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Representations and geometry of flag varieties




Root systems: definitions and first properties

| V a real vector space. |

Definition. s € End(V) is a symmetry with vector o € V \ {0} if:

o s(a) = —«

Codim(H = {8 € V|s(8)=p8}) =1

Facts.

V = H® Ra.

There exists a unique a¥ € V'V such that

o If <a¥,a>=2, then so(v) = v— < a”,v > ais an a-symmetry.
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Definitions and first properties

Lemma. Let Span(R) = V such that |R| < co. Then there exits at
most one a-symmetry leaving R invariant.
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e R={xa,+8,x(a+ B),x(2a+ B)}, a=(1,0) and § = (-1,1)
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8 : B+ 2
- a
—f-lm
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Figure: Type By = G
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o R={xa,£8,£(a+ B), £(2a + B) + (3a + 28)}, with a = (1,0) D-modules
and g = (—%7 ?) AndréAlIS-trr-on.
2+ 3a
Root systems and
Weyl groups
[ Bta B+l A+3a
—-3a -2 S ] —§
-28-3a

Figure: Type Gy

The only non reduced system of rank 1 is

- - - - -

- -z 0 a
Figure: Non reduced rank 1
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Duals and relative positions

Facts.

e RV ={aY|a€R}C VYis a root system.
e (RY)Y =R and RY is the dual root system.
e W(R) ~ W(RY).

Relative positions.

’ Let a, 8 € R and ¢ the angle between o and 3. ‘

2|8l Fcos(p) =< oV, B >= 4cos’(¢p) =< o, B >< BV, a >€ Z
(i) <a¥,B>=<pY,a>=0and ¢ = /2.
(i) <a¥,B>=< B, a>=-1, ¢ =2r/3 and |B] = |a|.
(iil) <a¥,B>=-2,< B, a>=—1, ¢ =3r/4 and |B] = V2|al.
(iv) <a¥,B>=-3,<8Y,a>=—1, ¢ =57/6 and |8| = V3|

Example.

(7) is of type Ay x Az, (ii) is of type Az, (iii) is of type Bz and (iv)
of type Gs.
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Simple roots and basis

Definition.
S C R is a system of simple roots or a basis if:

e S is a basis for V.
e VB ER,3B =3 csVa such that v, > 0 or v, <0, Vo

Example
For the root systems in R? we have S = {«, 7.

Theorem. There exists a basis.

Important remark from the proof and relations with the Weyl group.

e Forall a,8 €S, we have < ¥, >< 0.
e If S’ is another basis, there exists w € W, such that w(S') = S.
e W=<s,|ae§5>.

One can be more precise and to prove that the Weyl group is
generated by s,, a € S satisfying the relations

(s@sﬁ)m(ujﬂ) o 17 m(a7 B) € {2‘3476}
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Cartan matrix

Definition.

The Cartan matrix for the root system associated to a basis S is by
definition the matrix

C(R) = (< a”, B >)a pes.

Example.

Let us take V = (R?, (e, )) with the usual inner product.

Using the relation < ", e >=2(a, e)/||a||*> we can compute the
Cartan matrix of the root systems of R? studied so far.

o Ay av = (10), ﬂ o (_%7 ?)

<a’,B>= -1 (2 _1)
<pBY,a>=-1
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More examples

e B a=(1,0) and 8 =(-1,1).

<a’,B>=-2 (2 72)
< B, a>=-1

G: a=(1,0) and 8 = (7;?)
Smazd (2 3)
<pY,a>=-1 -

Remark.

The Cartan matrix gives us also information about ¢.

A reduced system is determined by its Cartan matrix.




More examples

Bx: o= (1,0) and 8 = (—1,1).

S (2 7)
<BY,a>=-1 a

G a=(1,0) and = (-32,2)
<a¥,f>=-3 (21 ‘23)
<BY,a>= -1 a

Remark.

The Cartan matrix gives us also information about ¢.

A reduced system is determined by its Cartan matrix.
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Coxeter graph

R root system and S a basis.

Definition. A Coxeter graph is a finite graph such that the vertices
are linked by 0, 1, 2 or 3 edges.

Definition. The Coxeter graph of R with respect to S is the graph
whose vertices are the elements of S and such that two vertices «
and 3 are linked by < ¥, 8 >< BY, a0 >.

Proposition. The Coxeter graph is independent of the basis.

Proof.

Let S and S’ be basis for R.

There exists w € W such that w(S’) = S.

