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Notation
K an algebraically closed field of zero characteristic;
G a linear algebraic group over K;

I(G) the ideal of definition for G;
K[G] the ring of regular functions on G.

1 Lie algebras

Definition. A Lie algebra is a vector space L over K endowed with a bilinear
operation (called bracket or commutator)

[,-]:LxL—L
that satisfies the following properties:
1. [z,2] =0 for every x € L.
2. [z, [y, 2]] + (2 [z,y]] + [y, [2,2]] = 0 for every x,y,z € L.

The second property of the above definition is called Jacobi identity. One
important result is that, given any associative algebra (A, +,-), we can turn
it into a Lie algebra (A, +,[-,-]) by defining the commutator [x,y] = zy —yz
for every x,y € A. During this notes we always assume that L is a finitely
generated vector space over K.

2 The tangent space to a linear algebraic group

In this section we define the tangent space to a linear algebraic group at
1 in three ways, and eventually we see that they are equivalent definitions.
Tangent spaces to algebraic groups will be our main example of Lie algebras.



2.1 First definition

Definition. Let G be a linear algebraic group over K, z € G. Then we
define the tangent space to G at x as

T:(G) = {6 e Hom(K[G], K) : 6(fg) = (6f)g(x)+[(x)(dg) for every f,g € K[G]}.

2.2 Second definition
Let D := K[t]/(t?) and € :=t + (t?) € D. We have that

DK+ Ke

as vector spaces. Let also G ¢ A"(K') be a linear algebraic group.

Definition. Let z € G. A vector ve K" is tangent to G at x if f(x+ev) =0
in D for every f e I(G). We call Tan,(G) the set of tangent vectors to G at
x.

Remark 2.1. A vector v e K™ is tangent to G at z if and only if the map
¢y : K[G] — D
fr— f(x+ev)
is an algebra map.

We can use this definition in order to compute Tan; (G) for some famous
algebraic groups G.

Example 2.2. G = GL,(K). Remember the description of GL,(K) as a
linear algebraic group:

77777

We want to compute Tan, 1) GL,(K). Let v := ((ai;),s) € A+ and
consider the coordinate functions

i GLp(K) — K t:GL,(K) — K
((aij), s) — ai ((aij),s) — s.
Then we have that
l‘ij((ﬂ, 1) +e((aij), s)) = 0;j + €a;j
t((I,1) +e((aiy),s)) = 1 +es.

Remembering that €2 = 0 in D, we can compute

du(det(A)t —1) = det(d;; +eai;) - (1+es) —1=(1+es) I_nI(l +eag)-1=
i=1

=e(Tr(A) +s)



Hence, by definition we have that (A,s) is tangent to GL,(K) at 1 if and
only if s = =Tr(A). Hence Ty (GL,(K)) = M,(K), the set of matrices of
order n with entries in K.

Exercise 2.3. With similar computations, one can show that 77 (SL,,(K))
is in one to one correspondence with the set of n x n traceless matrices (i.e.
matrices with zero trace).

2.3 Third definition

Definition. Let G be a linear algebraic group. The set of derivations sup-
ported on the K-algebra K[G] is

Der(K[G]) := {6 € Endg (K[G]): 6(fg) = 6(f)g+fd(g) for every f,ge K[G]}
where Endg (K[G]) is the set of K-linear maps from K[G] to itself.

_ Analizing the structure of Der(K[G]), one can easily see that whenever
6,7 € Der(K[G]) and a,b € K we have that ad + bij € Der(K[G]), but in
general d -7 does not lie in Der(K[G]).

Definition. Let 4,7 € Der(K[G]). We define the commutator of § and 7 as
[6, 7] := 67 — 70,

Lemma 2.4. If 0,7 € Der(K[G]), then [5,7] € Der(K[G]). Moreover, we

have that [-,-] is bilinear and

(a) [0,0] =0 for every & € Der(K[G]).
(b) [6,[7,0]]+[71,[0,6]] +[0,[6,7]] = 0 for every b,7,0 € Der(K[G]).
In other words, (Der(K[G]),[-,]) is a Lie algebra.
Proof. In order to prove that [d,7] € Der(K[G]), let f,g € K[G] and com-
pute
[0.7)(f9) =67 f9) =10 (fg) = 8(ii(F)g + fi(9)) = 7(d(Hg + f3(g)) =
=0if-g+if-8g+0f Qg+ f-07g-ndf-g=bf-flg—if o9~ iibg=
=[0.7)(F) g+ f[8.71(9)-

Point (a) is clear from the definition of [-,-] and point (b) is just another
matter of computations. ]

Definition. Let x € G. Consider )\, : K[G] - K[G] to be the algebra map
defined as (A\.(f))(h) == f(z71h) for every f € K[G] and h € G. Then the

set of left invariant G-derivations is
Derg(K[G]) := {0 € Der(K[G]) : 6As = \pd  for every x € G}.

