = b.

In order to endow Zp with an algebraic structure, let us discuss another way to
introduce this set. By de�nition, every p-adic integer f ∈ Zp can be considered
as a sequence of residue classes

sn = sn mod pn ∈ Z/pnZ

which are related via the canonical projections

· · · → Z/p2Z→ Z/pZ.

In other words, Zp = lim←−n∈N Z/p
n+1Z and Zp is a ring if we consider

lim←−
n∈N

Z/pn+1Z ⊆
∏
n∈N

Z/pn+1Z.

We can now say that Zp is the ring of p-adic integers. Moreover, by de�nition,
every p-adic number f ∈ Qp can be written f = p−mg with g ∈ Zp and Qp
becomes the �eld of fractions of Zp. In fact, under the preceding identi�cation,
every integer a ∈ Z can be regarded as a p-adic integer via the sequence

(a mod p, a mod p2, · · · ) ∈ Zp.

The reinterpretation of the diagram (111) is clear.
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6.2 The p-adic valuation

The idea in this section is to introduced the p-adic valuation (or equivalent the
p-adic norm). The reader should keep in mind that using this valuation, Qp will
be constructed from the �eld Q in the same fashion as the �eld of real numbers
R. The key point is the replace the usual Euclidean valuation by the p-adic
valuation in which thee sequence (110) converges. Let a = b

c ∈ Q. We can
suppose that

a = pm
b′

c′
, (b′c′, p) = 1

and we put

|a|p =
1

pm
. (112)

Roughly speaking the summands of a p-adic series like in (109) form a sequence
converging to 0 with respects to | |p.

De�nition 6.2.1. The exponent m in (112) is called the p-adic valuation of
the integer a. It is usually denoted by vp(a), and we extend it to Z ∪ {∞} by
de�ning vp(0) :=∞.

The reader may easily checks the following properties

(1) vp(a) =∞ if and only if a = 0,

(2) vp(ab) = vp(a) + vp(b),

(3) vp(a+ b) ≥ min{vp(a), vp(b)}.

Is also clear that by (112) we have the following properties

(4) |a|p = 0 if and only if a = 0,

(5) |ab|p = |a|p|b|p,

(6) |a+ b|p ≤ max{|a|p, |b|p}.

With the last inequality know as the non-archimedean inequality.

Now, we will say that a sequence of rational numbers {xn}n∈N is a Cauchy
sequence with respect to | |p, if for every ε > 0, there exists a positive integer
N ∈ Z>0, such that for every n,m ≥ N we have

|xn − xm|p < ε.

An important example is give by a series
∑∞
k=0 akp

k representing a p-adic inte-
ger. In other words 0 ≤ ak < p for every k ∈ N. In this case, for every n > m,
the non-archimedean gives us

|xn − xm|p =
∣∣ n∑
k=m

akp
k
∣∣
p
≤ max
m≤k≤n

{|akpk|p} ≤
1

pk
.

Other examples are given by sequences of rational numbers {xn}n∈N which are
nullsequences with respect to | |p. These are just the sequences such that
|xn|p → 0 in the usual sense.
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Let us denote by C the ring of the Cauchy sequences, and by m0 its maximal
ideal consisting of the nullsequences. It is clear that we can embed Q into the
residue �eld C/m0 by associating to every rational number a the residue class
of the constant sequence (a, a, · · · ). Furthermore, the p-adic norm | |p on Q
extends to {xn}n∈N ∈ C/m0 by de�ning

|{xn}n∈N|p := lim
n→∞

|xn|p. (113)

This extension is clearly well-de�ned and independent of the class of {xn}n∈N.

As for the �eld of real numbers one has the following result.

Proposition 6.2.2. The �eld C/m0 is complete with respect to the absolute
value | |p de�ned in (113).

Proposition 6.2.3. [53, Chapter II, proposition 2.3] The set

op := {x ∈ C/m0 | |x|p ≤ 1}

is a subring of C/m0. It is the closure of the ring Z with respect to inner topology
of Qp induced by (113).

Proof. The algebraic structure of op comes from the properties (5)-(6) given in
the page 155. Let us prove the topological property. We want to see that

op = {x ∈ C/m0 | x = lim
n→∞

xn, xn ∈ Z, ∀n ∈ N} (= Z).

First of all, if {xn}n∈N is a Cauchy sequence in Z and x = limn→∞ xn, then
|xn|p ≤ 1 implies that |x|p ≤ 1, and therefore x ∈ Zp.

On the other hand, let x ∈ op and let us suppose that x = limn→∞ xn, for a
Cauchy sequence in Q. Let us also take N ∈ N such that |xn|p ≤ 1 for every
n ≥ N , i.e., xn = hn

gn
, with hn, gn ∈ Z and (gn, p) = 1. Choosing a solution

yn ∈ Z of the congruence bnyn ≡ an mod pn we see that |xn − yn|p ≤ 1
pn and

hence x = limn→∞ yn, and x belongs to the closure of Z.

in order to relate the previous de�nitions we will need the following proposition
[53, Chapter II, proposition 2.3].