It is straightforward to prove < w(f), w(v) >=<f,v >.

So < w(a)Y,w(B) >< w(B)Y,w(a) >=<a",B >< BY,a >.

e e ——

Az By =Cy Ga
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(i) There is at most one double edge starting from a vertex wu.

0—0=0
(iii) If there is a triple edge between u and ', then U = {u, v’}
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Reason:

Let (ui)i<i<n be the vertices connected to u.
Assume there ny vertices u; with m(u, uj) = k for k € {1,2,3}.

2
qu7u,- Z

n
2
= 1>§ qiul_>n1+++3n3
i=1

Sx

ny+2n+3n3 <3

e n; = 3, then n2 = n3 = 0. Proving (/).
e ny < 1. Proving (if).

e n3 <1andif n3 =1, then ny = n2 = 0. Moreover, |U| =2 by
connectedness.
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e np = 3, then n2 = n3 = 0. Proving (/).
e ny < 1. Proving (ii).
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Let (ui)1<i<n be the vertices connected to u.

Root systems and

Assume there ny vertices u; with m(u, u;) = k for k € {1,2,3} el greus
k . n 4 2ny + 3n
2 2 1 2 3
u,uj > = = 1 > u,u;j 2 —
Guu; = ;Zl:q,, 2

n+2n2+3n3 <3

e np = 3, then n2 = n3 = 0. Proving (/).
e ny < 1. Proving (ii).

e n3 <1andif ns =1, then ny = n2 = 0. Moreover, |U| =2 by
connectedness.
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Reason.

We already know the result for 1,2 and 3.

By induction, let us assume |U| = n+ 1. If none of the vertices
related to u is related to another vertex, then n+ 1 = 4 and we are
done.

If at least one of the vertex, u1, is related to another via an edge e,
we can collapse this edge and the results follows by induction.
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We are left with two types of graphs:

e Chains with no ramifications and one double edge. The graph C
will be the following Fa:

e A graph with only simple edges and a unique ramification point u.

C is the union of u and three chains (ux)1<k</, (vi)1<i<n and
(wj)1<j<m- It is possible to prove that
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Problem: Even if the Coxeter graph does not depend of the choice
of a basis, this does not determine the Cartan matrix. In fact a
Cartan matrix and its transpose have the same Coxeter graph.
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of a basis, this does not determine the Cartan matrix. In fact a Worl oyovems and
Cartan matrix and its transpose have the same Coxeter graph.

The preceding problem comes from the fact that the

Coxeter diagram only determines the angle but not which of the
roots is the longest.

Definition.

The Dynkin diagram of R is the Coxeter diagram together with the
length of o attached to the vertex u,.
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specifying the Dynkin diagram is equivalent to specifying a Cartan
matrix. They determine the root system up to isomorphism.
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B = ﬁ_ﬂ(Ha)a

is a reflection.
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e Let R be a reduced root system with basis S and let g be the Lie
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g = Span(Ha, Xa, Ya)acs, n = Span(X,) and n_ = Span(Ya).
The generators satisfy the so-called Weyl relations and Serre

relations.

In practice, we use the preceding theorem by "forcing" the Weyl

and Serre relations.

theorem.

Let R be a reduced root system with basis S and let g be the Lie
algebra defined by generators and relations in the previous theorem,

then g is a semisimple Lie algebra.

h := Span(Ha)aes is a Cartan subalgebra.
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Classification of complex semisimple Lie algebras

By construction, the Lie algebra g in the previous theorem satisfies

i=b0 P
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Classification of complex semisimple Lie algebras
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In particular, dim(g) = |S| + |R|.
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complex
Corollary. semisimple Lie
algebras

For any reduced root system R, there exists a semisimple Lie
algebra with root system R.

Corollary.
If g is a semisimple Lie algebra, then g ~ 7.

Proof. § = Span(X/,, Y/, H,)acs. Semisimple with root system R.
g— 9, X, = Xa, Y.~ Ya and H,, — H, is a Lie isomorphism by
Weyl-Serre relations and dim(g) = |S| + |R| = dim(g).

Fact. The root system does not depend of the choice of §.

