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Simple Lie algebras

De�nition

A Lie algebra L is simple if it has no nontrivial ideals and it is not abelian.

Example

Consider the Lie algebra sl2(K) of traceless 2 × 2 matrices. De�ne

e ∶= (0 1

0 0
) , f ∶= (0 0

1 0
) , h ∶= (1 0

0 −1) .

Then sl2(K) is generated by e, f ,h. By a straight computation, one �nds

that

[e, f ] = h, [h, e] = 2e, [h, f ] = −2f .

Also, sl2(K) is simple.
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Semisimple Lie algebras

De�nition

A Lie algebra L is called semisimple if Rad(L) = 0.

Example

If L is a Lie algebra, then L/RadL is always semisimple.

Simple Lie algebras are semisimple.

Lemma

A Lie algebra L is semisimple if and only if L has no nonzero abelian ideals.

Proof

If L is semisimple, RadL = 0 and abelian ideals are contained in RadL.

Let j be minimal s.t. (RadL)(j) = 0. Then (RadL)(j−1) is an abelian

ideal, since [(RadL)(j−1), (RadL)(j−1)] = 0.
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The killing form

De�nition

Let L be a Lie algebra. The killing form on L is the map

κL(⋅, ⋅) ∶ L × LÐ→ K

(x , y) z→ Tr(adL(x) adL(y)).

Proposition

(a) κL is symmetric and bilinear.

(b) κL(x , [y , z]) = κL([x , y], z) for every x , y , z ∈ L.
(c) If I is an ideal of L, then κI = κL∣I×I .

Proof of (c)

Let x , y ∈ I , adL(x) = (adI (x) ∗
0 0

), adL(x) adL(y) = (adI (x) adI (y) ∗
0 0

).
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The killing form

Lemma

Let I ⊆ L be an ideal. Then I ⊥ is an ideal in L and L⊥ ⊆ RadL.

Theorem

A Lie algebra L is semisimple if and only if κL is nondegenerate.

Proof

Let L⊥ = 0 and consider I ⊆ L an abelian ideal.

For every x ∈ I , y ∈ L we have adL(x) adL(y) ∶ LÐ→ I .

(adL(x) adL(y))2 ∶ LÐ→ 0 since I is abelian.

Then adL(x) adL(y) is nilpotent, hence Tr(adL(x) adL(y)) = 0.

Then x ∈ L⊥ = 0, so L has no nonzero abelian ideals.
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Structure of semisimple Lie algebras

Theorem

Let L be semisimple. Then there exist L1, . . . ,Lr simple ideals of L such

that L = L1 ⊕ ⋅ ⋅ ⋅ ⊕ Lr , [Li ,Lj] = δijLi and every simple ideal of L is one of

these.

Proof (Idea)

Ideals I of L correspond to subrepresentations for adL, and I ⊕ I ⊥ = L.

Taking the irreducible representations, we �nd the decomposition

L = L1 ⊕⋯⊕ Lr .

If I is a simple ideal, then I = [L, I ] = ⊕i [Li , I ] = ⊕some i Li = Lj for
some j .
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Structure of semisimple Lie algebras

Corollary

Let L be a semisimple Lie algebra. Then

[L,L] = L.

Every ideal and homomorphic image of L is semisimple.

Every ideal of L is a sum of certain simple ideals of L.

Theorem (Weyl)

Every �nitely dimensional representation of a semisimple Lie algebra is

completely reducible.
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Jordan decomposition

For any x ∈ gln(K) there exist a unique xs ∈ gln(K) semisimple and a

unique xn ∈ gln(K) nilpotent such that x = xs + xn and [xs , xn] = 0.

Proposition

Let L be a Lie algebra. Then DerL contains the semisimple and nilpotent

parts of its elements.

adL(L) ⊆ DerL ⊆ gl(L).
Let L ⊆ gln(K). Then adL(x) = adL(xs) + adL(xn) is the Jordan

decomposition for adL(x).
adL(xs) and adL(xn) are elements of DerL.
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Jordan decomposition

Lemma

Let L be a Lie algebra. Then adL(L) is an ideal of DerL and

[δ, adL(x)] = adL(δ(x)) for every δ ∈ DerL and x ∈ L.

Proposition

If L is a semisimple Lie algebra, then adL(L) = Der(L).

Proof

ζ(L) = 0, hence L ≅ adL(L) is a semisimple ideal of DerL.

Call M ∶= adL(L) and D ∶= DerL. Then κM = κD ∣M×M .
Since κM is nondegenerate, M ∩M⊥ = 0.

Let δ ∈M⊥. Then 0 = [δ, adL(x)] = adL(δx) for every x ∈ L.
Since adL is an isomorphism, δ = 0, hence M⊥ = 0, hence M = D.
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Jordan decomposition

Consequences
Let L be a semisimple Lie algebra, x ∈ L.

adL(x) = (adL(x))s + (adL(x))n is the Jordan decomposition for

adL(x) in adL(L) = DerL.

Since adL is an isomorphism, there exist xs ad-semisimple and xn
ad-nilpotent such that adL(xs) = (adL(x))s and adL(xn) = (adL(x))n.
[xs , xn] = 0.

De�nition

The decomposition x = xs + xn is called the abstract Jordan decomposition

of the element x ∈ L.
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Jordan decomposition

Question

If L ⊆ gl(V ) is a semisimple Lie algebra, what are the relations between

usual and abstract Jordan decomposition?

Theorem

Let L ⊆ gl(V ) be a semisimple Lie algebra, x ∈ L. Then the usual Jordan

decomposition for x coincides with the abstract Jordan decomposition.