Proposition 6.2.4. The non-zero ideals f the ring op are the principal ideals

pnZp = {x ∈ C/m0 | |x|p ≤
1

pn
}. (114)

Moreover,
op/p

nop ∼= Z/pnZ.

Proof. We start by remarking for the reader that every element x ∈ (C/m0)∗

admits a unique representation x = pmu with m ∈ Z and u ∈ o∗p. Let a 6= (0)
be an ideal of op and x = pmu and element of a with smallest possible m. It is
an easy exercise to see that a = pmop.

156



7 The Orlik-Strauch functor FG
P

Throughout this part of these notes L will be a �nite extension of Qp and K
a �nite extension of L which will be our coe�cient �eld. We will also assume
that G is a split connected reductive algebraic group over L, and we will take
T ⊆ B ⊆ P ⊆ G a maximal torus contained in a Borel subgroup, which in turns
is contained in a parabolic subgroup of G. We will use capital letters to denote
the respective groups of L-points, for instance G := G(L), P := P(L), and so
on. Moreover, we will denote by gothic letters the Lie algebra of the group
concerned, this is g := Lie(G), b := Lie(B) and p := Lie(P). Furthermore, once
we �x the Levi decomposition [39, Part II, 1.8]

P := LPUP,

where LP is the Levi factor and UP is the unipotent radical, we set lp :=
Lie(LP) and up := Lie(UP). Finally, the base change of an L-vector space (or
an L-scheme) to K will always be denoted by the subscript K , in other words,
gK := g⊗L K and GK := G×Spec(L) Spec(K).

The �rst part of this section is dedicated to recall the de�nition of the functor
(cf. [54, Section 4])

FGP := OpK
alg × Rep∞,admK (LP )→ ReplaK(G) (115)

which depends of the parabolic subgroup P ⊆ G. We recall for the reader that
Rep∞,admK (LP ) denotes the category of smooth admissible representations

of the Levi subgroup LP ⊆ P on K-vector spaces. We also recall that ReplaK(G)
is the category of locally analytic representations of G on K-vector spaces.

7.1 The algebraic BGG category O
By ObK we will consider the following adaptation of the BGG category O when
the coe�cient �eld is not algebraic [54, 2.5]:

(1) M is a �nitely generated U(gK)-module.

(2) M decomposes as a direct sum of one-dimensional tK-representations.

(3) The action of bK onM is locally �nite in the usual sense (cf. [36, (1.1)]).43

We will also consider OpK the subcategory of ObK consisting of those modules
M in ObK on which pK acts locally �nitely. In [54] the authors were mainly
interested in the following subcategory of ObK (resp. OpK ). First of all, let us
note that property (2) tells us that any object M ∈ ObK (resp. in OpK ) can be
written as a direct sum on one-dimensional tK-representations

M =
⊕
λ∈t∗K

Mλ (116)

whereMλ := {m ∈M | ∀r ∈ tK , r·m = λ(r)m} is the eigenspace associated to
λ ∈ tK := HomK(tK ,K). Let X∗(TK) := Homalg. gps(TK ,Gm) be the group

43To see also the notes of Giovanna Carnovale on "The Bernstein-Gelfand-Gelfand category
O".
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of (algebraic) characters of the torus TK , which can be considered as a
subgroup (lattice) of t∗K via derivation. We have the following fundamental
de�nition ([54, De�nition 2.6]).

De�nition 7.1.1. We let ObK
alg be the full subcategory of ObK whose objects are

U(gK)-modules such that the decomposition (116) is algebraic. In other words,
all λ appearing in (116), for which Mλ 6= 0, are contained in X∗(TK) ⊆ t∗K .

Let OP be the category whose objects are pairs M := (M, τ), where M ∈ Op

and τ : P → EndK(M)∗ is locally analytic locally �nite P -representation, e.g,
M = ∪i∈NMi is an increasing union of �nite-dimensional locally analytic P -
stable subspaces, such that the derived action of pk lifts the initial pk-action,
and such that the actions of P and gk are compatible. The category OP is
abelian ([55, Lemma 2.5]) and any object is of �nite length ([55, Lemma 2.7]).
It is clear that we have a forgetful functor

ω : OP → OpK

M 7→ M.
(117)

On the other hand, we will denote byOpK
alg the full subcategory ofOpK formed by

objects M such that in the weight decomposition M = ⊕λ∈t∗KMλ all occurring
λ lie in the lattice of algebraic characters X∗(TK) ⊆ t∗K . There exists a fully
faithful embedding

OpK
alg → O

P (118)

whose composition with the forgetful functor equals the inclusion OpK
alg ⊆ OpK .44

To see this, let us remark �rst that the algebraic TK-action on an object M ∈
OpK

alg lifts uniquely to an algebraic LP,K-action on each �nite dimensional simple
lp,K-constituent of M (see the proof of [54, Lemma 2.8]). Moreover, via the
exponential map, the action of the Lie algebra up,K integrates uniquely to give
an algebraic action of UP,K on M (see the proof of [54, Lemma 3.2]). Both
actions combined give an algebraic PK-action on M , and therefore M ∈ OP .