It is easy to see that Derg(K[G]) is closed with respect to the commu-
tator [-,-], hence it is a Lie algebra. For this reason it is usually called the
Lie algebra of G and we write Lie(G) := Derg (K[G]).



2.4 Identification theorem

Theorem 2.5. Let G be a linear algebraic group. We have a 1:1 correspon-
dence between the elements of T1(G), Tany(G) and Lie(G). In particular,
the tangent space at the identity is naturally a Lie algebra.

Proof. contenuto... O

Example 2.6. We call gl,,(K) := Lie(GL,(K)) and sl,,(K) := Lie(SL,, (K)).
These are the tangent spaces we computed in example 2.2 and exercise 2.3,
hence gl,,(K) is the set of nxn matrices and sl,,(K') the set of nxn traceless
matrices. It is just a matter of computations to show that the Lie algebra
structure on gl,(K) and sl,(K) that comes from the correspondence in
theorem 2.5 is exactly the Lie algebra structure that comes from the usual
commutator operator.

3 First properties of Lie algebras

Definition. Let L and M be two Lie algebras. A vector spaces morphism
¢: L - M is called a Lie algebra map if [¢(z),d(y)] = ¢([x,y]) for every
x,y € L.

We have seen that to any linear algebraic group G we can associate the Lie
algebra Lie(G), and this is the main motivation that will lead us to the sys-
tematic study of Lie algebras. Moreover, if we have ¢ : G — H a morphism
of linear algebraic groups, we can always define a morphism of Lie algebras
d¢ : Lie(G) — Lie(H) in the following way. Let f € Tan;(G) 2 Lie(G) and
consider the pull-back ¢* : K[H] - K[G]. The we define d¢(f) := fo¢*. It
can be proved that d¢ is well defined and that it is a Lie algebra map. This
means also that if we have a linear representation

p:G— GL,(K)
than we can always canonically construct the Lie algebra map
dp: Lie(G) — gl,,(K).
This fact leads us to the following definition.

Definition. Let L be a Lie algebra. A representation of L is a Lie algebra
map L — gl,(K) for some n € N,

Definition. Let L be a Lie algebra. The adjoint representation is the rep-
resentation
adL L — g[(L)
x— [z,],
where gl(L) is the group of K-endomorphisms of L as a vector space, en-
dowed with the structure of a Lie algebra by using the commutator.



The adjoint representation allows us find a bridge between our abstract
algebra L and an algebra of linear transformations over a (finitely dimen-
sional) vector space, that can be represented by an algebra of matrices.

Definition. Let L be a Lie algebra, E a subspace of L such that [E, E] ¢ E.
Then F is called a subalgebra of L. If, moreover, [E, L] ¢ E, then E is called
an ideal of L.

Exercise 3.1. Prove that kernels of Lie algebra morphisms are ideals, and
that quotients of Lie algebras by Lie ideals are still canonically Lie algebras.
Also, the usual isomorphism theorems hold.

Definition. The center of L is (L) := ker(ady). If ((L) = L, we say that
L is abelian.

Exercise 3.2. Every 1-dimensional Lie algebra is abelian.

Lemma 3.3. Im(adz) € Der(L) and we have an injection
L/¢(L) — Der(L) c gl(L).

Proof. Let x € L: we see that adp(z) = [z,-] is a derivation. Take y, z € L.
Then

adr(2)([y, 2]) = [, [y, 2]] = =y, [2, 2]] = [z, [, 9] = [ [, 2]] + [, ), 2] =
[y, adL(2)(2)] + [adL(2)(y), 2]

Since ((L) = ker(adr), we have that

L/¢(L) = ady(L) c Der(L) € gl(L).
0

Definition. A Lie algebra L is simple if it has no nontrivial ideals and it is
not abelian.

Example 3.4. Consider the Lie algebra sly(K) of traceless 2 x 2 matrices.

Define
01 0 0 1 0
(O 0), f._(l 0), h._(o _1).

Then sly(K) is generated by e, f, h as a vector space over K. By a straight
computation, one finds that

[67 f] =h, [h> 6] = 2e, [ha f] =-2f. (1)

We prove now that sly(K) is simple. Suppose that I ¢ sly(K) is an ideal
and let x € I. Then there exist a,b,c € K such that x = ae + bf + ch. Using
bilinearity and the relations in equation (1), we obtain that [z, e] = 2ec - bh.



Hence [[z,e],e] = =2be. If b # 0, since I is an ideal, we have that —2be € I,
hence e € I. But, using relations in equation (1), we can easily deduce that
h,f eI and then I = slp(K). If b =0 and ¢ # 0, then we obtain the same
result by considering [z,e] =2eceI. If b=c=0 and a # 0, we directly have
that ae € I and we can conclude as before. This means that either I = sly(K')
or I =0.

4 Nilpotent Lie algebras

Definition. Let L be a Lie algebra and consider the sequence
L':=[L,L], L/:=[L L' forj>1.

L is called nilpotent if L7 = 0 for some j > 0.

Example 4.1. Here there are two important examples of nilpotent Lie al-
gebras.