Corollary.
e 2 Lie algebras are iso. iff they have the same root system.
o Lia algebras are in 1:1 correspondence with connected Dynkin
diags.
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[h,e] =2e, [h,f]=—-2f
where

() - ) - (3

Considering the Cartan subalgebra ) := C - h, we define \; € ",

i=1,2
Xi(h) = (-1)", i=1,2
We have

R={A1— X2, 22 — A1}
and the relations in (1) imply

(52)a;—2, =C-e and (sk)r,—», =C-f.
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Coxeter group

m:SXS%Z>0

is a Coxeter matrix if:

e m(s,s') = m(s',s), Vs,s' € S.

e m(s,s')=1as=5¢.
Coxeter graph: C = (S, E), where {s,s'} € E if m(s,s") > 3.
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Coxeter systems

| m a Coxeter matrix.

The Coxeter group W with generators in S is the free group
generated by S modulo the relation:

’
(55/)"7(5’S ) =1 ss'ss’s- . = s'ss’ss -
N—
m(s,s’) m(s,s")

s* = 1 because m(s,s) = 1.

Example.
12 3 2 s2=1
2 1 4 2 S152 = S251
3 4 1 o0 515351 — S351S3
2 2 oo 1 S1S4 = 5451

52535253 = 53525352
S2S4 = S4S2

e (W,S) is called a Coxeter system.
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Example.
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Exchange property and deletion property

Definition.
The length /(w) of w € W is defined by

I(w) =min{k € Z>o | w =515, 51 € S}.

e We say that the system (W, S) has the Exchange or Deletion
property if the following hold:

Exchange property.
Let w = s1 - - s be a reduced word (k = /(w)), and s € S. Then
I(sw) < I(w) = sw =51 ---8 5.

The deletion property.

If w=s;---sthen [(w) < k=w=s51---§---§---5¢, i <.

Theorem (Characterisation theorem).

Let W be a group and S C W be a generating set with s> =1,
VseS. T.F.AE:

o (W,S) is a Coxeter system.
e W satisfies the exchange property.
e W satisfies the deletion property.
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Definition.
The length /(w) of w € W is defined by

I(w) =min{k € Z>o | w =515, 5i € S}.

e We say that the system (W, S) has the Exchange or Deletion

property if the following hold:

Exchange property.

Let w = s1 - - s be a reduced word (k = /(w)), and s € S. Then

I(sw) < I(w) = sw =151 ---8 5.

The deletion property.
If w=s1-sgthen I(w) < k=>w=s---5§

Theorem (Characterisation theorem).
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Definition.
The length /(w) of w € W is defined by

I(w) =min{k € Z>o | w =515, 5i € S}.

e We say that the system (W, S) has the Exchange or Deletion
property if the following hold:

Exchange property.

Let w = s1 - - s be a reduced word (k = /(w)), and s € S. Then
I(sw) < I(w) = sw=sy---§ 5.

The deletion property.

If w=s;---5sthen /(W) < k = W=Sl~~~§,'~~~§j~~-5k, 3/<j

Theorem (Characterisation theorem).
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Bruhat order

Example.

If si=(i,i+1)and S={si}1>i>n—1, then (&,,S) satisfies the
exchange property and it is a Coxeter system.

(Geometric) Definition.

Let T:={ws'w|s€S we W}, and u,w € W.

e u— wif 3t € T such that ut = w and /(u) < I(w).

e u < w means that there exists u; € W such that

u=up—Uuy —- " — U = W.

(Algebraic) Definition.
A subword of a reduced word s;; 5j, - - - 55, is a word of the form
Siy -+ s, where (i1, -+, i) is a subsequence of (ji, - ,Jq)-

’ Compatibility or subword property ‘

Let w = s1 -+ - 54 be a reduced word, then u < w iff u has a
reduced expression that is a subword of w.
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A subword of a reduced word s;; 5, - - - 5j, is a word of the form
Siy -+ - s, where (i1, -+, i) is a subsequence of (ji,- - ,Jq)-
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Examples

e Let R be a root system and S a basis. We have remarked that the
Weyl group W is the group generated by s., « € S, satisfying the
relations

(50,58)™*P =1, m(a,B) € {2,3,4,6}
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e For the Coxeter system (S,,S) we have
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Examples

e Let R be a root system and S a basis. We have remarked that the
Weyl group W is the group generated by s., « € S, satisfying the
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Examples

e Let R be a root system and S a basis. We have remarked that the
Weyl group W is the group generated by s., « € S, satisfying the
relations

(Say58)™ P =1, m(a,B) € {2,3,4,6}
(5, W) is a Coxeter system
e For the Coxeter system (S,,S) we have

T={(a,b) |1 <a<b<n}.
Moreover (a < b and x, < xp)

(a,b)
[X1, +  Xay v s Xby oo 3 Xn] o X1, e Xby e 3 Xy Xn)
o321
231 ‘-.nz
132 - 213
123

Figure: Bruhat order for G3
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‘ G a semisimple algebraic group and H C G a maximal tori.
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Remark about Weyl groups

1.