Example 7.1.2. (i) ([54, Example 2.7]) Let λ ∈ t∗K and Kλ be the one-
dimensional tK-representation whose tK-action is given by λ. This action
extends uniquely to a bK-module structure. Let

M(λ) := U(gK)⊗U(bK) Kλ

be the corresponding Verma module, which is an object in ObK . Denoting
by L(λ) its simple quotient, we have that M(λ) and L(λ) are objects in
ObK if and only if λ ∈ X∗(TK).

(ii) ([54, Example 2.10]) Let S be the set of simple roots of GK with respect to
TK ⊆ BK . Let λ ∈ X∗(TK) be an algebraic character, and let us consider
I := {α ∈ S | 〈λ, α∨〉 ∈ Z≥0}. Let PI be the standard parabolic subgroup
of GK attached to I. It is known that λ is dominant with respect to
the Levi factor LPI . Denote by VI(λ) the corresponding irreducible �nite-
dimensional algebraic LPI -representation ([39, Part II, 2.14] and [46, Page
4]), which we consider as a PI -module by letting act UP trivially on it.

44The following reasoning has been taken from [2, 4.1].
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The generalized parabolic Verma module (in the sense of [46, Page
4]) attached to the weight λ is de�ned by

MI(λ) := U(gK)⊗U(pI) VI(λ).

Then MI(λ) is an object of OpK
alg . Moreover, there exists a surjective map

M(λ)→MI(λ)

where the kernel is given by the image of ⊕α∈IM(sα · λ) → M(λ) ([39,
Theorem 9.4 (b)]). Given that λ is algebraic, it follows from [39, Theorem
9.4 (a)] and the �rst part of the example that L(λ) is an object in OpK

alg .

7.2 From Oalg to locally analytic representations

The goal of this subsection is to show how to attach, in a natural way, to any
object M ∈ OpK

alg a locally analytic representation. This process will de�ne a
functor

FGP : OpK
alg → ReplaK(G),

which we will extend naturally to de�ne the bi-functor (115). To start with,
we remark for the reader that the de�ning properties (1) and (3) for OpK allow
us to take a �nite-dimensional pK-representation W ⊆ M which generates M
as a U(gK)-module. In other words, for any M ∈ OpK

alg , we have a short exact
sequence of U(gK)-modules

0→ d→ U(gK)⊗U(pK) W →M → 0, (119)

where d is the kernel of the canonical map U(gK)⊗U(pK)W →M . Furthermore,
the same reasoning given just before the example 7.1.2 shows that W can be
endowed with a structure of a locally analytic P -representation, and therefore
its K-dual space W ′ is also a locally analytic P -representation. By [54, Lemma
2.4] the canonical map of D(G,K)-modules

D(G,K)⊗D(P,K) W →
Ä
IndGP (W ′)

ä′
δ ⊗ w 7→ [f 7→ δ(f)(w)]

is an isomorphism (I think that the de�nition of the function on the right hand
side uses the fact that W ′ is of compact type and therefore we have the identi�-
cation Can(G,W ′) = Can(G,K)⊗̂K,πW ′) and we dispose of a canonical paring

〈·, ·〉 :
(
D(G,K)⊗D(P,K) W

)
⊗K IndGP (W ′)→ K (120)

which identi�es the left hand side with the topological dual of the right hand
side and vice versa. We can give a more explicit description of the preceding
paring (cf. [54, (3.2.2)]). First of all, let us considering the Can(G,K)-valued
paring

〈·, ·〉Can(G,K) :
(
D(G,K)⊗D(P,K) W

)
⊗K IndGP (W ′) → Can(G,K)

(δ ⊗ w)⊗ f 7→ [g 7→ (δ·r(f(·)(w)))(g)]

where (δ·r(f(·)(w)))(g) := δ(x 7→ f(gx)(w)). On the other hand, using the
arguments exhibited in [56, 3.4.1], it is possible to prove that the canonical map

U(gK)⊗U(pK) W → D(G,K)⊗D(P,K) W
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is injective, and we can suppose that U(gK)⊗U(pK)W is a subspace of
Ä
IndGP (W ′)

ä′
.

We then denote by IndGP (W ′)d the closed subspace of IndGP (W ′) annihilated by
d via the paring 〈·, ·〉Can(G,K):

IndGP (W ′)d := {f ∈ IndGP (W ′) | ∀δ ∈ d, 〈δ, f〉Can(G,K) = 0}.

This is, by construction, a G-invariant subspace of IndGP (W ′) (cf. [54, Comment
before the proposition 3.3]). Moreover, by [54, Lemma 2.4] the representation
IndGP (W ′) is strongly admissible (in the sense of [69]), and therefore IndGP (W ′)d

is also a strongly admissible locally analytic G-representation, being a closed
invariant subspace of a strongly admissible representation [69, Lemma 3.5]. Fi-
nally, it is not very hard to prove that the annihilator, under the canonical paring
de�ned in (120), of IndGP (W ′)d in D(G,K)⊗D(P,K)W is equal to D(G,K)d ([54,
Proposition 3.3 (ii)]). Therefore we have a canonical isomorphism of coadmissi-
ble D(G,K)-modules45Ä

IndGP (W ′)d
ä′
'
(
D(G,K)⊗D(P,K) W

) /
D(G,K)d (121)

In practice, we are interested in the following description of
Ä
IndGP (W ′)d

ä′
, cf.