1. Abelian Lie algebras are nilpotent.

2. The subalgebra n, (K) of sl,,(K) consisting of strictly upper triangular
matrices, i.e. matrices of the form

0 =+ ... %

is nilpotent.
Proposition 4.2. Let L be a Lie algebra.
(a) If L is nilpotent, then its subalgebras and homomorphic images are so.
(b) If L/C(L) is nilpotent, then L is nilpotent.
(¢) If L is nilpotent, then (L) # 0.

Proof. (a) If E is a subalgebra of L, we have that E’ ¢ L7, hence if L is
nilpotent then F is so. If f: L — N is a morphism of Lie algebras, then
f(L7) = f(L)?. Hence if L is nilpotent, then f(L) is so.

(b) If L/¢(L) is nilpotent, then there exists a j € N with the property
that (L/¢(L))’ = L7/(¢(L) n L7) = 0. This means that L’ c ((L), therefore
L c[L,¢(L)]=0.

(c) Let L be nilpotent and consider j minimal such that L’ = 0. Then
L' £ 0 and the condition 0 = L = [L, L77'] implies that L' c ¢(L). O



Definition. Let L be a Lie algebra and x € L. Then z is ad-nilpotent in L
if ady (z) is a nilpotent element of gl(L), i.e. if there exists a j € N such that

(adp(z))’ = 0.

Lemma 4.3. Let x € gl(V) for some vector space V. If x is a nilpotent
endomorphism, then x is ad-nilpotent in gl(V').

Proof. Let x € gl(V') be a nilpotent endomorphism. Define
Az :Endg (V) — Endg (V) pz s Endg (V) — Endg (V)

Yyr—> oy Yyr—>yox

Clearly we have that A\;, p, € Endg (Endg (V)), they commute and they are
nilpotent (since x is s0). Then also A\, — p, is nilpotent (just use the binomial
formula to prove it). Hence we have that adgi(vy () = A\y—py is nilpotent. [

Theorem 4.4. Let L € gl(V') be a Lie algebra, with V o finitely dimensional
vector space. If V #0 and L consists of nilpotent endomorphisms, then there
erists veV, v <0, such that Lv =0.

Proof. Use induction on dim L. If dim L = 1, then L = Kz for some z € L,
and ker(x) = ker(az) # 0 for every a € K \ {0}, since z is nilpotent. Taking
v € ker(x), we are done.

Assume now that the statement holds for every L’ subalgebra of gl(V')
with dim L’ < dim L. Let M # L be a subalgebra of L. According to the
previous lemma, M acts via ady, as a lie algebra of nilpotent endomorphisms
on the vector space L, and hence it acts also on the vector space L/M since
[M,M] ¢ M. Since dim M < dim L, the inductive hypothesis guarantees
the existence of a vector x + M € L/M, = ¢ K, killed by the image of M in
gl(L/M). This just means that [y,x] € M for every y € M, whereas x ¢ M.
In other words, M is properly included in

Np(M):={yeL:[y,z]e M forevery z€ M},

the normalizer of M in L.

Consider now M to be a maximal proper subalgebra of L. The preceding
argument forces Np, (M) = L, i.e. M isan ideal of L. If dim L/ M were greater
that one, then the inverse image in L of a one dimensional subalgebra of L/M
(which always exists) would be a proper subalgebra properly containing M,
which is absurd. Therefore, M has codimension one and so we can write
L=M+Kzforany ze L\ M.

By induction, W := {v € V : Mv =0} is nonzero. Since M is an ideal, W
is stable under the action of L: for every x € L, y € M, w e W we have

yr(w) = xy(w) = [z, y]w = 0.

Choose z € L ~ M. Then the nilpotent endomorphism z, acting on the
subspace W, has an eigenvector of eigenvalue 0, i.e there exists a nonzero
v € W for which zv = 0. Therefore Lv =0 as desired. O



Theorem 4.5. (Engel) Let L be a finite dimensional Lie algebra. Then L
1s nilpotent if and only if every element of L is adp-nilpotent.

Proof. If L is nilpotent, then there exists a j € N such that L/ = 0, and so
for every z € L we have that (ady(z))’ = 0, hence x is ad-nilpotent.
Conversely, let L be composed of ad-nilpotent elements, and use induc-
tion on dim L. If dimL = 1, then L is abelian and we are done. Let now
dim L > 1 and work with ady (L) c gl(L). We can use the above theorem to
find a nonzero x € L such that [z,L] =0, i.e. x € {((L). Hence L/{(L) has
smaller dimension than L, and its elements are again ad-nilpotent. Using the
inductive hypothesis, we obtain that L/{(L) is nilpotent. Thanks to point
(c) of proposition 4.2, we conclude that L is nilpotent. O

Definition. Let V be a finitely dimensional vector space of dimension n € N.
A flag on V is a collection of subspaces 0 ¢ V; € --- € V,, = V such that
dim V; = 3.