‘ G a semisimple algebraic group and H C G a maximal tori.

We have the following facts.

W = Ng(H)/H is a finite group acting naturally on H.
X" (H) == Hom,ig gps(H, Gm) is a free abelian group.
The adjoint representation Ad : G — GL(g) gives us

Fact.

The set R is a root system in X*(H) ®z R, and W is naturally
identified with the Weyl group of R.
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‘ G a semisimple algebraic group and H C G a maximal tori.

We have the following facts.

W = Ng(H)/H is a finite group acting naturally on H.
X" (H) == Hom,ig gps(H, Gm) is a free abelian group.
The adjoint representation Ad : G — GL(g) gives us

Fact.

The set R is a root system in X*(H) ®z R, and W is naturally
identified with the Weyl group of R.

Example.

p-adic
representations
and arithmetic
D-modules

Andrés Sarrazola
Alzate

Bruhat order

34/37



Remark about Weyl groups

1.

‘ G a semisimple algebraic group and H C G a maximal tori.

We have the following facts.

W = Ng(H)/H is a finite group acting naturally on H.
X" (H) == Hom,ig gps(H, Gm) is a free abelian group.
The adjoint representation Ad : G — GL(g) gives us

Fact.

The set R is a root system in X*(H) ®z R, and W is naturally
identified with the Weyl group of R.

Example.

Nsi, (D) = {(ai6io() | o € &, (] ] a)sgn(o) = 1}
and W = Ns_,(D)/D ~ &,, (aidjs(j)) + 0 is an iso.
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Fact.

Let SLo.c — GL(V) be an irreducible rep. There exists a unique
weight X of V which is maximal with respect to the Bruhat order.

Example. Let us consider the algebraic group G = SLac.

The subgroup

is a maximal torus.
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Representations (but just a taste)

Fact.

Let SLo.c — GL(V) be an irreducible rep. There exists a unique
weight X of V which is maximal with respect to the Bruhat order.

Example. Let us consider the algebraic group G = SLac.

The subgroup

is a maximal torus.
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If p(d(a)) = a and « == 2p, then
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Example. Let us consider the algebraic group G = SLac.

The subgroup

is a maximal torus.

Roots
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Representations (but just a taste)

Fact.
Let SLo.c — GL(V) be an irreducible rep. There exists a unique
weight X of V which is maximal with respect to the Bruhat order.

Example. Let us consider the algebraic group G = SLac.

The subgroup

is a maximal torus.
Roots

If p(d(a)) = a and « == 2p, then

R={ta} C X" (H)=Zp and W = {£1}

The action of SLo ¢ on C? extends to an action on Sym(C?).
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Representations (but just a taste)

Fact.
Let SLo.c — GL(V) be an irreducible rep. There exists a unique
weight X of V which is maximal with respect to the Bruhat order.

Example. Let us consider the algebraic group G = SLac.

The subgroup

is a maximal torus.

Roots
If p(d(a)) = a and « == 2p, then

R={ta} C X" (H)=Zp and W = {£1}
The action of SLo ¢ on C? extends to an action on Sym(C?).

The vector space Sym,(C?) is an SL» c-module and the unique
irreducible representations of dimension n+ 1
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Geometry of the flag variety

Let G := GL, and B the Borel subgroup of upper triangular
matrices. By G. Carnovale’s talk, we know that

X:=G/B

is a smooth projective variety.
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Let G := GL, and B the Borel subgroup of upper triangular
matrices. By G. Carnovale’s talk, we know that
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We will see that G decomposes in terms of the Bruhat
decoposition

G =BWB
where W(~ &,) is the Weyl subgroup of G.
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decoposition
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where W(~ &,) is the Weyl subgroup of G.
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Geometry of the flag variety

Let G := GL, and B the Borel subgroup of upper triangular
matrices. By G. Carnovale’s talk, we know that

X:=G/B
is a smooth projective variety.

We will see that G decomposes in terms of the Bruhat
decoposition

G = BWB
where W(~ &,) is the Weyl subgroup of G.

X=J ¢, G, =BwB/B.

weWw

We can connect Bruhat order to the study of flag varieties as
follows

e C, C C, iff u < w in the Bruhat order.
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