(122) below.

In what follows, we will denote by o the ring of integers of the �nite extension
L|Qp. We will also take smooth integral models T0 ⊆ B0 ⊆ P0 ⊆ G0, which are
by de�nition groups o-schemes, of T ⊆ B ⊆ P ⊆ G, respectively, and we will
denote by G0 := G0(o), which is a maximal open compact subgroup G.

Let M ∈ OpK
alg . By de�nition, M is a union of �nite dimensional pK-modules.

Let us denote by M0 one of these �nite-dimensional submodules. As we have
remarked, M0 lifts to a locally analytic P -representation which extends to a
unique D(P,K)-module structure, in the sense that the Dirac distributions acts
as group element on P . cf. [69, Proposition 3.2] and the paragraph before the
lemma 3.1 in [69].

The algebra D(gK , P ): In what follows, we will denote by D(gK , P ) the sub-
ring46 of D(G,K) generated by U(gK) and D(P,K). Actually, this ring is equal
to U(gK)D(P,K), which means that every element in D(gK , P ) can be written
as a �nite sum

∑
j zjδj with zj ∈ U(gK) and δj ∈ D(P,K) ([54, Proposition

3.5]). From this description and the discussion in the previous paragraph, we can
conclude that any object M ∈ OpK

alg carries a unique D(gK , P )-structure, such
that the U(pK)-action, as a subring of U(gK), coincides with the U(pK)-action
as a subring of D(P,K). Furthermore, the Dirac distributions δp ∈ D(P,K)
act like the group elements p ∈ P and, by uniqueness of the D(gK , P )-module
structure, any morphism M1 →M2 in OpK

alg is in particular a homomorphism of
D(gK , P )-modules.47

45The coadmissible structure on the right hand side becomes from the fact that d ∈ OpK
alg .

Hence D(G,K)d is �nitely generated as D(G,K)-module and therefore closed. The assertion
now follows from [70, Lemma 3.6].

46We recall for the reader that we have an inclusion U(gK)→ D(G,K) via the exponential
map, cf. discussion after the proposition 2.3 in [69]. The same reasoning applies for the
compact subgroup G0 ⊆ G.

47This reasoning has been taken from the proof of the corollary 3.6 in [54].
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Remark 7.2.1. If D(gK , P0) denotes the subring of the Fréchet-Stein al-
gebra D(G0,K) generated by U(gK) and D(P0,K), then we have the same
description D(gK , P0) = U(gK)D(P0,K) than for D(gK , P ).

Let us take, as before, M ∈ OpK
alg . Since, by de�nition, M is a �nitely gener-

ated U(gK)-module, we see thatM is a �nitely generatedD(gK , P )-module, and
thereforeD(G,K)⊗D(gK ,P )M is a �nitely generatedD(G,K)-module. It is clear
that the same reasoning applies for the algebraD(gK , P0), i.e. D(G0,K)⊗D(gK ,P0)

M is also a �nitely generated D(G0,K)-module.

Remark 7.2.2. Using the Iwasawa decomposition48 G = G0P , it is possible to
prove that the canonical map

D(G0,K)⊗D(gK ,P0) M → D(G,K)⊗D(gK ,P ) M

is an isomorphism of D(G0,K)-modules ([72, Lemma 6.1 (i)]).

We have introduced the preceding information because we pretend to prove that
we have a canonical isomorphism of D(G0,K)-modules

D(G0,K)⊗D(gK ,P0) M '
Ä
IndGP (W ′)d

ä′
, (122)

which in particular implies thatD(G0,K)⊗D(gK ,P0)M is a coadmissibleD(G0,K)-
module (in fact strongly coadmissible). By using the previous remark and the
isomorphism (121), we only need to exhibit a canonical isomorphism ofD(G,K)-
modules

D(G,K)⊗D(gK ,P ) M '
(
D(G,K)⊗D(P,K) W

) /
D(G,K)d,

which we construct as follows (this is exactly as in [54, Proposition 3.7]). We
start by considering the canonical map

ι : M =
(
U(gK)⊗U(pK)W

) /
d→

(
D(G,K)⊗D(P,K) W

) /
D(G,K)d

and we point out that if this map is in fact D(gK , P )-linear, then we can de�ne
a homomorphism of D(G,K)-modules

Φ : D(G,K)⊗D(gK),P M →
(
D(G,K)⊗D(P,K) W

) /
D(G,K)d

by extending the relation49 Φ(δ⊗w) := δι(w), for w ∈W . It turns out that this
map is in fact an isomorphism of D(G,K)-modules whose inverse Ψ is given
by Ψ((δ ⊗ w) + D(G,K)d) := δ ⊗ (w + d). The D(gK , P )-linearity of ι follows
from the fact that the U(pK)-action onW is compatible as a subalgebra of both
U(gK) and D(P,K). This clearly implies that the natural map

U(gK)⊗U(pK) W → D(G,K)⊗D(P,K) W

is D(gK , P )-linear and so is ι.