Corollary 4.6. Let V be a wvector space of dimension n. If L < gl(V')
is o Lie algebra consisting of nilpotent elements, then there exists a flag
0cVic..-cV, =V such that xV; S V;_q for everyxeL,i=1,... n.

Proof. Using theorem 4.4, we find a vector v; € V such that Lv; = 0. Hence
we define Vj := Kvi. Work on V//Vi: L acts on V/V; by nilpotent endomor-
phisms, hence by theorem 4.4 there exists a vo € V \Vj such that L(vs) € V4.
Define V5 := Kv; + Kvy. Proceeding inductively, we conclude. O]

Corollary 4.7. Let L < gl(V) be a Lie algebra consisting of nilpotent ele-
ments, V' a vector space of dimension n. Then there exists a basis of V such
that, with respect to this basis, L is a subalgebra of the algebra n of strictly
upper triangular matrices.

5 Solvable Lie algebras

Definition. Let L be a Lie algebra and consider the sequence
LW =L, L], LY :=[L0Y L] forj>1.
L is called solvable if L7 = 0 for some j > 0.

Example 5.1. Here there are three important examples of nilpotent Lie
algebras.

1. Abelian Lie algebras are solvable.
2. Nilpotent Lie algebras are solvable, as L7 ¢ L.

3. The subalgebra b, (K) of sl,(K) consisting of all upper triangular
matrices is solvable.



Proposition 5.2. Let L be a Lie algebra.

(a) If L is solvable, then its subalgebras and homomorphic images are so.
(b) If an ideal I of L is solvable and L]I is solvable, then L is solvable.

(c) If I,J are solvable ideals of L, then I +J is solvable.

Proof. (a) If E is a subalgebra of L, we have that EU) ¢ LU) | hence if L
is solvable then FE is so. If f: L - N is a morphism of Lie algebras, then
F(LYD)Y) = £(L)D) . Hence if L is solvable, then f(L) is so.

(b) Consider the projection 7 : L - L/I. Then there exists a j such that
0= (m(L))Y) =7(LW), i.e. L7 cI. There exists also a k such that I*) =0,
hence LU ¢ 1(F) = g,

(¢) We have that (I+J)/I = J/(InJ). Since I is solvable and J/(InJ) is
solvable (by point (a)), then by point (b) we have that I +.J is solvable. [J

Point (c) of the above proposition implies that inside a Lie algebra L
there is always a maximal solvable ideal, namely the sum of all solvable
ideals.

Definition. Let L be a Lie algebra. The maximal solvable ideal of L is
called Rad(L), the radical ideal of L.

Following the ideas of the nilpotent case, we give a description of every
solvable Lie algebra L ¢ gl(V'), for some finitely dimensional vector space V.

Theorem 5.3. Let L ¢ gl(V') a solvable Lie algebra, with V' a finitely di-
mensional vector space. If V # 0 then there exists v e V, v # 0, such that
Lv = Kv.

Proof. Use induction on dim L, the case of dim L = 0 being trivial. The proof
follows now some steps similar the proof of theorem 4.4, but here the initial
hypotheses that char K = 0 and K = K play a fundamental role.

Step 1: Find an ideal M of L of codimension 1. Since L is solvable
of positive dimension, L properly contains [L, L]. Since L/[L, L] is abelian,
any subspace is automatically an ideal. Call M the inverse image in L
of a subspace of codimension 1 in L/[L,L]. Then M is an ideal of L of
codimension 1.

Step 2: Common eigenvectors exist for M. Use induction to find
a common eigenvector v € V for M. This means that for every z € M we
have that xv = A(x)v, with A : M — K some linear function. Fix this A and
define the nonzero subspace

W:={weV:zw=Az)w forevery ze M}.

Step 3: L stabilizes W. Let we W, x € L. To test wether or not xw
lies in W, we must take an arbitrary y € M and examine

yrw = zyw - [z, y]w = A(y)zw - A([z, y])w.



In particular, we have to prove that A([z,y]) = 0. For this, let n > 0 be the
smallest integer for which w,zw,...,z" 'w are linearly independent. Let
W; be the subspace of V generated by w,zw,...,z" lw, so that dim W; = i,
Wy = Wy for every j >0 and clearly x maps W), to W,. It is easy to prove
by induction on ¢ that each y € M leaves each W; invariant. This implies that,
with respect to the basis w, zw, ..., 2" tw, every y € M is represented by an
upper triangular matrix. Moreover, an induction similar to the previous one
shows that the diagonal entries of those matrices are equal to A(y). Hence
we have that Tryy, (y) = nA(y). In particular, this is true for elements of M
of the special form [z, y], with = as above, y € K. But = and y both stabilize
Wy, so [z,y] acts on W, as the commutator of two endomorphisms of W),
and hence its trace is equal to 0. We conclude that nA([z,y]) = 0. Since
char K =0, this implies that A([z,y]) = 0 as required.