Proof (Idea)

Let x = s + n be the usual Jordan decomposition.

s,n ∈ L.
s and n are respectively ad-semisimple and ad-nilpotent.

x = s + n is the abstract Jordan decomposition.
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Jordan decomposition

Corollary

Let L be a semisimple Lie algebra, ρ ∶ LÐ→ gl(V ) a �nitely dimensional

representation. If x = s + n is the abstract Jordan decomposition for x ∈ L,
then ρ(x) = ρ(s) + ρ(n) is the Jordan decomposition for ρ(x) in gl(V ).

Proof

ρ(L) is semisimple.

Since L is spanned by the eigenvectors of adL(s), ρ(L) is spanned by

the eigenvectors of adρ(L) ρ(s). Then ρ(s) is ad-semisimple.

Since adL(n) is nilpotent, adρ(L) ρ(n) is nilpotent.

[ρ(s), ρ(n)] = ρ([s,n]) = 0.

ρ(x) = ρ(s) + ρ(n) is the abstract (and hence usual) Jordan

decomposition of ρx .
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Toral subalgebras

Lemma

If L is a semisimple Lie algebra, then L contains a semisimple element.

Proof

For every x ∈ L, x = s + n is the Jordan decomposition.

If every s is zero, then L is nilpotent.

De�nition

Let L be a semisimple Lie algebra. A subalgebra T ⊆ L consisting of

semisimple elements is called a toral subalgebra.

Proposition

Let L be a semisimple Lie algebra. Any toral subalgebra T of L is abelian.
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Toral subalgebras

De�nition

Let L be a Lie algebra and E be a subalgebra. Then the centralizer of E in

L is

cL(E) ∶= {x ∈ L ∶ [x , e] = 0 for every e ∈ E}.

Lemma

Let L be a semisimple Lie algebra. Any toral subalgebra T of L such that

cL(T ) = T it is a maximal toral subalgebra.

Proof
If T ⊆ T ′ ⊆ L with T ′ toral, then [T ,T ′] = 0 and so T ′ ⊆ cL(T ) = T .

Example

The algebra of traceless diagonal matrices is a maximal toral subalgebra

inside sln(K).
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Maximal toral subalgebras

Let L be a semisimple Lie algebra and H ⊆ L a maximal toral subalgebra.

We study the action of adL(H) on L. All elements of adL(H) are

commuting and diagonalizible, hence simultaneously diagonalizable.

De�nition

For every α ∈ H∗, where H∗ is the dual of H, we call

Lα ∶= {x ∈ L ∶ [h, x] = α(h)x for every h ∈ H}.

We call Φ the set of α ∈ H∗ ∖ {0} such that Lα is nonzero.

We have the decomposition L = L0 ⊕ (⊕α∈Φ Lα).
L0 = H.

[Lα,Lβ] ⊆ Lα+β and the elements of Lα are nilpotent if α ≠ 0.
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sl2(K)

e ∶= (0 1

0 0
) , f ∶= (0 0

1 0
) , h ∶= (1 0

0 −1) .

sl2(K) is generated by the elements e, f ,h and

[e, f ] = h, [h, e] = 2e, [h, f ] = −2f .

Kh is a maximal toral subalgebra, e and f are eigenvectors for the

adjoint of h.

sl2(K) = sl2(K)0 ⊕ sl2(K)2 ⊕ sl2(K)−2 = Kh ⊕Ke ⊕Kf .

Ke, Kf are maximal nilpotent subalgebras of sl2(K).
Ke ⊕Kh, Kf ⊕Kh are maximal solvable Lie algebras.
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Representations of sl2(K)

We consider now a representation ρ ∶ sl2(K) Ð→ gl(V ).
Using Weyl's theorem we know that ρ is completely reducible.

Consider the action of h on V : then V = ⊕λVλ where λ varies among

the eigenvalues for the action of h.

De�nition

The spaces Vλ are called weight spaces and the vectors v ∈ Vλ are called

weight vectors.

Lemma

We have that eVλ ⊆ Vλ+2 and fVλ ⊆ Vλ−2.

Proof
Let v ∈ Vλ. Then hev = ehv + [h, e]v = λev + 2ev = (λ + 2)ev .
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Representations of sl2(K)

De�nition

A weight vector 0 ≠ v ∈ Vλ is called a maximal vector if ev = 0.

Lemma

Let v0 ∈ Vλ be a maximal vector. De�ne v−1 ∶= 0 and vi ∶= 1

i! f
iv0 for i ≥ 0.

Then for every i ≥ 0 we have that

(a) hvi = (λ − 2i)vi .
(b) evi = (λ − i + 1)vi−1.
(c) fvi = (i + 1)vi+1.

The vi 's are zero or linearly independent.

Since V is �nitely dimensional, there exists an m such that vm = 0 and

vm−1 ≠ 0. The space generated by v0, . . . , vm−1 is sl2(K)-stable.
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Representations of sl2(K)

Let now ρ be an irreducible representation of sl2(K).
V has dimension m and is spanned by v0, . . . , vm−1.

Since 0 = vm = evm = (λ −m + 1)vm−1, we �nd that m = λ + 1.

The weights are in Z.

CONCLUSION

Given an irreducible representation V for sl2 of dimension m, we �nd

a maximal vector v0 (unique up to a scalar) of weight m − 1.

The vector vi has weight m − 1 − 2i , the vector vm−1 has weight

−(m − 1).
{Irreducible representations of sl2(K)} Ð→ N is a 1 ∶ 1
correspondence.

Francesco Zerman Semisimple Lie algebras and Jordan decomposition November 11, 2020 19 / 19