48This has been explained by Stefano Morra in his talk. The interested reader can also �nd
a discussion about this decomposition in [20, 3.5].

49Φ(δ⊗m) = Φ(δ⊗
∑

ziwi) = Φ(
∑
δzi ⊗wi) =

∑
δziι(wi) =

∑
δι(ziwi) = δι(m), the last

equality by D(gK , P )-linearity.
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All in all, we can pass to de�ne the functor FGP ([54, 4.1]). For M ∈ OpK
alg , we

have constructed a coadmissible50 D(G,K)-module in (122). This motivates
the de�nition of the functor

FGP : OpK
alg → ReplaK(G)

M  FGP (M) :=
(
D(G,K)⊗D(gK ,P ) M

)′ (123)

Proposition 7.2.3. The functor FGP is exact.

Remark 7.2.4. We will follow the arguments given by Matthias Strauch in
his talk, which in turn are inspired by the appendix B in [1]. These arguments
introduce interesting relations between the algebra of locally analytic distribu-
tions and Kohlhaase's ring of distributions supported in a closed subset. The
interested reader can also �nd an alternative proof of the proposition 7.2.3 in
[54, Proposition 4.2].

To explain the ideas given by Matthias Strauch, we will need the following
notions introduced in [1, B.5, B.6, B.7 and B.8]. Let us denote by D(G,K)P the
Kohlhaase's ring of distributions supported in P [45, 1.2.1 - 1.2.6]. This
can be considered as the topological closure of D(gK , P ) inside D(G,K) [45,
Lemma 1.2.10].51 In particular, D(G0,K)P0

is Fréchet. The same constructions
apply for the maximal compact open subgroup G0 ⊂ G, and we want to prove
that, in this case, D(G0,K)P0 is a Fréchet-Stein algebra, where P0 := P ∩ G0.
To do that, let us consider the Fréchet-Stein structure

D(G0,K) = lim←−
r∈(1/p,1)∩pQ

Dr(G0,K)

of the distribution algebra D(G0,K) constructed in [70, Theorem 5.1], and
let us denote by Dr(G0,K)P0

the closure of D(G0,K)P0
inside Dr(G0,K). If

z1, · · · , zd is an L-basis of g and

Ur(gK) :=

ß ∑
β∈Nd

sβz
β | sβ ∈ K and ‖sβzβ‖r

|β|→∞→ 0

™
where ‖ · ‖r is the so-called r-norm [70, Section 4], it is proved in [45, Theo-
rem 1.4.2 and corollary 1.4.3] (see also [67, Theorem 2.3]) that there exists a
co�nal system (which we �x from now on) de�ning the Fréchet-Stein structure
of D(G0,K), such that Ur(gK) is noetherian and Dr(G0,K)P0

is a �nitely free
Ur(gK)-module. In other words Dr(G0,K)P0 is noetherian. Furthermore, it is
not so hard to prove, by using the results cited before ([45, 1.4.2 and 1.4.3]),
that Dr(G0,K) is �nite free as a right module over Dr(G0,K)P0

-module, cf.
[1, Lemma B.5.2]. From these facts Agrawal-Strauch conclude that D(G0,K)P0

is a Fréchet-Stein algebra by comparing the transition morphisms via the
commutative diagram

Dr(G0,K)P0 Dr′(G0,K)P0

Dr(G0,K) Dr′(G0,K).

(124)

50Let us recall that in the non compact case, admissibility is tested over a open compact
subgroup. In this case G0 ⊂ G.

51We recall for the reader that the set of Dirac distributions is dense in D(P,K) [69, Lemma
3.1].
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Indeed, the horizontal map on the bottom being �at and both vertical maps
faithfully �at (by the arguments in the previous paragraph), imply that the
morphism on the top is also �at. To see [1, Proposition B.5.3] for more details.

Remark 7.2.5. As we have remarked before, in the noncompact case coad-
missiblity over the distribution algebra can be tested over any open compact
subgroup H ⊂ G. By [45, (1.7)] and [1, Corollary B.7.2] the same holds for the
algebra D(G,K)P . The following de�nition is given in [1, De�nition B.7.3].

De�nition 7.2.6. A D(G,K)P -module M is coadmissible if M is coadmis-
sible as a module over the Fréchet-Stein algebra D(G0,K)P0 .

Remark 7.2.7. (i) Let M ∈ OpK
alg. In particular M is a �nitely generated

U(gK)-module. We already know thatM can be endowed with a structure
of D(gK , P )-module, and with this action it is possible to prove that

D(G,K)P ⊗D(gK ,P ) M

is a coadmissible D(G,K)P -module, cf. [74, Lemma 4.3].

(ii) ([74, Lemma 4.6]) For a D(gK , P )-module M , the natural map

Ur(gK)⊗U(gK) M → Dr(G,K)P ⊗D(gK ,P ) M

is an isomorphism of left Ur(gK)-modules.

(iii) ([1, Corollary B.8.2]) IfM is a D(gK , P )-module, then we have a canonical
isomorphism

D(G,K)P ⊗D(gK ,P ) M = D(G0,K)⊗D(gK ,P0) M

of D(G0,K)P0
-modules.