Step 4: Conclusion. Write L = M + Kz for any z € L~ M. Since K = K
and W is stable under the action of L, we find an eigenvector v € W for the
action of z. Then v is obviouly an eigenvector for the whole L. O

Theorem 5.4 (Lie). Let V be a vector space of dimension n. If L c gl(V)
is a solvable Lie algebra, then there exists a flagOc Vi c---cV, =V such
that xV; € V; for everyxe L, i=1,...,n.

Proof. Using the theorem, we find a vy € V such that Lv; = Kvy, and we
set V1 = Kvi. Then we can work on V/V; and find vy € V N\ V} such that
L(vg + V1) = K(vg2 + V7). This means that, if we call V5 := Kv; + Kvy, then
Lwvs € V5. Proceeding inductively, we conclude. O

Corollary 5.5. Let L ¢ gl(V') be a solvable Lie algebra, V' a vector space of
dimension n. Then there exists a basis of V' such that, with respect to this
basis, L is a subalgebra of the algebra b of upper triangular matrices.

6 Semisimple Lie algebras

We begin this section enouncing an important solvability criterion.

Theorem 6.1 (Cartan’s solvability criterion). Let L ¢ gl(V') be a Lie alge-
bra, V a finitely dimensional vector space. If Tr(xy) =0 for every x € [L, L]
and y € L, then L is solvable.

Proof. See |1, 4.3]. O
Definition. A Lie algebra L is called semisimple if Rad(L) = 0.
Remark 6.2. If L is a Lie algebra, then L/Rad L is always semisimple.

Lemma 6.3. A Lie algebra L is semisimple if and only if L has no nonzero
abelian ideals.
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Proof. If L is semisimple, then it has no solvable ideals, hence it has no
abelian ideals.

Conversely, assume that L has no abelian ideals and work with the solv-
able Lie algebra Rad L. Let 7 be minimal natural number with the prop-
erty that (RadL)©) = 0. Then (RadL)U is a nonzero ideal of L and
[(Rad L)Y~V (Rad L)U~D] = 0, hence (Rad L)1 is abelian. This implies
that Rad L = 0. O

Definition. Let L be a Lie algebra. The killing form on L is the map
k() LxL— K
(z,y) — Tr(adp(z)adr(y))-
Proposition 6.4. Let L be a Lie algebra.
(a) K is symmetric and bilinear.
(b) kp(z, [y, 2]) =kr([z,y],2) for every x,y,z € L.
(c) If I is an ideal of L, then k1 = K|, ;-

Proof. Point (a) is trivial. For (b), just use some properties of the adjoint
and of the trace, computing

rr(, [y, 2]) = Tr (adr(z) adr([y, 2])) = Tr (adp(2)[adr(y), adr(2)]) =
:Tr(adL(x) adp(y)adp(z) —adp(z)adg(z) adL(y))
=Tr(adz(z)ad.(y) adr(z) —adr(y) adr(z) adL(2)) =
= Tr ([ad(z),ad(y)] ad(2)) = kr([z,y], 2).

(c) Take z1,...,z, a basis for I, and complete it with z,,1,...,2, to a basis
of L. Then, for every x € I we have that the matrix of ady(z) with respect
to the basis x1,...,x, has the form

ady () = (adjo(x) ’6)

since [ is an ideal. Then, if z,y € I, we have that

ady(z)adp(y) = (ad[(a:)oad[(y) S)

and so k1 (z,y) = Tr(ad () adr(y)) = Tr(ad;(x) ad;(y)) = k1(x, y). O

Lemma 6.5. Let I € L be an ideal. Then the orthogonal of I with respect
to k1, namely I*, is an ideal in L.

11



Proof. Let x € I*, ye I, z e L. We want to prove that [z, 2] € I*. Compute

rr([z,2)y) = —kr([z, 2],y) = —rr(2, [2,9]) = 0
since [z,y] € I. Hence [z,x] € I*. O
Definition. Let L be a Lie algebra. Then we define rad sy, := L*.
Lemma 6.6. Let L be a Lie algebra. Then rad ky € Rad L.

Proof. By definition of rad kr, for every z € L, y € rad Kk, we obtain that
Tr(adr(y) adr(x)) = 0. Using Theorem 6.1 we obtain that rad xz, is a solv-
able ideal, hence it is contained in Rad L. ]

Theorem 6.7. A Lie algebra L is semisimple if and only if k1, is nondegen-
erate.

Proof. L semisimple means that Rad L = 0, and so rad k1, = 0 by the previous
lemma.

Conversely, assume that rad kz, = 0. Let I be an abelian ideal. For every
x €I, ye L we have that ady(z)ady(y) : L — I since I is an ideal, and so
(adp(x)adz(y))?: L - 0 since I is abelian. This means that ady () ad(y)
is nilpotent, hence Tr(adz(z) Trz(y)) = 0. This implies that x € radx; = 0,
and so L has no nonzero abelian ideals. Using lemma 6.3 we conclude. [

Theorem 6.8. Let L be semisimple. Then there exist Lq,...,L, simple
ideals of L such that L=L1&---® L,, [L;, L;] = 0;;L; and every simple ideal
of L is one of these.