52 Now, let
0→M ′ →M →M ′′ → 0 (125)

be an exact sequence in OpK
alg . By (i) and (iii) in the previous remark and [1,

Proposition 4.1.5], we know that

D(G0,K)P0 ⊗D(gK ,P0) (125) (126)

is a sequence of coadmissible modules over the Fréchet-Stein algebraD(G0,K)P0 ,
so it is exact if and only if

Dr(G0,K)P0 ⊗D(G0,K)P0

(
D(G0,K)P0 ⊗D(gK ,P0) (125)

)
= Ur(gK)⊗U(gK) (125)

is exact, where we have used (ii) in the previous remark, and r in the co�nal
set that we have �xed. But Ur(gK) is �at over U(gK), cf. [74, Theorem 3.13]
and [70, Remark 3.2], thus Ur(gK)⊗U(gK) (125) is exact for all r. This clearly
says that the functor

D(G0,K)P0 ⊗D(gK ,P0) (•) : OpK
alg → CD(G,K)P

is exact. Here CD(G,K)P denotes the category of coadmissibleD(G,K)P -modules.

52This reasoning is an extract of the proof of the proposition B.8.5 in [1].
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Remark 7.2.8. This fact illustrates one of the motivations of the authors in
[1] to introduce Kohlhaase' ring of distributions D(G,K)P . With this ring we
somehow have a good algebraic control53 over the modules in the category OpK

alg .

Of course, if we now want to deal with the proof of the proposition 7.2.3, the
naive reasoning that we can carry out is to consider a short exact sequence like
in (125) and then tensoring D(G0,K)⊗D(G0,K)P0

(•) the (short exact) sequence
(126). Unfortunately, we don not currently know if D(G0,K) is right �at over
D(G0,K)P0

, cf. [1, Remark B.6.3]. To deal with this gap, Agrawal-Strauch have
attacked the problem from a topological point of view by introducing Ardakov-
Wadsley notion of c-fatness, [4]. It turns out that this is the right version of
�atness for Fréchet-Stein algebras. Let us recall the de�nition.

De�nition 7.2.9. Let ϕ : A → B be a continuous morphism of Fréchet-Stein
algebras. There exists a right-exact functor B ⊗cA (•) from coadmissible left A-
modules to coadmisisble left B-modules [4, Section 7]. We say that B is right
c-�at if this functor is exact, and right faithfully c-�at if this functor is
faithfully exact.

Remark 7.2.10. Under the notation of the previous de�nition, ifM is a �nitely
presented A-module, then B ⊗cAM = B ⊗AM .

Now, by construction (see for example the diagram (124)) we know that the
inclusion D(G0,K)P0

→ D(G0,K) is a continuous morphism of Fréchet-Stein
algebras whose transition maps Dr(G0,K)P0

→ Dr(G0,K) are right faith fully
�at (paragraph right before the diagram (124)). From this fact, it is not hard to
see that D(G0,K)P0

→ D(G0,K) is right faithfully c-�at, cf. [1, Lemma B.6.1]
for more details.

All in all, we can �nally give the proof of the proposition 7.2.3.

Proof of the proposition 7.2.3. Let us recall that for M ∈ OpK
alg we have

FGP (M) :=
(
D(G,K)⊗D(gK ,P ) M

)′
.

Furthermore, given that (•)′ induces an equivalence of categories

CG
(•)′→ RepadmK (G)

between the category of admissible locally analytic G-representations and the
category CG of coadmissible D(G,K)-modules, cf. [70, Theorem 6.3], we only
need to prove, using (iii) in the remark 7.2.7, thatD(G0,K)⊗D(gK ,P0)(•) de�nes
an exact functor between OpK

alg and CG. But this functor equals the composition
of the functors

OpK
alg

D(G0,K)P0
⊗D(gK,P0)(•)−−−−−−−−−−−−−−−−→ CD(G,K)P

D(G0,K)⊗cD(G0,K)P0
(•)

−−−−−−−−−−−−−−−−→ CG.

The exactness now follows from c-�atness of D(G0,K) over D(G0,K)P0
, the

reasoning given after the remark 7.2.7 and the remark 7.2.10.
53Shishir Agrawal has indicated to me that we don't have a good algebraic control over the

ring D(gK , P ), so they required a good algebraic property from the modules over this ring,
namely, �nitely presented D(gK , P )-modules. A good source of examples of such a modules
are those D(gK , P )-modules arising form the category OpK

alg , cf. [1, Proposition 4.1.5].
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Remark 7.2.11. The reasoning given in the proof of the proposition 7.2.3 gives
a second motivation to introduce the ring D(G,K)P . From a topological point
of view, we have a good knowledge of the morphism D(G,K)P → D(G,K), in
the sense it is faithfully c-�at.

7.3 Extending the functor FGP
The goal of this subsection will be to extend the functor de�ned in (123) in
order to obtained the announced bi-functor in (115). We will follow word by
word the arguments and de�nitions given in [54, 4.4]. To start with, let us �rst
recall the de�nition of a smooth representation and an admissible smooth
representation, cf. [72, Section 2]. We will give the de�nition for the group
G, but we warm the reader that in this subsection we will be interested in
LP -representations.

First of all, we say that a K-vector space V is a smooth representation of G,
if V is endowed with a K-linear G-action such that the stabilizer of each vector
in V is open in G. Furthermore, we say that V is an admissible smooth
representation if, for any compact open subgroup H ⊂ G, the vector space
V H of H-invariants vectors in V is �nite dimensional.

Remark 7.3.1. Let V be an admissible smooth G-representations. Given that
the unit element in G has a countable fundamental system of open compact
neighbourhoods {Hn}n∈N, we have

V = lim−→
n∈N

V Hn .

This implies that V is of compact type, being the countable locally convex
inductive limit of the �nite dimensional spaces V Hn .

From now on, we will assume that V is a smooth admissible representation of
the Levi subgroup LP ⊆ P , and we regard it as a representation of P . We
will always consider on V the �nest locally convex topology exhibited in the
previous remark.

Let M ∈ OpK
alg and write it as a quotient of a generalized Verma module

0→ U(gK)⊗U(pK) W →M → 0.

We have54

W ′ ⊗K V = lim−→
n∈N

W ′ ⊗K V Nn ,

where {Nn}n∈N runs through a countable fundamental system of open compact
subgroups of P . Equipped with the diagonal actionW ′⊗KV is a locally analytic
representation. By using the paring 〈·, ·〉Can(G,V ) de�ned in the subsection 7.2,
we can consider

FGP (M,V ) := IndGP (W ⊗ V ′)d

:= {f ∈ IndGP (W ′ ⊗K V ) | ∀z ∈ d, 〈z, f〉Can(G,V ) = 0}.
54Given thatW is �nite-dimensional, the injective tensor productsW ′⊗K,π V = W ′⊗K,ιV

coincide, and we can just write W ′ ⊗K V .
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Remark 7.3.2. Strictly speaking we should have written FGP (M,W,V ) instead
of FGP (M,V ), because it could depend of the chosen P -representationW . In [54,
Proposition 4.5] the authors prove that if W1 ⊆ W2 are two �nite-dimensional
U(gK)-representations which generatesM as a U(gK)-module, then there exists
a canonical isomorphism

FGP (M,W2, V ) ' FGP (M,W1, V ).

We can henceforth identify all representations FGP (M,W,V ) and to write just
FGP (M,V ).

Proposition 7.3.3. ([54, Proposition 4.7]) FGP (·, ·) is a bi-functor

OpK
alg × Rep∞,admK (LP ) → ReplaK(G)

(M,V ) 7→ FGP (M,V ),

which is contravariant in M and covariant in V .

Proof. Let α : M1 → M2 be a morphism in OpK
alg and β : V1 → V2 be a

morphism in Rep∞,admK (LP ). Let us choose W1 ⊆ M1 a �nite-dimensional
U(pK)-submodule which generates M1 as a U(gK)-module. Then let us choose
W2 ⊂ M2 a �nite-dimensional U(pK)-submodule which generates M2 as a
U(gK)-module and which contains α(W1). We have the following commuta-
tive diagram

0 d1 U(gK)⊗U(pK W1 M1 0

0 d2 U(gK)⊗U(pK W1 M2 0

This shows that the map

IndGP (W ′2 ⊗K V1)→ IndGP (W ′1 ⊗K V2)

induced by α′ ⊗ β maps FGP (M2, V1) into FGP (M1, V2).

Proposition 7.3.4. (i) For all M ∈ OpK
alg , and for all smooth admissible LP -

representation V , the G-representation FGP (M,V ) is admissible.

(ii) If V is of �nite length, then FGP (M,V ) is strongly admissible.

Proof. The �rst item follows from [54, Lemma 2.4 (i)] and [70, Proposition
6.4 (iii)]. The second item follows from [54, Lemma 2.4 (ii)] and [69, Lemma
3.5].

The reader can �nd the proof of the following proposition in [54, Proposition
4.9].

Proposition 7.3.5. (i) The bi-functor FGP (·, ·) is exact in both arguments.

(ii) If P ⊆ Q are parabolic subgroups, qK := Lie(Q), and M ∈ OqK
alg , then

FGP (M,V ) = FGQ (M, IndQP (V )).
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Remark 7.3.6. (i) It is clear that if 1 denotes the trivial LP -representation,
then

FGP (M,1) = FGP (M)

for all M ∈ OpK
alg .

(ii) Let us recall the category OP , [55], whose objects consist of those pairs
M := (M, τ), where M is an object of55 OpK and τ : P → EndK(M)∗

is a locally �nite-dimensional locally analytic representation on M which
lifts the Lie algebra representation of pK on M . As we have remarked,
any objectM ∈ OP can be endowed with a structure of D(gK , P )-module
which allows us to consider

FGP (M) := (D(G,K)⊗D(gK ,P ) M)′.

This is an extension of the functor (123) to the category OP , in the sense
of the following commutative diagram

OpK
alg OP

ReplaK(G)

FGP FGP

where we have used the fully faithful embedding (118).

8 Local properties of the functor FG
P

In this section we will review the main ideas introduced by S. Orlik in his talk.
We will consider the aspects of faithfulness, projective and injective objects and
we will compute some Ext-groups. The main reference for this section is [57].