Proof. Let I ¢ L. Then [ is an ideal of L if and only if it is a stable subspace
via the action of ady (L), i.e. I is a subrepresentation for ady. Let I be an
ideal of L. Then I nI* is an ideal of L, and using Cartan’s crietrion in [
we have that I nI* is solvable, hence 0 since L is semisimple. Therefore we
must have that L = I & I'*. Since I+ is an ideal, the adjoint representation is
completely reducible, hence by induction on dim L we obtain a decomposition
L=L® --&L, where the L;’s are ideals, irreducible as representations. Also,
[Li,L;j] € Ly n Ly, so if i # j we have that [L;, L;] = 0. This implies that
the ideals of L; are also ideals of L, but since the L;’s are irreducible spaces
for the adjoint representation, they must be simple ideals. Hence, since
[Li, L;] cannot be zero since L does not have abelian ideals, we must have
[L;, L;] = L;.

Let again I be an ideal of L. Then [L,I]=&;[L;,I]. Since the L;’s are
simple, we have that either [L;,I] =0 or [L;,I] = L;, and so [L,I] is the
sum of some of the L;’s. If I is simple, [L,I] is either 0 or I. If it was 0,
we would have I € (L), that is impossible since L is semisimple. Hence we
have that I = [L, ] is the sum of some L;’s, hence I = L; for some i, since |
is simple. O

12



Corollary 6.9. Let L be a semisimple Lie algebra. Then
e [L,L]=1L.
e FEvery ideal and homomorphic image of L is semisimple.
e Fvery ideal of L is a sum of certain simple ideals of L.

Theorem 6.10 (Weyl). Every finitely dimensional representation of a semisim-
ple Lie algebra is completely reducible.

Proof. See |1, 6.3]. O

7 Jordan decomposition

Recall from linear algebra that any z € gl,(K) can be decomposed as
T = xs + xy with x5 a diagonalizable endomorphism and x, a nilpotent
endomorphism, with [x4,2,] = 0. We are now going to perform a similar
decomposition for the elements of Lie algebras.

Lemma 7.1. Let L be a Lie algebra. Then adp(L) < Der(L) c gl(L).

Proof. We show that ady(z) is a derivation. Let z,y,z € L. Then

adr(2)([y, 2]) = [, [y, 2]] = =y, [z, 2]] = [z, [2,9]] = [y, [, 2]] + [[2, 9], 2] =
[y, adL(2)(2)] + [adL(2)(y), 2]

O

Let V be a finitely dimensional vector space over K, let x € Endg (V).
Using the Jordan decomposition, we can write uniquely x = zs + x,, with
x5 diagonalizable (semisimple) and x, nilpotent endomorphisms such that
[Tn, 5] = 0.

Exercise 7.2. Let L be a Lie subalgebra of gl(V'). If z € L is a nilpotent
(resp. semisimple) element of End(V'), then ady(z) is a nilpotent (resp.
semisimple) element of End(End(V)).

This exercise implies that if x = x4 + x,, is the Jordan decomposition
of x € Endg (V), then adyyy(x) = adgvy(zs) + adgv)(2n) is the Jordan
decomposition of adyy)(7) € End(End(V)).

Let now L be a Lie algebra. We know that ady, ¢ Der(L) c gl(V') and for
every x € L we have a Jordan decomposition for ady(x) in gl(V'). We prove
now that this decomposition infact lies in Der(L).

Proposition 7.3. Let A be a finitely dimensional K -algebra. Then Der(A)
contains the semisimple and nilpotent parts of its elements.
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Proof. Let 0 € Der A and let o,v € Endg (A) be its semisimple and nilpotent
parts, respectively. It will be enough to show that o € Der A, since then
v=0-0¢€DerA. Take a € K and consider

Agi={zeA:(6-aid)*z =0 for some k (depending on )}

Then A is the direct sum of those A, for which a is an eigenvalue of §, since
the A, are just generalized eigenspaces for 4. Then, o acts on A, as scalar
multiplication by a. We can verify that, for arbitrary a,b € K, we have that
Aq - Ap € Agyp, by means of the general formula

(5 G+ 1)ia)" () = 32 () (6 - aia) ™) - (8- bidy'y)

that can be proved by induction on n, for every xz,y € A. If x € A, and
y € Ay, then o(zy) = (a + b)xy, because zy € Ayp. On the other hand,
we have o(z)y + zo(y) = (a + b)xy. Since A = @, Ay, we have that o is a
derivation. O

Lemma 7.4. Let L be a Lie algebra. Then adr (L) is an ideal of Der L and
[0,adr(z)] =ad;(d(x)) for every § € Der L and x € L.

Proof. Take x,y € L and 6 € Der L. Then

[0,ad(2)](y) = 0[z,y] - adL(x)(dy) = [62,y] + [z, 6y] - [, 0y] = adL(6z)(y),
hence [d,adz(z)] € ad (L) and so adz (L) is an ideal of Der L. O
Proposition 7.5. If L is a semisimple Lie algebra, then ady (L) = Der(L).

Proof. Since L is semisimple, then by lemma 6.3 (L) =0 and so L = ady(L).
In particular, ady (L) is semisimple and has its own nondegenerate killing
form by theorem 6.7. Call D := DerL and M := ad;(L). Since by the
previous lemma M is an ideal of D, using point (¢) of proposition 6.4 we
obtain that

KZD']WX]\/I =kM-
In particular, if M* is the subspace of D orthogonal to M with respect to
kp, the nondegeneracy of rj; forces M* n M =0, and hence [M, M*] = 0.
If 6 € M+, then 0 = [d,ad;(z)] = adp(dz) for every x € L, using the formula

of the previous lemma. But then §z = 0, since ady, is an isomorphism, hence
d = 0. In conclusion, we get that M* =0, hence Der L = M = ad(L). O

If L is semisimple, then L = ady (L) = Der(L). Let now x € L. Thanks
to proposition 7.3 we have the Jordan decomposition ady(z) = (adp(x))s +
(adp(x))pn in Der(L). But since L = adp(L) = Der(L), there exist two
unique s, x, € L such that (adg(x))s = adp(zs), (adp(x)), = adr(z,) and
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[Zs,2n] =0. Then x = x4 + z,, is called the abstract Jordan decomposition of
the element x.

Let now L be a semisimple Lie algebra contained in gl(V') for some V
finitely dimensional vector space over K. For every x € L we have the ab-
stract Jordan decomposition x = x5 +x, and the usual Jordan decomposition
T =5+n.

Theorem 7.6. Let L < gl(V') be a semisimple Lie algebra, let x = s+n be
the usual Jordan decomposition for x € L. Then s,n € L.

Proof. See [1, 6.4]. O

Corollary 7.7. Let L c gl(V') be a semisimple Lie algebra, x € L. Then the
usual Jordan decomposition for x coincides with the abstract Jordan decom-
position.

Proof. Let x = s +n be the usual Jordan decomposition. Then, using the
above theorem, s,n € L and s is semisimple, n is nilpotent and [s,n] = 0.
Using exercise 7.2 we have that s and n are respectively ad-semisimple and
ad-nilpotent. But this means exactly that x = s + n is the abstract Jordan
decomposition. O

Corollary 7.8. Let L be a semisimple Lie algebra, p: L — gl(V') a finitely
dimensional representation. If x = s+n is the abstract Jordan decomposition
for x € L, then p(x) = p(s) + p(n) is the Jordan decomposition for p(x) in
gl(V).

Proof. Applying corollary 6.9, we have that p(L) is semisimple. Since L
is spanned by the eigenvectors of adp(s), one can easily check that this
implies that p(L) is spanned by the eigenvectors of ad,(r p(s), and so p(s)
is semisimple. Similarly, since ady(n) is nilpotent, one can easily prove that
ad,(ry p(n) is nilpotent. Also, we have that [ps,pn] = p[s,n] = 0, hence
pr = ps + pn is the abstract (and hence usual) Jordan decomposition of
pPT. O

8 Toral subalgebras

Lemma 8.1. If L is a semisimple Lie algebra, then L contains a semisimple
element.

Proof. Let x € L and consider the Jordan decomposition z = s+n in L, with
s ad-semisimple and n ad-nilpotent. If every s is zero, then every element of
L is ad-nilpotent, and thanks to Engel’s theorem (theorem 4.5) this means
that L is nilpotent, which is absurd. O
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This lemma implies that inside any semisimple Lie algebra L there is
always at least a semisimple line, namely Ks, for s a semisimple element of
L.

Definition. Let L be a semisimple Lie algebra. A subalgebra T' ¢ L con-
sisting of semisimple elements is called a toral subalgebra.

Proposition 8.2. Let L be a semisimple Lie algebra. Any toral subalgebra
T of L is abelian.

Proof. In order to show that T is abelian, we need to show that adp(z) =0
for every x € T. Since z is adp-semisimple, this amounts to show that
adr(z) has no nonzero eigenvalues. Suppose that there exists y € T such
that adp(z)(y) = [x,y] = ay for 0 # a € K. Then adp(y)(x) = [y,z] =
—ay. Since the element y is semisimple, we can decompose x = Y, x) with
x) eigenvectors for adr(y) of eigenvale A. Clearly y is an eigenvector of
eigenvalue 0 for adr(y). We can now write

—ay =adp(y)(z) = ) Aza.
A#0

On the left T have an eigenvector of zero eigenvalue for adr(y), on the right T
have a sum of eigenvectors of nonzero eigenvalues for ady(y). This is absurd,
and forces a = 0. O

Definition. Let L be a Lie algebra and E be a subalgebra. Then the cen-
tralizer of E in L is

cr,(E):={xeL:[x,e]=0 forevery ee E}.

Lemma 8.3. Let L be a semisimple Lie algebra. Any toral subalgebra T of
L such that cp(T) =T it is a mazimal toral subalgebra.