8.1 Jacquet functors

Let us recall the Levi decomposition P = LPUP . For any locally analytic
P -representation, we let V (UP ) be the subspace generated by the expressions
uv − v, with u ∈ UP , v ∈ V and let V (UP ) be its topological closure which is a
P -stable subspace of V . We will denote by

H0(UP , V ) := VUP := V/V (UP )

the corresponding naive Jacquet module,56 which is the largest Hausdor� quo-
tient of V on which UP acts trivially. Furthermore, since V (UP ) is a closed
subspace of V , the quotient H0(UP , V ) is of compact type. Moreover, the orbit
maps P → H0(UP , V ) are clearly locally analytic since they are induced via
the locally analytic orbit maps P → V , cf. [57, Lemma 4.1]. In other words,
H0(UP , V ) has a canonical structure of a locally analytic P -representation.

55We remark for the reader that the motivation in considering the full subcategory OpK
alg

was to have a control over the root decomposition of certain objects in OpK , that allowed us
to lift the algebraic TK -action to a P -action.

56The interested reader can take a look to the notes of Gabriel Dospinescu "A review of
Emerton's Jacquet functors".
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Now, by the very de�nition, we know that V ′ is a K-Fréchet space endowed
with a continuous P -action. We let

H0(UP , V ) := {v′ ∈ V ′ | UP · v′ = v′} ⊆ V ′.

Being a closed subspace H0(UP , V ) inherits the structure of a K-Fréchet space
equipped with a P -action, as well. More exactly, we have the following topo-
logical isomorphism ([57, Lemma 4.2])

H0(UP , V ) '
(
H0(UP , V )

)′
.

of P -representations.

Finally, ifM is a gK-representation, then we can consider the subspaceH0(uP ,M)
of vectors killed by uP , and the quotient H0(uP ,M) = M/uPM . Both are
U(pK)-modules.

We will need the following technical result whose proof can be founded in [57,
Proposition 4.20].

Proposition 8.1.1. Let M = U(gK) ⊗U(pK) W ∈ OP be a generalized Verma
module. Then

H0(UP ,FGP (M)) = H0(up, ω(M))′,

where ω(·) denotes the forgetful functor (117).

Remark 8.1.2. ([57, Remark 4.22]) The same statement holds true for objects
M ∈ OP of the shape M = U(gK) ⊗U(pK) W where W is a �nite-dimensional
locally analytic P -representation. In particular, it holds if W is a �nite dimen-
sional algebraic representation of the levi factor LP.

8.2 Functorial properties

In the �rst part of this subsection, we want to discuss whether the functors FGP
are faithful resp. fully faithful. More exactly, we want to prove that the functor

FGP : OpK
alg → ReplaK(G)

M 7→ FGP (M,1)

is fully faithful.

Theorem 8.2.1. ([57, Theorem 5.1]) Let M1, M2 ∈ O
pK
alg . Then the map

HomOP (M1,M2) → HomG(FGP (M2),FGP (M1))
f 7→ FGP (f)

is bijective.

As S. Orlik did in his presentation, we will prove the preceding theorem in
the special case when M2 ∈ OpK

alg and M1 is the generalized Verma module
M1 = U(gK) ⊗U(pK) Z, where Z is a �nite-dimensional locally analytic LP -
representation. We remark for the reader that in this particular case we do
not have a set of di�erential equations in the sense that d = 0 (in (119)) and
therefore

FGP (M1) = IndGP (Z ′), (127)

and UP acts trivially on Z.

168



Proof of the theorem 8.2.1. The authors have divided this proof into several
steps. We will give the proof in the particular case when M1 is the general-
ized Verma module of the preceding paragraph and M2 ∈ OpK

alg . The interested
reader can �nd a complete proof in [57, Theorem 5.1].

By proposition 8.1.1 we have H0(UP ,FGP (M2))′ = H0(up,M2). From this fact
we have the following identities

HomG(FGP (M2),FGP (M1)) = HomP (FGP (M2), Z ′)

= HomLP (H0(UP ,FGP (M2)), Z ′)

= HomD(LP ,K)(Z,H
0(up,M2))

= HomD(P,K)(Z,M2)

= HomD(gK ,P )(M1,M2).

The �rst relation follows from (127) and Frobenius reciprocity, the second one
uses the fact that Z is a representation of the Levi factor LP and by de�nition
UP acts trivially on H0(UP ,FGP (M2)). The third relation is the well-known
Schneider-Teitelbaum equivalence of categories [70, Theorem 6.3]. The fourth
one has already explained and the last one is just by de�nition of M1.

Remark 8.2.2. The following example given by S. orlik in his talk shows that
the functor obtained by �xing M and letting vary V is not fully faithful.

Example 8.2.3. Let us take G = GL2(Qp), B = P the Borel subgroup of
upper triangular matrices, M = 1 and V = χ a character of the diagonal torus,
such that the induced representation splits

V := indGP (χ) = V1 ⊕ V2.

By the Schur's lemma is known that

dim(HomB(V, V )) = 1,

but
dim(HomG(FGB (M,V ),FGB (M,V ))) = 2.
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