Proof. Suppose that there exists a toral subalgebra T” such that T'c T ¢ L.
Using proposition 8.2, we have that [T,7"] =0, and so T" € ¢, (T) =T. This
means that 7' is a maximal toral subalgebra. O

Let now L be a semisimple Lie algebra and consider H € L a maximal
toral subalgebra of L. We are going to study the action of ady(H) on L.
Since the elements of ady,(H) are commuting and diagonalizable, then they
are simultaneously diagonalizable.

Definition. Let L be a semisimple Lie algebra and consider H € L a maxi-
mal toral subalgebra of L. For every a € H*, where H* is the dual of H, we
call

Ly:={xeL:[h,x]=a(h)r forevery he H}.
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Using the above observations, we obtain a decomposition of L

L:Lgea( 2> La)

acH*~{0}

and we call ® the set of a € H* ~ {0} such that L, is nonzero. Lg is the
centralizer of H inside L, and since H is abelian we have that Lo 2 H.

Proposition 8.4. Let L be a semisimple Lie algebra and consider H € L a
mazimal toral subalgebra of L.

(a) If o, € H* then [Lq,Lg] S Losp.
(b) If x € Ly, for H* 3 a %0, then x is nilpotent.
Proof. (a) Let he H, x € L, and y € Lg. Then

(7, [, 911 = [[h, 2], y] + [, [h, y]] = aB) [, y] + B(R) [, y] = (a + B)(h) [z, y].

(b) Let @ # 0 and € H*. Take x € L, and y € Lg. Using the first point,
we have that (adz(z))*(y) € Lgska- Since L is finitely dimensional, there
exists a k such that Lg,r, = 0. Since L is a finite sum of Lg’s, we conclude
that z is nilpotent. O

Proposition 8.5. Let L be a semisimple Lie algebra and consider H € L a
maximal toral subalgebra of L. Then H = Lg.

Proof. See [1, 8.2]. O

Corollary 8.6. A toral subalgebra H of a semisimple Lie algebra L is maz-
imal if and only if c;,(H) = H.

9 Representations of sly(K)

In this section we perform the classification of the representations of the
simple Lie algebra sly(K). First remember from example 3.4 that sly(K)
is generated as a vector space by the elements e, f,h. The element h is
semisimple (since it is diagonal) and Kh is a maximal toral subalgebra,
since cqp, () (Kh) = Kh.

We consider then the adjoint action of K'h on sla(K ). From the relations
[h,e] =2e and [h, f] = —=2f we see that e and f are eigenvectors for the action
of Kh, hence we have the decomposition

5[2(K) =5[2(K)0 695[2(K)2 @5[2(K)_2 = Kh@K@@Kf.

The subalgebras Ke and K f are maximal nilpotent subalgebras of sly(K),
and the subalgebras Ke® Kh and K f® Kh are maximal solvable subalgebras
of s [2 (K ) .
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We consider now a finitely dimensional representation
p:sl(K) — gl(V)

for some finitely dimensional K-vector space V. Since slo( K') is simple, using
theorem 6.10 we know that p is completely reducible. We consider the action
of h on V', and since ph is semisimple we have the decomposition

V=V,
by
where A\ varies among the eigenvalues for the action of h.

Definition. The spaces V) are called weight spaces and the vectors v € V)
are called weight vectors.

Lemma 9.1. We have that eVy € Vo and fV) € Vy_o.

Proof. Let v e V). Then hev = ehv+ [h,e]v = Aev+2ev = (A+2)ev. Similarly
for the action of f. O

Definition. A weight vector 0 # v € V), is called a maximal vector if ev = 0.

Lemma 9.2. Let vy € V), be a mazimal vector. Define v_1 :=0 and v; := %fivo
fori>0. Then for every i >0 we have that

(a) hv; = (X -2i)v;.
(b) ev; = (A—Z'+ 1)’[)1‘_1.
(C) fUZ' = (i+ 1)’[)1'_,_1.

Proof. Just use induction, or see [1, 7.2]. O

Since V is finitely dimensional, starting from a maximal vector vg and
using the sequence of the lemma, we find an m € N such that v,,-1 # 0 and
Um = 0. Thanks to the lemma, it is clear that the subspace of V generated
by vg, V1, .., Um-1 is sla (K )-stable, hence if p is irreducible, then V must be
equal to that subspace.

Moreover, using property (b) of the lemma, we have that 0 = v, = ev,, =
(A=m+1)vy,-1, hence m = A+ 1. This means that we always have that A € N.
If V is an irreducible representation, we have that the dimension m of V' is
related to the weight of the maximal vector vg: chosen the dimension of the
representation, we have chosen also the maximal weight, hence the whole
representation. This means that we have a one to one correspondence

{Irreducible representations of sla(K)} — N.

If V is an irreducible representation of dimension m, then V' is generated by
the vectors in the sequence of the lemma, with vy vector of weight A = m—1.
From point (a) we also know that every v; is a weight vector of weight \—2i.
This means that all the weights have the same parity and v,,-1 has weight
-
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